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Preface

Recent developments in imaging and effective medium theory reveal that these
fields share several fundamental concepts. One of the unifying threads is the
use of generalized polarization (GPTs) and moment tensors (EMTs) that de-
pend only on the geometry and the conductivity or the Lamé parameters of
the inclusion. These concepts generalize those of classic Pélya—Szego polariza-
tion tensors, which have been extensively studied in the literature by many
authors for various purposes. The notion of Pélya—Szego polarization tensors
appeared in problems of potential theory related to certain questions arising
in hydrodynamics and in electrostatics.

The study of GPTs and EMTs with applications in imaging and effective
medium theory forms the heart of the book. We show that GPTs and EMTs
are key mathematical concepts in effectively reconstructing small conductivity
or elastic inclusions from boundary measurements as well as in calculating
accurate, effective electrical or elastic properties of composite materials.

Due to the character of its topic, this book is of interest not only to math-
ematicians working in inverse problems and effective medium theory, but also
to physicists and engineers who could communicate with mathematicians on
these issues. It highlights the benefits of sharing new, deep ideas among dif-
ferent fields of applied mathematics.

This book would not have been possible without the collaborations and
the conversations with a number of outstanding colleagues. We have not only
profited from generous sharing of their ideas, insights, and enthusiasm, but
also from their friendship, support, and encouragement. We feel especially
indebted to Graeme Milton, Gen Nakamura, Jin Keun Seo, Gunther Uhlmann,
and Michael Vogelius.

Paris and Seoul, Habib Ammari
March 2007 Hyeonbae Kang
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1

Introduction

Science and engineering have been great sources of problems and inspiration
for generations of mathematicians. This is probably true now more than ever
as numerous challenges in science and technology are met by mathematicians.
One of these challenges is understanding imaging of complex media such as
biological and medical samples and nanostructures.

This book is concerned with recent developments in electrical impedance
imaging of small conductivity inclusions, elastic imaging, and the theory of
dilute composite materials. The unifying thread is the use of generalized po-
larization and moment tensors that depend only on the geometry and the
conductivity or the Lamé parameters of the inclusion. Our main approach is
based on layer potential techniques.

Electrical impedance imaging uses measurements of boundary voltage po-
tentials and associated boundary currents to infer information about the inter-
nal conductivity profile of an object. Let {2 be a bounded domain in R?, d > 2.
Set ¢ to be the conductivity distribution in (2. The steady-state voltage po-
tential u is the solution to

V-oVu=0 in 2,
Ou

=g,
Vien

0
/ g:/ u=0.
o8 a8

Complete information about all voltages v on 0f2 and currents g is known to
uniquely characterize an isotropic conductivity distribution o [198, 199, 285,
251, 295, 296, 50]. In its most general form electrical impedance imaging is
severely ill-posed and non-linear [1, 4]. These major and fundamental diffi-
culties can be understood by means of a mean value type theorem in elliptic
partial differential equations. The value of the voltage potential at each point
inside the region can be expressed as a weighted average of its neighborhood
potential where the weight is determined by the conductivity distribution. In
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this weighted averaging way, the conductivity distribution is conveyed to the
boundary potential. Therefore, the boundary data are entangled in the global
structure of the conductivity distribution in a highly non-linear way. This is
the main obstacle to finding non-iterative reconstruction algorithms with lim-
ited data. If, however, in advance we have additional structural information
about the conductivity profile o, then we may be able to determine specific
features about the conductivity distribution with a satisfactory resolution.
One such type of knowledge could be that the body consists of a smooth
background containing a number of unknown small inclusions with a signifi-
cantly different conductivity. The simplest case is a conductivity profile of the
body {2 given by o = 1+ (k—1)x(D), where D is a small inclusion of constant
conductivity k and x denotes its characteristic function. The inclusions might
in a medical application represent potential tumors [89, 49, 40, 282, 209, 93],
in a material science application they might represent impurities in the mate-
rial [117, 67], and finally in a war or post-war situation they could represent
anti-personnel mines [129].

Over the last 10 years or so, a considerable amount of interesting work
has been dedicated to the imaging of such low volume fraction inclusions
[129, 130, 132, 84, 81, 83, 64, 26]. The method of asymptotic expansions
of small volume inclusions provides a useful framework to accurately and
efficiently reconstruct the location and geometric features of the inclusions in
a stable way, even for moderately noisy data [26]. The first-order perturbations
due to the presence of the inclusions are of dipole-type.

The new concepts of generalized polarization tensors (GPTs) associated
with a bounded Lipschitz domain and an isotropic or anisotropic conductivity
are central in this asymptotic approach.

On one hand, the GPTs are the basic building blocks for the full asymp-
totic expansions of the boundary voltage perturbations due to the presence of
a small conductivity inclusion inside a conductor.

Consider B to be a Lipschitz bounded domain in R% d > 2, containing
the origin, and let the conductivity of B be equal to k,0 < k # 1 < +o00. Let
H be a harmonic function in R?, and let u be the solution to the following
problem:

V- ((1+(k—-1)x(B)Vu) =0 inR?,
u(z) — H(z) = O(|z]*~%) as |z| — oo .
As shown in Chapter 4, the GPT’s, M;;(k, B), can be defined through the

following far-field expansion of u:

oo 1l
w-me =y U

lé],|51=1

0y () My (k, B)YH(0)  as |z| — +oo,
ilj!
where I is a fundamental solution of the Laplacian.

It is then important from an imaging point of view to precisely characterize
these GPTs and derive some of their properties, such as symmetry, positivity,
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and optimal bounds on their elements, for developing efficient algorithms to
reconstruct conductivity inclusions of small volume. The GPTs seem to con-
tain significant information on the domain and its conductivity which are yet
to be investigated. Indeed, making use of the GPT's allows us to reconstruct
the small inclusions with higher resolution and even to identify quite general
conductivity inclusions without restrictions on their sizes [43].

On the other hand, the use of these GPTs leads to stable and accurate
algorithms for the numerical computations of the steady-state voltage in the
presence of small conductivity inclusions. It is known that small size features
cause difficulties in the numerical solution of the conductivity problem by
the finite element or finite difference methods. This is because such features
require refined meshes in their neighborhoods, with their attendant problems
[188].

The concepts of higher-order polarization tensors generalize those of classic
Pélya—Szegd polarization tensors that have been extensively studied in the
literature by many authors for various purposes [81, 38, 84, 115, 225, 222,
132, 195, 202, 266, 105, 106, 107]. The notion of Pdlya—Szegd polarization
tensors appeared in problems of potential theory related to certain questions
arising in hydrodynamics and in electrostatics. If the conductivity is zero,
namely, if the inclusion is insulated, the polarization tensor of Pdlya—Szegé is
called the virtual mass.

The concept of polarization tensors also occurs in several other interesting
contexts, in particular in asymptotic models of dilute composites such as bio-
logical cell suspensions [128, 48, 262] and brain tissues [294]. The determina-
tion of the effective or macroscopic property of a two-phase medium consisting
of inclusions of one material of known shape embedded homogeneously in an-
other one, having physical properties different from the former one’s, has been
one of the classic problems in physics. See [245, 38, 114, 236, 95]. When the
inclusions are well-separated d-dimensional spheres and their volume fraction
is small, the effective electrical conductivity of the composite medium is given
by the well-known Maxwell-Garnett formula.

Despite the importance of calculating the effective properties of compos-
ites, there has been very little work addressing the influence of the inclusion
shape. Most theoretical treatments focus on generalizing the Maxwell-Garnett
formula to finite concentrations. These methods include bounds on the effec-
tive properties of the mixtures, and many effective medium-type models have
been proposed [236, 173]. Indeed, some effective medium calculations attempt
to extend the Maxwell-Garnett formula to higher powers of the volume frac-
tion, but only for the case of d-dimensional spherical inclusions [171, 277].

Until recently, ellipsoids are the only family of inclusions that could be rig-
orously and accurately estimated [310]. Douglas and Garboczi [115, 134, 225]
made an important advance in treating more complicated shape inclusions by
formally finding that the leading-order term in the expansion of the effective
conductivity (and other effective properties) in terms of the volume fraction
could be expressed by means of the polarization tensors of the inclusion. See
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also, in connection with this, the work of Sdnchez-Palencia [276] and its ex-
tension to the Navier—Stokes equation by Lévy and Sdnchez-Palencia [215].

The study of the GPTs with applications in imaging and effective medium
theory forms the heart of the book. We show that the GPTs are a key math-
ematical concept in effectively reconstructing small conductivity inclusions
from boundary measurements as well as in calculating accurate effective elec-
trical properties of composite conducting materials. We study important prop-
erties of symmetry and positivity of the GPTs and present certain inequalities
satisfied by the tensor elements of the GPTs. These relations can be used to
find bounds on the weighted volume of the inclusion. We also provide a gen-
eral unified layer potential technique for rigorously deriving very accurate
asymptotic expansions of electrical effective properties of dilute media for
non-spherical Lipschitz isotropic and anisotropic conductivity inclusions. The
approach is valid for high contrast mixtures and inclusions with Lipschitz
boundaries and allows us to compute higher-order terms in the asymptotic
expansion of the effective conductivity. Our result has important implications
in imaging composites. It shows that the volume fractions and the GPTs form
the only information that can be reconstructed in a stable way from bound-
ary measurements. The volume fraction is the simplest but most important
piece of microstructural information. The GPTs involve microstructural in-
formation beyond that contained in the volume fractions (material contrast,
inclusion shape and orientation).

We then extend this important concept of GPTs to linear elasticity defining
generalized elastic moment tensors (EMTs). We confine our study to isotropic
elasticity. We investigate some important properties of the EMTs such as sym-
metry and positive-definiteness. We also obtain estimations of their eigenval-
ues and compute EMTs associated with ellipses, elliptic holes, and hard in-
clusions of elliptic shape. These results are applied in elastic imaging of small
inclusions and effective properties of dilute elastic composites. We develop a
method to detect the first-order EMT and the location of an inclusion in a
homogeneous elastic body in a mathematically rigorous way. We then present
a simple and rigorous scheme for the derivation of accurate asymptotic expan-
sions of the effective elastic parameters of periodic dilute two-phase composites
in terms of the elastic moment tensor and the volume fraction occupied by
the elastic inclusions. Our derivations are based again on layer potential tech-
niques and are valid for inclusions with Lipschitz boundaries and even when
the phase moduli differ significantly.

The book is intended to be self-contained. Here is an outline of its contents.

In Chapter 2, we introduce the main tools for studying the isotropic and
anisotropic conductivity problems and collect some preliminary results re-
garding layer potentials. This chapter offers a comprehensive treatment of this
subject, covering some less well-known results on periodic layer potentials.

Chapter 3 is devoted to inverse conductivity problems. We briefly discuss
some uniqueness results. The book by Isakov [166] gives more detailed treat-
ments of this subject.
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In Chapter 4, we introduce the GPTs associated with a Lipschitz bounded
domain and an isotropic or anisotropic conductivity and provide their main
properties. We prove that the knowledge of the set of all the GPTs allows
for uniquely determining the domain and its conductivity. We also provide
important properties of symmetry and positivity of the GPTs and derive
isoperimetric inequalities satisfied by the tensor elements of the GPTs. These
relations can be used to find bounds on the weighted volume.

In Chapter 5, we provide a rigorous derivation of high-order terms in the
asymptotic expansions of the voltage potentials.

The problem considered in Chapter 6 is of practical interest in many areas
such as surface defect detection in the semiconductor industry and optical
particle sizing. We shall discuss the case where the conductivity inclusion is
at a distance comparable with its diameter apart from the boundary of the
background conductor. In this case, a more complicated asymptotic formula
should be used instead of the dipole-type expansion, which is only valid when
the potential within the inclusion is nearly constant. On decreasing the dis-
tance between the inclusion and the boundary of the background medium,
this assumption begins to fail because higher-order multi-poles become sig-
nificant due to the interaction between the inclusion and the boundary of
the background medium. We provide some essential insight for understanding
this interaction. Since our formula carries information on the location, the
conductivity and the volume of the inclusion, it can be efficiently exploited
for imaging near-boundary inclusions.

In Chapter 7, we present non-iterative reconstruction algorithms based on
asymptotic formulae of the boundary perturbations due to the presence of the
conductivity inclusions.

Chapter 8 is devoted to the determination of the effective electrical con-
ductivity of a two-phase composite material using boundary layer potentials.

Chapters 9 through 13 are devoted to the study of the elastic moment
tensors. We prepare the way in Chapter 9 by reviewing a number of basic
facts on the layer potentials of the Lamé system, which are very useful in the
subsequent chapters.

In Chapter 10, we provide in a way analogous to GPTs, mathematical def-
initions of elastic moment tensors (EMTs) and show symmetry and positive-
definiteness of the first-order EMT. The first-order EMT was introduced by
Maz’ya and Nazarov [228].

In Chapter 11, we find a complete asymptotic formula of solutions of the
linear elastic system in terms of the size of the inclusion. The method of
derivation is parallel to that for the conductivity problems, apart from some
technical difficulties due to the fact that we are dealing with a system, not
a single equation, and the equations inside and outside the inclusion are dif-
ferent. Based on this asymptotic expansion we derive in Chapter 12 formulae
to find the location and the order of magnitude of the elastic inclusion. The
formulae are explicit and can be easily implemented numerically.



6 1 Introduction

Chapter 13 provides a rigorous derivation of accurate asymptotic expan-
sions of the effective elastic parameters of periodic dilute two-phase composites
in terms of the elastic moment tensor and the volume fraction occupied by
the elastic inclusions.

The book concludes with three appendices. The first of these recalls a few
facts about compact operators. The second states the theorem of Coifman,
MclIntosh, and Meyer. The third establishes the continuity method.

It is important to note that some of the techniques described in this
book can be applied to problems in many fields other than inverse bound-
ary value problems and effective medium theory. In this connection we
would particularly like to mention the mathematical theory of of photonic
and phononic crystals [205, 256, 270] and topological shape optimization
(253, 216, 137, 142, 275].

A preliminary version of some of the material discussed in this book was
published as a Springer Lecture Notes [26].
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Layer Potentials and Transmission Problems

Introduction

In this chapter we review some well-known results on the solvability and layer
potentials for isotropic and anisotropic conductivity problems, which we shall
use frequently in subsequent chapters. Our main aim here is to collect the
various concepts, basic definitions, and key theorems on layer potentials on
Lipschitz domains, with which the readers might not be familiar. This chapter
gives a concise treatment of this subject, covering some less well-known results
on periodic layer potentials as well. A familiarity with basic concepts and
results from linear functional analysis and linear elliptic equations is assumed,
but some effort will be made to refresh the reader’s memory.

The first three sections of this chapter cover relevant parts of the theory of
layer potentials. The reader will need to understand this material at a practical
level before proceeding any further. Next, we prove a decomposition formula
of the steady-state voltage potential into a harmonic part and a refraction
part. We then discuss the anisotropic transmission problem and proceed to
establish a representation formula for the solution to this problem. The last
two sections of the chapter are devoted to the study of periodic transmission
problems. Results in these sections are not completely standard. We will use
them when we consider the effective properties of composite materials.

2.1 Notation and Preliminaries

We summarize below some of the less elementary tools we will use in the text.

2.1.1 Lipschitz Domains

We begin with the concept of a Lipschitz domain. A bounded open connected
domain D in R? is called a Lipschitz domain with Lipschitz character (r, L, N)
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if for each point = € dD there is a coordinate system (2, x4), 2’ € R4~ 24 €
R, so that with respect to this coordinate system x = (0,0), and there are a
double truncated cylinder Z (called a coordinate cylinder) centered at x with
axis parallel to the x4-axis and whose bottom and top are at a positive distance
r <1< 2r from 9D, and a Lipschitz function ¢ with [|[V|| e (ga-1y < L, so
that ZND =ZN{(a',2q) : xg > @(@')} and ZNOD = ZN{(2,xq) : xqa =
¢(z')}. Here L>°(R9~1) denotes the space of bounded functions on R?~!, with
the sup norm. The pair (Z, ) is called a coordinate pair. By compactness it is
possible to cover 0D with a finite number of coordinate cylinders Z1, ..., Zy.
Bounded Lipschitz domains satisfy both the interior and the exterior cone
conditions.

2.1.2 Function Spaces

A function u is said to be a C™-function on D, for n € N, if all its derivatives of
order < n exist and are continuous in D. We express higher-order derivatives
of a C™-function u by setting

Ou=0"...0%u fori=(iy,...,iq) € N,

By C"**(D),0 < a < 1,n € N, we denote the Hélder space of all functions u
defined on the Lipschitz bounded domain D satisfying, for any i € N¢ with
[i| :=d14 ... +iq =n,

Du(a) - aiu<y>\ <Clo—y*, YayeD.

where C' is a positive constant depending on w but not on = and y.

For ease of notation we will sometimes use d and 92 to denote the gradient
and the Hessian, respectively.

Following the notation in the subsection above, we say that f € WZ(9D)
if f € L2(0D), the space of square summable functions on 9D, and for every
cylinder Z with associated Lipschitz function ¢, there are L?(0DNZ) functions
9gp, 1 <p <d—1, such that

[ e == [ Lna) s el d
Rd—1

for 1 <p <d— 1, whenever h € C*(R¥"1 N Z). Here C5° (R~ N Z) denotes
the set of infinitely differentiable functions with compact support in R*~'NZ.
Fixing a covering of dD by cylinders Z1, ..., Zy, f € WZ(0D) may be normed
by the sum of L? norms of all the locally defined g,’s together with the L?
norm of f.

Let T1,...,T4—1 be an orthonormal basis for the tangent plane to 0D
at x, and let 9/0T = Zﬁ;}(a/ 0T,) T, denote the tangential derivative on
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dD. The space WZ(0D) is then the set of functions f € L?(dD) such that
af /0T € L*(0D).
We define the Banach spaces W?(D),1 < p < +o0, for an open set D by

Wie(D) = {u € LP(D) : /D lul? + /D IVl < +oo} ,

where Vu is interpreted as a distribution, and LP(D) is defined in the usual

way, with
1/p
||u||Lp<D>—< / W) .
D

The space WP (D) is equipped with the norm

1/p
lullwo o) = ( [+ | Wp) .
D D

Another Banach space W, P (D) arises by taking the closure of C§°(D), the set
of infinitely differentiable functions with compact support in D, in W?(D).
The spaces W1?(D) and W, *(D) do not coincide for bounded D. The case
p = 2 is special, since the spaces W1H2(D) and W,*(D) are Hilbert spaces
under the scalar product

(u,v):/uv+/Vu-Vv.
D D

If D is a bounded Lipschitz domain, we will also need the space Wli)f (R4\ D)

of functions u € L% (R9\ D), the set of locally square summable functions in
R?\ D, such that

hu € WH2(RI\ D),V h € C*(R4\ D) .

Furthermore, we define W22(D) as the space of functions u € Wh?(D)
such that 0%u € L?(D) and the space W3/2:2(D) as the interpolation space
[(W12(D),W?2(D)]y 2; see, for example, the book by Bergh and Lofstrém
[66].
It is known that the trace operator u — u|sp is a bounded linear surjective
operator from W%(D) into W%(0D), where f € W%(9D) if and only if
2 2

f € L*(dD) and

x) — 2
/6D /aD % do(x)do(y) < +o0 .

See [138]. Let W2, (0D) = (W#(9D))*, and let (,)
2 2
pair between these dual spaces.

11 denote the duality
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2.1.3 Poincaré Inequalities

We recall that, if D is a bounded Lipschitz domain, then the Poincaré in-
equality [138],

/ () — uol? de < c/ V()| dz |
D D

holds for all u € W12(D), where

),
Uy = — u(z)dx .
°= 101 /"

We also recall that according to [240] and [104] (Theorem 1.10), if D is a
bounded Lipschitz domain (with connected boundary), then the following
Poincaré inequality on 0D holds

of

I|f = follz2op) < CH—

- , (2.1)

L2(8D)

for any f € WE(0D), where fo = (1/|0D]) [, f do. Here the constant C
depends only on the Lipschitz character of D.

2.1.4 Harmonic Functions

The results on harmonic functions that we cite here without proofs can be
found in [47]. Let D be a domain in R? and u a C? function on D. The
function w is called harmonic in D if Au = 0 in D. In the case of the plane,
the relationship between harmonic and holomorphic functions is described
below. Part (i) of the following lemma may be used to write down many
examples of harmonic functions; for example, with z = x1 + ix2,

2r1w0 = Q22, ] — 62325 + 25 = Rzt €™ coswy = N(e?) .

Lemma 2.1 (i) If w = u + iv is holomorphic in a domain D C R?, then u
and v are harmonic in D. The function v is called a harmonic conjugate
of u.

(i) If u is a harmonic function in a simply connected domain D C R?, then
u s the real part of a holomorphic function in D.

For a harmonic function u, the function value at the center x of the ball
B,.(z) C D of radius r is equal to the integral mean values over both the
surface OB, (x) and B,(z) itself.

Lemma 2.2 Let u be a harmonic function in D. Then
1
uw) = — [ u)doty)
OB, (x)

wqrd—1

_ (2.2)

= u(y)dy whenever B.(x) C D,
Rl (y) dy ()

where wq is the area of the unit sphere in R?.
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This result, known as the mean value property, in fact also characterizes the
harmonic functions among all continuous functions in D.

Lemma 2.3 If u € C°(D) and (2.2) holds, then u is harmonic in D.

The mean value property leads to the maximum principle for harmonic
functions.

Lemma 2.4 Let u be a harmonic function in D and z € D.

(i) Ifu attains a local mazimum at x, then u is constant in some neighborhood
of x.

(ii) If D is connected and u attains an extremum at x, then u is constant.

(iii) If u € C°(D), then infagpu < u < supypu on D.

The unique continuation property for harmonic functions is very useful.

Lemma 2.5 (i) Letu be a harmonic function in D and u = 0 in a non-empty
open subset of D; then u =0 in D.

(ii) Let u be a harmonic function in D and u = Ou/dv = 0 on a non-empty
smooth hypersurface; then w = 0 in D. Here 3/0v denotes the outward
normal derivative at points of the hypersurface.

We recall the following Runge approximation by harmonic functions in R¢.

Lemma 2.6 Let D be a Lipschitz bounded domain in RY such that RY\ D
is connected. Then, for any function w, which is harmonic in an open set
containing D and any positive number &, there is a harmonic polynomial v
such that |u —v| < § in D.

The following result is also of interest to us. As it is not completely stan-
dard, we give its proof.

Lemma 2.7 For a multi-index i = (i1,...,iq) € N, let 2% := sz ~'xfid. Let
fz) = ngn a;x’ be a harmonic polynomial and D be a bounded Lipschitz

domain in RY. There is a constant C depending only on the Lipschitz character
of D and n such that

IVfllzzop) < ClIV fllz2p) - (2.3)

Proof. Let us fix a notation first. For r > 0, set
(OD), := {x : dist(z,0D) < r}

and let Z,.(z) denote the cylinder whose side length is 2r, radius is r, and
center is . As D is a Lipschitz domain, there is an r > 0 such that for any
z € 0D, Zs-(z) N OD is a Lipschitz graph that lies in Zs,-(z) N (0D),. Fix
a z € 0D. By the mean value property of harmonic functions (2.2), for any
x € Z,(2) NOD,
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VI [ it

"

for some C depending only on the space dimension d. Thus we get

C
[ wr@pe@<S [ iR o)
Z(2)N8D ™ JZ.(2)ndD J Z,.(0)

C
< _d/ / IVf(z+y)do(z)dy . (2.4)
™ Jz.(0) J Z.(z)noD

After rotation and translation if necessary, we may assume that z = 0 and
Zsr(z) N (D) is given by a Lipschitz graph

Trq = SD(ZL’/)7 €Tr = (:E/,:Ed)7 |117/| < 27‘ '
It then follows from (2.4) that
Iz, ynop V£ (@) Pdo ()

C r
<a LS YT IVAP s dyady
yl<rJ—rJlz'|<r

As |V is bounded, we get

c
[ P < [ V@) do
Z,.(2)NdD T J Z3.(2)N(0D)a,

Using the partition of unity, we then get

/ V(@) do(x) < C / IV f ()P dr | (2.5)
oD (D)2

r

where C' depends only on r and ||[V¢||L~ or, in other words, the Lipschitz
character of D. Let D, := {x : dist(xz, D) < r}. As f is a polynomial of degree
at most n, it follows from (2.5) that

xzax lelf / lelf
/6D|Vf( >|d<>sc/Dw|Vf< J2d SO/DIVf( )2 dr

where the positive constant C’ depends only on n and the Lipschitz character
of D. This finishes the proof. m]

2.1.5 Divergence Theorem and Stokes’s and Green’s Formulae

We recall the following formulation of the divergence theorem.

Lemma 2.8 Let D be a bounded Lipschitz domain, and let 0/0v denote the
outward normal derivative on OD.
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(i) If u € WH2(D) satisfies Au=0 in D, then
0
/ Vuly)dy = | = (@)uly) doy) -
D ap OV

(ii) If u € W) 2(D) satisfies Au = 0 in R\ D with u(z)] = O(|z[>~?) if
d >3, and |u(z)] = O(|z|™1) if d = 2, then
ou
/ Vel dy == | - (y)uly) doly) -
RI\D ap oV

Two other basic results are the Stokes’s and Green’s formulae. The next
lemma states the Stokes’ formula.

Lemma 2.9 Let D be a bounded Lipschitz domain, and let v, denote the
outward normal to OD aty. Then for any u € WH2(D)?,

/ (V-u)(y) dy = / uly) - vy do(y) -
D aD
We refer to (2.6) as the Green’s formula.

Lemma 2.10 Let D be a bounded Lipschitz domain. Then for any functions
u,v € W22(D)

/D (Avu - Auv) (y)dy = /BD (%u - %v) (y)do(y),  (2.6)

where 0/0v denotes the outward normal derivative at points of OD.

2.1.6 Variational Solutions

Let us now turn to the concept of variational solutions. Let (apq)g) q=1 be areal
symmetric d x d matrix-valued bounded function. We assume that (apq)z)q:1
is strongly elliptic, i.e.,

|§|2 < Zapq 2)€péq < Clef

p,q

for any & = (&)4_; € R\ {0}, where C is a positive constant. Let D be a
bounded Lipschitz domain in R¢, and let v, denote the g-component of the
outward normal to dD. Given g € W2, (BD) with (1,g)1 1 = 0, we say

that u € WH2(D) is the (variational) solutlon to the Neumann problem:

Z 3xpapq8xqu =0 inD,

3u
o~ =9,
0 |p0

(2.7)
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where the p-component of v, v, = Zq apgly, if given any n € WhH2(D) we

have .,
ou Jn
apg=——=—dx = (n,g)1 _1 .
J, 32w -

The Lax—Milgram lemma [211] shows that a unique (modulo constants) u €
W12(D) exists that solves (2.7).

2.2 Layer Potentials on Smooth Domains

Let us first review some well-known properties of the layer potentials for the
Laplacian and prove some useful identities. The theory of layer potentials has
been developed in relation to boundary value problems in a Lipschitz domain
[190]. It also plays a central role in the study of boundary value problems
defined over unbounded domains. This is primarily due to the fact that in-
tegral equations not only allow one to replace a problem over an unbounded
domain by one over a bounded surface but also reduce the dimensionality of
the problem [101, 231, 255].

2.2.1 Fundamental Solution

To give a fundamental solution to the Laplacian in the general case of the
dimension d, we recall that wg denotes the area of the unit sphere in R?. Even
though the following result is elementary, we give its proof for the reader’s
convenience.

Lemma 2.11 A fundamental solution to the Laplacian is given by

1
Py In|z|, d=2,
T
I'(z) = 1 b PR (2.8)
Gl >3

Proof. The Laplacian is radially symmetric, so it is natural to seek I" in the
form I'(x) = w(r) where r = |z|. Since

dw  (d—1)dw 1 d dw
Aw = —— — = —(ri ' —
YT ey rodr  ri-ldr (r dr )
A =0 in R?\ {0} forces that w must satisfy

1 d, ;_,dw
rd—1 dr(r dr

)=0 forr>0,

and hence )
aq
———— 4D hen d > 3
wiry= | @—dyraz T4 Wend =9,

azInr + by when d =2,
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for some constants ag and by. The choice of by is arbitrary, but ag is fixed by
the requirement that AI' = §y in R?, where 4y is the Dirac function at 0, or
in other words
/ I'Ap = ¢(0) for ¢ € C°(R?) . (2.9)
Rd
Any test function ¢ € Cg° (Rd) has compact support, so we can apply
Green’s formula over the unbounded domain {z : |z| > €} to arrive at

= xa—F:v o(x) — x%a@ oz
[ rwas@a= [ @@t - [ re@ge ).

|z|=¢€

(2.10)
where v = x/|z| on {|z| = €}. Since
VF(x)—d—wi—% for d > 2
odr | fal? -
we have ar
%(:17) =aqe!™? for |z| = €.

Thus by the continuity of ¢,

ad

or
/le—e ¢(x)%(x) do(z) = 1 /le—e o(z) do(x) — agwap(0)

€

as € — 0, whereas

06 O(e) ifd>3,
/I—EF(‘T)E(‘T) do(z) = { O(c/lne]) ifd=2.

Thus, if ag = 1/wg, then (2.9) follows from (2.10) after sending € — 0. O

Let p € R% and ¢ € R. The function ¢I"(z — 2) is called the potential due to
charges ¢ at the source point z. The function p-V,I'(z — z) is called the dipole
of moment |p| and direction p/|p|. It is known that using point charges one
can realize a dipole only approximately (two large charges a small distance
apart). See [267].

Now we prove Green’s identity.

Lemma 2.12 Assume that D is a bounded Lipschitz domain in R? d > 2,
and let uw € WY2(D) be a harmonic function. Then for any x € D,

we) = [ (G a =) - g @9 )dol). ()

vy

Proof. For x € D let B.(z) be the ball of center z and radius e. We apply
Green’s formula to u and I'(x — -) in the domain D \ B, for small ¢ and get
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ou or
FAuuAF)dy—/ (F—u—)day
/D\Bs<w>< op \ Ov  Ov 2

ou BF)
- ré v ) do(y) .
/(’“)Bs(w) ( ov ov ( )
Since AI' =0 in D \ Be(x), we have

ou or ou or
ING A DECE NG L)

For d > 3, we get by definition of I

ou 1 ou
—_— dO' 762_d / —_— dU 0
»/(;Bs(m) ov W)= (2 = d)wa 9B.(x) OV W) =

or 1
u—doy:—/ udo(y) = u(x) ,
Lo e = G [ wdot) = ute)

by the mean value property. Proceeding in the same way, we arrive at the
same conclusion for d = 2. m|

and

Given a bounded Lipschitz domain D in R?, d > 2, we denote, respectively,
the single and double layer potentials of a function ¢ € L?(dD) as Sp¢ and
Dp¢, where

Spé() = / I(z - y)é(y)do(y), = €RY, (2.12)

Dpo(z / —F (x —y)o(y)do(y), z€RI\OD. (2.13)
op vy
We begin with the study of their basic properties. We note that, for x €
R4\ 0D and y € D, OT'/dv,(z — y) is an L°°-function in y and harmonic in
z, and it is O(|z|'~?) as |z| — +o0. Therefore we readily see that Dp¢ and
Sp¢ are well defined and harmonic in R?\ 9D. Let us list their behavior at
+00.

(i) Dpg(x) = O(|z|'"%) as |z — +o0.
(ii) Spo(z) = O(|z|>~?) as |x| — +oo when d > 3.
(iii) If d = 2, we have

Spo(z) 27/ 6(y) dor(y) In || + O(lz| 1) as || — +oo

(iv) If [, ¢(y) do =0, then Spp(x) = O(|z|*~%) as |z| — 400 for d > 2.

The first three properties are fairly obvious from the definitions. Let us show
(iv). If [, ¢(y) do =0, then
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Spé(w) = [ [Pa =) = I = w)lo)do(y).
D
where yo € D. Since
|l(z —y) — [(x —yo)| < Clz|*™ if |#| — +oo and y € D (2.14)

for some constant C, Spg(z) = O(|z|*~4) as |z| — +oc.

More interesting and more subtle properties are the behaviors of the func-
tions Dpo(z £ tv,) and VSpe(z £ tv,) for & € 9D as t — 07. A study
of these properties for general Lipschitz domains is beyond the scope of this
book. Nevertheless, in view of its importance, a detailed discussion of the be-
havior near the boundary 0D of Dp¢ and VSp¢ for a smooth domain D and
a density ¢ € L?(0D) may be appropriate. For this purpose we shall follow
[122, 126].

Assume that D is a bounded C'*®-domain for some o > 0. Then we have
the bound

1

<I — Y, V$>
|z — yldtme

|z —y|d

for x,y € 0D,z # vy, (2.15)

which shows that a positive constant C' exists depending only on a and D
such that

[z —y,va)|l | [z —y, Vy>|)
+ do(y) < C 2.16
(it + ) v (2.16)
and
|<w_yayz>| |<w_yayy>|> ¢ 1 d—2
+ do(y) < C —7r dr
/|y—;E|<6 ( |17 - y|d |.’,E - y|d ( ) 0 rd—1l-a
< Ce*
(2.17)

for any x € 0D, by integration in polar coordinates.
Introduce the operator Kp : L*(0D) — L*(0D) given by

Kpo(w) = /a ) W2 2) ) do(y) | (2.18)

|z — y[?

The estimate (2.16) proves that this operator is bounded. In fact, for ¢, ¢ €
L?(0D), we estimate

/ap /aD |xfy|§ o(y) ¥(x) do(y) do(z)

via the inequality 2ab < a? + b?. Then, by (2.16), (2.19) is dominated by

(2.19)

c<||¢||%2<am n ||w||%2<am) |
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Replacing ¢, v, by té, (1/t)y, we see that (2.19) is bounded by

1
o(Pellsam + W1Eom) ) 5

minimizing over ¢ €]0,+occ[, via elementary calculus, we see that (2.19) is
dominated by C||#||z2(ap)|¥|| L2 (D), Proving that Kp is a bounded operator
on L?(9D).

On the other hand, it is easily checked that the operator defined by

Kpota) = - [ EZ0200) doty) (2.20)

is the L?-adjoint of Kp.
It is now natural to ask about the compactness of these operators.

Lemma 2.13 If D is a bounded C'T®-domain for some o > 0, then the
operators Kp and K%, are compact operators in L?(0D).

Proof. According to Lemma A.3 it suffices to prove that Kp is compact in
L2(dD) to assert that K}, is compact as well.
Given € > 0, set I'.(z) = I'(z) if |z| > €, I'.(x) = 0 otherwise, and define

©d(x) = /6 O (o y)oly) doty)

p Ovy
S oo

hence, the operator norm of K$, on L?*(9D) satisfies

Then
2

do(z)do(y) < +00;

Y)

3I/y

ol

K5I < | 5

L2(8DxdD)

Let {¢p}+°° be an orthonormal basis for L?(dD). It is an easy consequence
of Fubini’s theorem that, if ¥pq(z,y) = ¢p(x)Pq(y), then {@/Jpq};?’:l is an
orthonormal basis for L2(0D x dD). Hence we can write

ZF (=-v)= Z <6F pa)¥pa (@, ) -

p,q=1

Here (,) denotes the L?-product. For N € N, N > 2, let

- ¥ / O ) (2, 9)0(y) do )

p+q<N
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It is clear that the range of ICE",N lies in the span of ¢1,...,¢N, SO ICE",N is of
finite rank. Moreover

Jieo -] < | 5

14

oI
- Z <anpq>z/’pq — 0 as N — +o0,
prasiN L2(dDx D)

and then K, is compact by Lemma A.2. On the other hand,

Koot = 5o [ o) o)

wa |z — y|?

i <y B xaVy> d
o e Ty ¢(y) do(y)

:/c;)¢(x)+i/_ . Mqﬁ(y)do(y),

Wa [z =yl

and then, by the estimate (2.17) the operator norm of Kp — K5 tends to zero
as € — 0, so Kp is compact by Lemma A.1. a

In the special case of the unit sphere, we may simplify the expressions
defining the operators Kp and K7,. Assume that D is a two-dimensional disk
with radius r. Then, as was observed in [180],

T — Y, Vs 1
W—Z Va,ye dD,x#vy,

and therefore, for any ¢ € L?(0D),

Ko@) = Kpd(e) = — [ é(y)doly) . (2.21)

o 4mr 5)
for all x € 9D.
For d > 3, if D denotes a sphere with radius r, then since
<I - Y Vl‘> 1 1

Y e R Y ) vx?yeaD7I¢y7
|z —ylt  2r|z—yld?

we have, as shown by Lemma 2.3 of [182], that for any ¢ € L?(0D),

bola) = Kno() = 2= Dspo(a (222)
for any z € 0D.

Another useful formula is the expression of Kp(y)(x), where D is an ellipse
whose semi-axes are on the x1— and zs—axes and of length a and b, respec-
tively. Using the parametric representation X (¢) = (acost,bsint),0 < t < 27,
for the boundary 9D, we find that
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_ ab 27 P(X(t))
Kpo(z) = 27 (a2 + b2) /0 1 — Qcos(t+0) s

where x = X () and Q = (a® — b?)/(a® + b?), which, combined with the
formulae

™ cost 2 ™ gint
——dt = — dt=0,
o 1—0Qcost Q Q1/1_Q2 lchost

gives

Kp(y)(z) = ;T:Lbb) <(1) 01> z, w€dD, (2.23)

which is a formula obtained in [176].

Turning now to the behavior of the double layer potential at the boundary,
we first establish that the double layer potential with constant density has a
jump.

Lemma 2.14 If D is a bounded C'*®-domain for some a > 0, then
Dp(1)(z) =0 for x € R4\ D, Dp(1)(z) =1 for x € D, and Kp(1)(z) = 1/2
for x € OD.

Proof. The first equation follows immediately from Green’s formula, because
I'(z —y) is in C>(D) and harmonic in D as a function of y when z € R%\ D.
As for the second equation, given x € D, let € > 0 be small enough so that
B, C D, where B, is the ball of center 2 and radius e. We can apply Green’s
formula to I'(z — %) on the domain D \ B, to obtain

617d

0= Do)~ = [ doty)

= 'DD(1>($) —1.

Now we prove the third equation. Given z € 9D, again let B, be the ball
of center z and radius e. Set 9D, = 9D \ (9D N B,), 0B, = 8B N D, and
OB! = {y € 0B, : v -y < 0}. (Thus, 9B/ is the hemisphere of 0B, lying
on the same side of the tangent plane to 9D at z.) A further application of
Green’s formula shows that

0= 1 wdg(y)+/é) a—F(x—y)do(y) .

D, |z — y|d B! vy

Thus

R T S A R e
wd/aDs do(y) = (x —y)do(y) = /aBgd(y)'

|z —y|
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But on the one hand, clearly
<y*$,I/y> : <y*xa’/y>
2L do(y) = lim ~—do(y).
/aD |z =yl 0 Jop, |z —yl

On the other hand, as dD is C'T¢, the distance between the tangent plane to
D at x and the points on 9D at a distance € from x is O(e! %), so

d—1
/ do(y) = / do(y) + O(e'T%) - O(ed™ 1) = Wa€ O(et+e) |
9B, B! 2

and the desired result follows. O

Lemma 2.14 can be extended to general densities ¢ € L?(0D). For con-
venience we introduce the following notation. For a function u defined on

R?\ 0D, we denote

u|lx(z) := lim w(x +tv,), x €D

t—0+
and 5
aymu j[(x) = tlirél+<Vu(x titvg),vy), x€ID,

if the limits exist. Here v, is the outward unit normal to 9D at x, and (,)
denotes the scalar product in R?. For ease of notation we will sometimes use
the dot for the scalar product in R?.

We relate in the next lemma the traces Dp|+ of the double layer potential
to the operator Kp defined by (2.18).

Lemma 2.15 If D is a bounded C1T*-domain for some o > 0, then for ¢ €
L?(0D)

(DD¢)|i(x) = ($%I+KD>¢(9U) a.e. x € 9D .

Proof.  First we consider a density f € C°(0D). If x € 9D and t < 0 is
sufficiently small, then x + tv, € D, so by Lemma 2.14,

Dof(a+tn) = f(z) + aDg—i;(ertum—y)(f(y)—f(:v))do(y)- (2.24)

To prove that the second integral is continuous as t — 07, given € > 0, let
0 > 0 be such that |f(y) — f(z)| < € whenever |y — x| < §. Then
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O (ot tve — () — Do)~ [ 2@~ () — F@))doy)
oD aVy . 8Vy
B /3DmB g_i;(‘” +ive —y)(f(y) — f(2))do(y)

_ /8 O o )(f(y) — F(x)) doty)

pnBs Oy
or or
s (Gt - -0 )(U) - @) doty)
oD\Bs \OVy Iy
=hLh+DL+1Is.
Here Bs is the ball of center x and radius 4. It easily follows from (2.16) that
|Iz] < Ce. Since
or or ||
- try, —y) — — (x — <(O—"
St —y) - flo—y)| <0ty

we get |I3| < CM|t|, where M is the maximum of f on dD. To estimate I,
we assume that z = 0, and near the origin, D is given by y = (v, yq) with
ya > ¢(y'), where ¢ is a C'T*function such that ¢(0) = 0 and V(0) = 0.
With the local coordinates, we can show that

or o)l + It
— tv, — <OC—"F—F————0
(= -+t y" < CyP+ e

Ovy
and hence |I1]| < Ce. A combination of the above estimates yields

VyedD,

t _,S ov. (‘T tvy y)(f(y) - f(.”L')) do’(y)
t—0~ ap Oy
ov (x - y)(f(y) f(CC) 17(y) < Ce.
oD Yy =

Since € is arbitrary, we obtain that
9
(Dof)]_(@) = 1@ + [ 2w = y)(f() - f(x)) doly)

ap Ovy

= (%I—F/CD)f(x) for x € OD .

If ¢t > 0, the argument is the same except that

or
—(r+tv, —y)do(y) =0,
o )doy)
and hence we write
or
Dofle+tve) = [ SL(a b, —y)(fy) — S@)doty). 0D,
oD 8uy

instead of (2.24). We leave the rest of the proof to the reader.
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Next, consider ¢ € L?(0D). We first note that by (2.16), lim,_,o+ Dp¢(z+
tv,) exists and

limsup Dpo(x £ tv,)
t—0+

< Cl|#l|L2ap)
L2(8D)

for some positive constant C' independent of ¢.
To handle the general case, let € be given and choose a function f € C%(9D)
satisfying ||¢ — f||z2(9p) < €. Then

Dl = ) — <:F %IHCD)QS(%)

< ‘DDf(xj:tum)— <¥%I+’CD>J£($)

; ]DD@— P & try)

+’(¢ %I—HCD) (6 — ()

For A > 0, let

Ay = {x € 0D : limsup ‘DDqﬁ(:z: +tvy) — (:F%I + Kp)op(x)

t—0+

>af.
For a set E, let |F| denote its Lebesgue measure. Then

A 2\ A
sl < ({ioto - ni= 3} + [ fio - 11> 24|+ [{ oo - 11> 3]
3 1
< (X)Q (||¢ — flIF20m) + Z||¢ ~ fll2apy + IKD (6 — f>||%2(aD))
< C'(%)Qe2 .
Here we have used the L2-boundedness of K p, which is an obvious consequence
of Lemma 2.13. Since € is arbitrary, |Ay] = 0 for all A > 0. This implies that
1
lirél+ Dpo(z £tv,) = ($§I +Kp)p(x) ae xe€dD
t—

and completes the proof. O

In a similar way, we can describe the behavior of the gradient of the single
layer potential at the boundary. The following lemma reveals the connection
between the traces dSp/0v|+ and the operator K7, defined by (2.20).

Lemma 2.16 If D is a bounded C'**-domain for some o > 0, then for ¢ €
L?(0D):

0 0
a—TSD¢ +(:v) = a—TSD¢ 7(95) a.e. x € 9D
and 5 )
—Spo| (x) = <:|:—I+ IC*D>¢(x) a.e. x € 0D .
v n 2
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2.3 Layer Potentials on Lipschitz Domains

2.3.1 Jump Relations

The next theorem gives the jump relations obeyed by the double layer po-
tential and by the normal derivative of the single layer potential on general
Lipschitz domains. The boundedness of these operators is not clear because of
the critical singularity of the kernels [which is of order O(|z — y|*~%)] and the
fact that we are dealing with non-convolution type operators. The following
results can be proved using the deep theorem of Coifman—McIntosh—Meyer
[98] on the boundedness of the Cauchy integral on Lipschitz curves (see Ap-
pendix A.2), which together with the method of rotations of Calderén [77]
allows one to produce patterns of arguments like those found in [109] for C!-
domains. Complete proofs that are beyond the scope of this book can be found
in [298]. The jump relation (2.31), for general Lipschitz domains, is from the
paper of Costabel [103].

Theorem 2.17 Let D be a bounded Lipschitz domain in R%. For ¢ € L*(0D)

S,:xbh(x) =S8p¢|_(x) ae x€dD, (2.25)
%Sp(b +(x) = %Spqﬁ 7(:17) a.e.x € 0D, (2.26)
%SD(;S j[(x) = <:|:%I+ KE)gb(x) a.e. x €0D , (2.27)

DD¢|i(x) = (:':%I+ ICD>¢>(x) a.e. x € 0D , (2.28)

where Kp is defined by

1 4y
Kooa) = 2-pa [ BEE 00 doy (2.29)
and K}, is the L*-adjoint of Kp; i.e.,
1 — Dz
Koot = v [ BT a00y). (2:30

Here p.v. denotes the Cauchy principal value. The operators Kp and K7, are,
for a Lipschitz domain D, singular integral operators and bounded on L?(0D).
Moreover, for ¢ € W2(0D),

2

0
%DD(b

(a:):%l)pgb (z) mWE%(aD). (2.31)

+
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Note that (2.27) yields the following jump relation:

0
$3D¢

0

- —Sp¢

£ =¢ ondD. (2.32)

+

We point out that the operators Kp and K7, are defined for a Lipschitz
domain D as principal values of the integrals in (2.29) and (2.30) because
of the critical singularity of their kernels. If D is a C'*®-domain, then the
definitions (2.29) and (2.18) coincide since the kernel has in this case a weak
singularity. Similarly, the definitions (2.30) and (2.20) coincide if D is of class
Clte, a>0.

Let D be a bounded Lipschitz domain in R%. Observe that again from
Green’s formula it follows that Dp(1)(x) = 1 for any « € D, and therefore,
the jump relation (2.28) yields Kp(1) = 1/2. It is worth mentioning recent
results on two interesting questions in connection with this result.

On one hand, there is a conjecture that has not been resolved completely.
Recall that K},(1) = 1/2 provided that D is a ball. The conjecture is that
if £ (1) = 1/2 and D is a Lipschitz domain, then D is a ball. The conjec-
ture has been proved to be true for some important classes of domains: piece-
wise smooth domains in R? by Martensen [226], star-shaped C?*®-domains by
Payne and Philippin [264] and Philippin [268], and C?T“-domains by Reichel
[272, 273]. Recently Mendez and Reichel proved the conjecture for bounded
Lipschitz domains in R? and bounded Lipschitz convex domains in R?, d > 3.
See [234].

On the other hand, according to (2.22), if D is a ball in R?, d > 2, then
Kp is a self-adjoint operator on L?(9D). The converse is also true. Let D be
a Lipschitz domain. If Kp is self-adjoint, then D is a ball. This was proved
by Lim in [219].

2.3.2 Injectivity of AI — KT,

Let now D be a bounded Lipschitz domain, and let

L3(OD) = {qs € L*(0D) : /aDqua = 0} :

Let A # 0 be a real number. Of particular interest for solving the transmission
problem for the Laplacian would be the invertibility of the operator Al — K7,
on L?(0D) or LE(dD).

First, it was proved by Kellogg in [189] that the eigenvalues of K}, on
L?(0D) lie in ] —1/2,1/2] for smooth domains; but this argument goes through
for Lipschitz domains [120]. The following injectivity result holds.

Lemma 2.18 Let A be a real number, and let D be a bounded Lipschitz do-
main. The operator \XI — K3}, is one to one on L3(0D) if |\ > 1/2, and for
A €] — 00, —1/2]U]1/2, +0[, X — K% is one to one on L?(OD).
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Proof. The argument is by contradiction. Let A €] — oo, —1/2]U]1/2, 400,
and assume that ¢ € L?(9D) satisfies (A\I —K},)¢ = 0 and ¢ is not identically
zero. Since Kp(1) = 1/2 by Green’s formula, we have

O:/ (M —Kp)pdo = d(A—Kp(l))do

aD aD

and thus [, ¢do = 0. Hence Spg(x) = O(|z|'~%) and VSp¢(z) = O(|z|~?)
at infinity for d > 2. Since ¢ is not identically zero, both of the following
numbers cannot be zero:

A:i/|VSD¢FdxamiB::/‘ |VSpo|* dx .
D RI\D

In fact, if both of them are zero, then Sp¢ = constant in D and in R?\ D.
Hence ¢ = 0 by (2.32), which is a contradiction.
On the other hand, using the divergence theorem and (2.27), we have

1 1
A= (—§I+IC73)¢SD¢doandB:—/ (57 +Kp)o Spodo

aD aD
Since (Al — K3,)¢ = 0, it follows that

1B-—A
2B+ A
Thus, |A| < 1/2, which is a contradiction and so, for A €] — oo, —3]U]3, +o0],
A — K%, is one to one on L?(8D).
If A\ =1/2, then A = 0 and hence Sp¢p = constant in D. Thus Sp¢ is
harmonic in R?\ dD, behaves like O(|z|*~%) as |z| — 400 [since ¢ € L3(dD)],
and is constant on dD. By (2.27), we have K¢ = (1/2) ¢, and hence

B=-— ¢ Sppdo =C ¢pdo =0,
oD oD
which forces us to conclude that ¢ = 0. This proves that (1/2) I — K}, is one
to one on L3(0D). o

2.3.3 Surjectivity of AI — K7,

Let us now turn to the surjectivity of the operator A\I — K% on L?(dD) or
L3(0D). If D is a bounded C'*®-domain for some a > 0, then as shown in
Lemma 2.13, the operators Kp and K}, are compact operators in L?(9D).
If D is a bounded C'-domain, the operators Kp and K7, are still compact
operators in L?(9D) [122], but more elaborate arguments are needed for a
proof. Hence, by the Fredholm alternative (see Appendix A.1), it follows from
Lemma 2.18 that A\ — K} is invertible on L3(0D) if |A| > 1/2, and for
A €] — 00, —1/2]U]1/2, +00[, A — K%, is invertible on L?(9D).



2.3 Layer Potentials on Lipschitz Domains 27

From (2.15) we can also deduce that a constant C exists such that the
estimate

IKp @l @ap) < Cll¢l|L= D) (2.33)

holds for all ¢ € L*°(9D). Indeed, for any A €] — oo, —1/2]U]1/2,+0o0[ a
constant C) exists such that

9l (apy < CAll(M = Kp)¢llL~(op), V¢ € L>(0D). (2.34)

Unlike the C!-case, the operators Kp and K3}, are not compact on a Lips-
chitz domain and, thus, the Fredholm theory is not applicable. This difficulty
for the invertibility of AI — K%, was overcome by Verchota [298] who made the
key observation that the following Rellich identities (see [274, 266, 254, 172])
are appropriate substitutes for compactness in the case of Lipschitz domains.
In order to explain the Rellich identity, we need to fix a notation first. For a
vector field a and a function u, let

ou it ou
(e, ﬁ> = pz::@fv p>8—Tp .
Here T4, ...,T4—1 is an orthonormal basis for the tangent plane to 0D at x.

Lemma 2.19 (Rellich’s identities) Let D be a bounded Lipschitz domain
mn Rd,d > 2. Let u be a function such that either

(i) w is a Lipschitz function in D and Au =0 in D, or
(ii) w is a Lipschitz function in R4\ D, Au = 0 in R\ D, and |u(z)| =
O(1/|z|%=2) when d > 3, and |u(x)| = O(1/|x|) when d = 2, as |z| — +oo.

Let o be a Ct-vector field in R* with compact support. Then

oul? ou |? Ou, Ou
| @ng = [ |G -2 @
/ <2<V04Vu, Vu) — (V- a)|Vu|2) if u satisfies (i), (2.35)
D

+
/ B (2<VaVu, Vu) — (V- oc)|Vu|2> if u satisfies (ii) .
RIND

Proof.  Assume that u satisfies (i). Observe that

V- (a|Vu|?) = (V- a)|Vul? + (o, V|Vul?)

= (V- a)|Vul? 4 2(0%uc, Vu)

and
V- (Vula, Vu)) = (e, Vu) Au + (V{er, Vu), Vu)

= (VaVu, Vu) + (0*uc, Vu) .



28 2 Layer Potentials and Transmission Problems
Here 9?u is the Hessian of u. Combining these identities, we obtain
V- (a|Vul?) = 2V - (Vula, Vu)) + (V - @)|Vul* — 2(VaVu, Vu) .

Stokes’s formula shows that

/BD<04, ) Vuf? = 2/@ %m,vm + /D ((v )| Vul? — 2<ww,w>) .

Since
d—1
o= {a,Vv)v+ Z(a T
p=1
we get
(o, V) = (o) 22 (o, O
We also get
2
v = [ 2] 1 [
v oT

Thus, after rearranging, we find

/aD<a,u>< 2) _2/aD<a’V> % 2+2/8D<a72_;>%

+/ (V- a)|Vu* — 2(VaVu, Vu) .
D

2
Ou, Ou
‘/aD<“’”> 2 [ (el

+/ 2(VaVu, Vu) — (V- a)|Vu|?,
D

@2
ov

Ou
orT

Hence

ou
v

Ou
orT

[

and the identity (2.35) holds.

In order to establish the Rellich identity (2.35) when w satisfies (ii), we
merely replace D by R?\ D in the above proof and use the decay estimate at
infinity |u(z)| = O(|z|>~¢) when d > 3 and |u(x)| = O(|z|™!) when d = 2 as
|z — +o0 to apply the Stokes’s formula in all R?\ D. ad

As an easy consequence of the Rellich identities (2.35), the following im-
portant result holds.

Corollary 2.20 Letu be as in Lemma 2.19. Then a positive constant C' exists
depending only on the Lipschitz character of D such that

ou

5 (2.36)

=€l

ot =2

L( aD)
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Proof. Let cg be a fixed positive number. Let a be a vector field supported
in the set dist(z,0D) < 2¢y such that - v > ¢ for some 6 > 0, V z € 9D
(here, § depends only on the Lipschitz character of D). Applying (2.35) we

obtain
ou ou |?
/6D<a V) v _/6D<a V) T
ou ou
+o( |5 Bl IVl -
( T || 120p) 197 || 12 (o) ( )>
Since o 5
u
|\Vu||22 :/ U— dU < ||u—u0||L2 BD
L2(D) oD v ( 3V L2(6D)

(because [, Ou/dv = 0), where ug = (1/|8D|) [, udo, the Poincaré in-
equality (2.1) yields

Ju
ov

)

Vel < |5

L2(dD) L2(8D)

where the constant C' depends only on the Lipschitz character of D. Thus

/(au>au —/(au H Ou )
oD v oD or L2(8D) v L2(8D) .
Employing the small constant—large constant argument:
1
2ab < da® + Sb2 for small positive ¢ ,
we conclude that estimates (2.36) hold. O

The following results are due to Verchota [298] and Escauriaza, Fabes, and
Verchota [120].

Theorem 2.21 The operator X — K%, is invertible on L(0D) if |\ > 1/2,
and for X €] — oo, —1/2]U]1/2, +o0[, A — K%, is invertible on L*(dD).

Proof.  Let us first prove that the operators +(1/2)I + K}, : L&(0D) —
L3(0D) are invertible. Observe that +(1/2) I+K7%, maps L2(9D) into LZ(dD).
In fact, since Kp(1) = 1/2, we have

1
Kpfdo == / fdo
oD 2 Jop
for all f € L%(dD).
Let u(z) = Sp f(z), where f € LE(0D). Then u satisfies conditions (i) and
(ii) in Lemma 2.19. By virtue of the second formula (2.26) in Theorem 2.17,
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Ou/IT is continuous across the boundary dD. Moreover, by the jump formula

(2.27)
= (314K
+

We now apply Corollary 2.20 in D and R%\ D to obtain that

Ju
ov

Ju _||0u
ov|_ ov|, ’
L2(8D) L2(8D)
or equivalently
1 1

1 N N

ol ||(2I+ICD)f||L2(8D) < ||(2I—’CD)f||L2(aD) ;
2 : (2.37)

||(§I—’CD)f||L2(aD) <C ||(§I+’CD)f||L2(aD) :

Here the constant C' depends only on the Lipschitz character of D. Since
1 . 1 .
f= (§I+’CD)f+ (§I_KD)f )

(2.37) shows that

1 *
IGGL +KD)fllzz0) = Cllfllz20p) - (2.38)

In order to keep the technicalities to a minimum, we deal with the case
when 9D is given by a Lipschitz graph by localizing the situation. Assume

oD = {(:v',xd) L Tg = 90(55/)} ;

where ¢ : R?"! — R is a Lipschitz function. To show that A = (1/2) I + K}
is invertible, we consider the Lipschitz graph corresponding to t¢p,

oD, = {(x’,xd) D Xq :tgo(x’)} for0<t<1,

and the corresponding operators K}, and A;. Then Ay = (1/2)1, A1 = A,
and A, are continuous in norm as a function of ¢. Moreover, by (2.38),
|A¢fllz2op,) = ClIfllL2(0D,), with C independent of ¢ in (0, 1) because the
constant in (2.38) depends only on the Lipschitz character of D. The invert-
ibility of A now follows from the continuity method; see Appendix A.3. This
method establishes the invertibility of (1/2)I 4+ K}, on L3(0D). The invert-
ibility of —(1/2)I + K} on LZ(0D) can be proved in the same way starting
from the inequality

1 *
1(=5 +Kb)llz200) = Clifllz2op) -
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We now show that (1/2)I + K}, is invertible on L?(0D). To do that, it
suffices to show that it is onto on L?(dD). Since Kp(1) = 1/2, we get

/ (EI—F/CE)fdo: fdo
oD 2 oD

for all f € L?(0D). Let h:= ((1/2) I + K})(1). For a given g € L*(0D), let

g=g—ch+ch:=go+ch, c gdo .

~|oD] Jop
Since
/ hdo = / 14k )hdo = oD,
oD oD 2
one can easily see that go € LZ(9D). Let fy € L2(0D) be such that

((1/2) I +Kp)fo = go -
Then f := fo + ¢ satisfies ((1/2) I + K3,))f = g. Thus (1/2) I + K7}, is onto on
L*(9D).
Assume now that [A| > 1/2. Let f € L?(0D) and set u(x) = Spf(z). Let

co be a fixed positive number. Let a be a vector field supported in the set
dist(z,0D) < 2¢p such that - v > § for some § > 0, V = € 9D. From the

Rellich identity (2.35), we have
2
Ou, Ou
o w2y
oD 8T aV

| o) 2 - [ o)

+ / 2(VaVu, Vu) — (V- a)|Vul? .
Observe that on 9D

ou

ov

ou

oT

(2.39)

D

Cm| = (3T KD = (= )~ (A~ Kp)Sf
and du ou
(Vu,0) = 9 (o) + e, 5o,
= Sl +Kal
where

Ka(f) = Lpv. /6 ) @y d2)) ¢y go(y) |

Wa [z =yl

We also have

ou

2d :/ =

/D|Vu| T aDuaV
1

= [ sotn| - s - 01 - k)] @

oD

do
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By using

ou, Ou
—2/ o, —)— :2/ a, v
6D< 8T>8V 8D< >

we get from (2.39) that

TR TR

1
—/<Vavu,vu>+§(v-a)|vu|2.
D

ou

v 2_2/6 8u[_%<a’”>f+’ca(f)} :

o

oul?

ov

ou

O [ 2] s+ kat)

Dal/

Thus we obtain

o-1) e
< [ |- stansKatn)][0- ) - 01 kD)) a0

+CNf 200 (1180 la2comy + 1 = K5) (D200 )
+C1ISp Iz I = Kp)(H)llzzo) + ClIA = Kp)(H)l32(om)

where C' denotes a constant depending on the Lipschitz character of D and
A. Multiplying out the integrand in the second integral above and taking to
the left-hand side of the inequality the term involving f2, we obtain

%<X“%> /8D<a,u>f2da§ <>\%) /BDICa(f)fdo

+C\fllz2o) (1150 1122 00) + 1M = Kp)(Nlz2om))
+CIISp fllzz@p) AL = Kp)(Nllzz(om) + CNAL = K5)()I32(0m) -

If K7, denotes the adjoint operator on L?(dD) of the operator Ky, it is easy
to see that Ko + K, = R, where the operator Ry is defined by

Ra(f) = Lpuv. /6 ) =y al@) —av)) ) 4o(y)

Wd |z —?J|d

By duality, we have

1
Kal$)fdor =5 | Rar)ydo.

oD

Since |A\| > 1/2 and - v > § > 0, using a small constant-large constant
argument, we can get from the above inequality that
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111200y < C (IO = K)Hlz2om) + 180 fllz2(om)

(2.40)

+ 1Ra(N)llz2om) )
Since Sp and R, are compact on L?(9D), we conclude from the above esti-
mate that AJ — K7}, has a closed range.

We now prove that AI — K7, is surjective on L?(0D) and hence invertible
on L?(0D) by Lemma 2.18.

Suppose on the contrary that for some A real, |\| > 1/2, A\ — K}, is not
invertible on L?(9D). Then the intersection of the spectrum of K%, and the
set {\ € R: [\ > 1/2} is not empty, and so a real number Xg exists that
belongs to this intersection and is a boundary point of this set. To reach a
contradiction it suffices to show that Aol — K7, is invertible. By (2.40) we
know that Aol — K7, is injective and has a closed range. Hence a constant C'
exists such that for all f € L2(9D) the following estimate holds:

1fllz2op) < Cll(AoI = KD)(f)llz2(0D) - (2.41)

Since Ag is a boundary point of the intersection of spectrum of K}, and the
real line, a sequence of real numbers A, exists with [A\,| > 1/2, X\, — Ao, as
p — 400, and A\, I — K%, is invertible on L?(9D). Therefore, given g € L?(0D),
aunique f, € L*(0D) exists such that (A, —K7)(fp) = g. If || f,||L2(op) has a
bounded subsequence, then another subsequence exists that converges weakly
to some fy in L?(9D) and we have

/ (M\pI — K3)(fo)hdo = lim fo(Aol — Kp)(h)do
oD p—=+oe Jap

— lim (Aof—zcg)(fp)hdaz/ ghdo .
P—=+ Jop oD

Hence (Mol — K%)(fo) = g. In the opposite case we may assume that
[Ifpllz2opy) = 1 and (Ao — K},)(fp) converges to zero in L?(0D).
However, it follows from (2.41) that

L=fpllzzap) < Cll(Aod = Kp)(fp)llL2(aD)
< ClAo = Ap| + Cl[(ApI = K)(fp)llL2(oD) -
Since the final two terms converge to zero as p — +00, we arrive at a contra-

diction. We conclude that for any A real, |A| > 1/2, AT — K7, is invertible.
O

2.3.4 Mapping Properties

Analogously to (2.34) we can deduce from Theorem 2.21 that for any A €
1

] — 00, —1]U]3, +0o0| a constant C exists such that

||¢||L2(6D) < C)\H()\I — ICD)¢||L2(6D), Voe L2(8D) . (2.42)



34 2 Layer Potentials and Transmission Problems

Moreover,

1
]l 22 oDy < C||(_§I+KD)¢||L2(8D)» V¢ e L§(0D) , (2.43)

for some positive constant C'.

Suppose D C B1(0) is a star-shaped domain with respect to the origin in
two-dimensional space, where B1(0) is the disk of radius 1 and center 0. We
can quantify the constant C. In order to do this, define

0(D) := mlenafD@,um) .
Note that, since D is a star-shaped domain with respect to the origin,
§(D) > 0. For ¢ € L(OD), set u := Sp¢. It follows from the Rellich identity
(2.35) with a(x) = x that

/ w2 / (2, v) y +2/ iz, 2494
o= — o —)=—| do
8D 3T oD ’ ov + 8D 78T ov +
which leads to the following estimates:
H ou ou du
— + 2| — — ,
L2(aD) |y L2(8D) g £2(aD) T\ L2(op)
5|2 H +2 ? 2—; .
L2(oD) L2(8D) VIt t2op) L2(9D)
Therefore )
H 25 +4 |/ 0u
L2(6D) 52 aV + L2(6D) ’
du 25+4H u||?
<= .
ov|, L(oD) 0 T || 12 (o)
Thus, by the jump formula (2.27), we get
1 0
"(151—1—1673) = ||
L2(8D) Vi t2op)
< 25(;4 ?
Vit L2(dD)
20 +4

1 .
=5 ||(¥§I+’CD)¢HL2(BD) ;
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to conclude that

L 1
16l 2op) < ||(ﬂE—IJr Kb)ollz2op) + ||(:F§I+ KDp)éllr2ap)

(5+2 1
< Oy adr kp)olmon

We have proved the following result from [43].

Lemma 2.22 Let D C B1(0) be a star-shaped domain with respect to the
origin, where B1(0) is the disk of radius 1 and center 0. Define (D) :=
inf,cop(z,vs). Then, for any ¢ € L3(OD),

(£z1+Kp)o

5(D) + 2)2 |
2

16l 200y < TSR

L2(8D)

Estimate (2.43) will be useful in Chapter 5. A more refined one will be
needed in Chapter 4.

Lemma 2.23 A constant C exists depending only on the Lipschitz character
of D such that

k+1
2 < *
oz (BD)_Ck+1 H( I K >

(2.44)
L2(8D)

for all ¢ € LE(OD).

Proof. By (2.43), a constant C' exists depending only on the Lipschitz char-
acter of D such that

nwLamn<cw( - KD)wLam»

for all ¢ € L2(0D). Hence we get

k
16l < C H( ST &Q¢

It then follows that for k > C + 1

C
H¢”L2(8D) < 1_ C_
k—1

C
+ g l9llz2op) -
r2opy k=1l oP)

)

(! %) ¢

and hence, if k is larger than 2C + 1,

L2(8D)

k+1

Jollzzan <20 | (55

IKE)¢

L2(8D) '
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When £ is smaller than 1/(C + 1), we can proceed in the same way starting
from the estimate

1
léll2opy < C H <§I - ’@5) ¢

L2(8D) .

Now assume that |k — 1| is small or, equivalently, A is large. Then

1 1 . 1.,
6l 2op) < XH)“b”L?(@D) < XH(/\I —Kp)éllL2op) + X”’CD(b”L?(@D) .

Since |} ¢l 220p) < Cll@||L2(apy for some C then, if X > 2C, we get

2 y
Nl 2oy < S INM = Kp)oll 2oy -

Since the norm on the right-hand side of (2.44) depends continuously on
k, by a compactness argument, the proof is complete. O

We will also prove the following theorem due to Verchota [298].

Theorem 2.24 Let D be a bounded Lipschitz domain in R*. Then the sin-
gle layer potential Sp maps L*(0D) into WZ(OD) boundedly and Kp
WZ(0D) — WE(dD) is a bounded operator.

Proof. That Sp maps L?(0D) into W£(9D) boundedly is clear. In fact, by
Corollary 2.20, (2.27), and Theorem 2.21, we get

9(Sp/f)

ov

~

2
L2(8D)

or

L2(8D)
1 *
~ H(—§I+’CD)fHL2(aD) < Cfllz2p) -

Thus we have
IS fllwzopy < Cllfllz2op) -

Given h € W(0D), let v be the solution to the problem Av =0 in D and
v =hon dD. Then v € WH2(D). By Green’s formula, we get

0 -
Sp (a—|) (#) = Dp(]_)(@), =eRI\D.
It then follows from (2.28) that

1 v
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ov
5o (51|
v W2 (8D)

1 ov
< §||h||Wl2(8D) +C H@}_

Therefore we get

1
IKphllwz@op) < 5lllwzop) +‘

< Clhllwzop)
L2(9D)

where the last inequality follows from Corollary 2.20. Thus we obtain that
Kp : WZ(0D) — WE(0D) is bounded. O

Finally, it is worth emphasizing that the integral operator A\l — K7, is
singular as A approaches 1/2 (or k — +00). The kernel of the operator (1/2)I—
K5, Ker((1/2)I — K3,), has the dimension equal to the number of connected
components of D. Since AI — K3, = (2A — 1)K}, on Ker((1/2)I — K%), a
straightforward calculation shows that

IAM = K5) ™l eqz2(op).220p)) = 2x — 1] [|K

BHE(L2(8D),L2(8D)) ’

where L£(L?(0D),L*(0D)) denotes the space of continuous, linear transfor-
mations from L?(0D) to L?(dD). In fact, as long as A > 1/2, the integral
equation

M —Kp)p=g for ge L*(0D) (2.45)
has a unique solution and one simply discretizes it and solves it. When A\ —
(1/2)*, however, a systematic loss of accuracy occurs. The problem is that,
in the limit A = 1/2, the integral equation (2.45) is not invertible. See [287,
288, 141].

To solve (2.45), we decompose the right-hand side into a constant and a
zero-mean part: g = go + (9 — go), 9o = (1/|0D)) [,,, g do. We also decompose
the unknown density ¢ into a constant and a zero-mean part: ¢ = ¢¢ +
(¢ — o), 00 = (1/|0D) [, #do. Since Kp(1) = 1/2, the constant part of
the unknown density ¢ is simply given by ¢o = (1/(A — (1/2))) go. Thus, the
integral equation (2.45) can be written as

(AL = KD)(¢— o) =9 — go(M = Kp)(1) € L§(9D) ,

1
1
A=3
which is well behaved.
This idea has been suggested (and numerically implemented) by Greengard
and Lee [141] for the calculation of the electrostatic and thermal properties
of systems made of piecewise, homogeneous, high-contrast materials.

2.3.5 Concept of Capacity

We conclude this section by investigating the invertibility of the single layer
potential and by defining the concept of capacity. We shall see that compli-
cations develop when d = 2.
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Lemma 2.25 Let D be a bounded Lipschitz domain in R?. Let ¢ € L*(0D)
satisfy Spp =0 on OD.

(i) If d > 3, then ¢ = 0.
(ii) If d =2 and fang:O, then ¢ = 0.

Proof. 1f Sp¢ =0 on dD, then u = Sp¢ satisfies Au =0 in R?\ 9D, u =0
on 4D, and as |z| — +oo, we have u(z) = O(|z|>~%) when d > 3. Moreover
u(x) = O(|z|'~?) as |x| — +oo for d > 2 provided that [, ¢ = 0. Therefore,
for large R,

) ou O(R24) ifd >3,
/ [Vl =/ U= o
Br(0)\D or(0) OV O(R™?) ifd=2.

Sending R — +00, we deduce that Vu = 0 in R\ D, and thus, u is constant
in R4\ D. Since u = 0 on 9D, it follows that v = 0 in R\ D. But Sp¢ = 0
in D, and hence, ¢ = 0Sp¢p/0v|+ — OSpp/Ov|— = 0 on ID. O

Theorem 2.26 Let D be a bounded Lipschitz domain in RY.

(i) If d > 3, then Sp : L2(0D) — WZ(dD) has a bounded inverse.
(i) If d = 2, then the operator A : L>(0D) x R — WZ(0D) x R defined by

AM&Q)—<$D¢+a:éD¢)

has a bounded inverse.
(iii) Suppose d = 2 and let (¢e,a) € L2(OD) x R denote the solution of the
system

{Swe ta=0, (2.46)

ng e =1,
then Sp : L*(0D) — WE(0D) has a bounded inverse if and only if a # 0.

Proof. Since W2(0D) — L*(0D) is compact, it follows from Theorem 2.24
that the operator Sp : L?(0D) — WZ(9D) is Fredholm with zero index (see
Appendix A.1). But, by Lemma 2.25, we have Ker(Sp) = {0} when d > 3,
and therefore, Sp has a bounded inverse.

We now establish that A has a bounded inverse. Since Sp : L?(0D) —
WZ(0D) is Fredholm with zero index, we need only to prove injectivity. In
fact, if Sp¢ +a =0 and [, ¢ =0, then [, , Spp¢ = 0. But

0
Aﬁ%M%“‘Afw4$&@ )

= 7/ |VSD¢6|2d‘r )
Rd

0

- %SD(be

+ (2.47)
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and consequently, Sp¢ = 0 since Sp¢p — 0 as |x| — +o0o. According to Lemma
2.25, this implies ¢ = 0 and in turn a = 0.

Turning to part (iii), we note that if a = 0, then Sp cannot be invertible
because Sp¢e = 0. Thus, suppose that a # 0 and ¢ € L?(9D) exists such
that Sp¢ = 0. Define ¢g = ¢ — ([, ¢)Pe, and observe that

5D¢0=—(/6D¢)3D¢e=a/aD¢aDd 8D¢0=0-

Hence [, Sp¢odo = 0 and therefore o = 0. In turn, [, ¢ = 0 because
a # 0, giving ¢ = 0 by Lemma 2.25. Thus, the homogeneous equation Sp¢ = 0
has only the trivial solution, and Sp is invertible. O

Analogously to part (i) in the above theorem, if d > 3, a unique ¢, €
L?(0D) exists such that Sp¢. is constant on 9D, and faD ¢. = 1. Moreover,
because of (2.47), we get Spd. < 0. The reciprocal of the positive constant
—Spoe. is called the capacity of D, which is a quantity we denote by cap(9D),
so that

ﬁam =—-Spp. whend>3. (2.48)
This terminology has its origins in electrostatics. The capacity of an iso-
lated conductor is defined as the ratio of the charge in equilibrium on it to the
value of the potential at its surface. This definition may be restated as follows.
We form the solution u of the Dirichlet problem for the domain outside the
conductor D, with boundary values 1. The capacity cap(9D) is given by

+(:17)da(:17) <—/Rd\D|Vu|2d:c).

The solution u behaves like the point source —cap(0D)I'(z) at infinity.
In the two-dimensional case, we introduce the logarithmic capacity,

cap(0D) = f/ Ou

aD ov

cap(0D) = *™* |

where a is defined by (2.46).

In the case of the unit ball By(0), it is clear that cap(9B1(0)) =1 if d = 2,
and cap(0B1(0)) = (d — 2)wg if d > 3.

Additional interesting properties of the capacity are given in the books by
Hille [151], Landkof [210], and Armitage and Gardiner [47].

2.4 Neumann and Dirichlet Functions

Let £2 be a bounded Lipschitz domain in R%, d > 2. Let N(z,z) be the Neu-
mann function for —A in 2 corresponding to a Dirac mass at z. That is, N
is the solution to
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—A;N(z,z) =4, in 2,
AN 1 (2.49)

v, loa N(z,z)do(z) =0 f Q.
vy o9 102] " /o0 (z,2)do(x) =0 forz €

Note that the Neumann function N(x, z) is defined as a function of x € {2 for
each fixed z € (2.

The operator defined by N(z, z) is the solution operator for the Neumann
problem

AU =0 in 2,
8_U - (2.50)
o |50 =9

namely, the function U defined by

U(z) = N(z,2)g(z)do(z)
o9

is the solution to (2.50) satisfying [,, U do = 0.
Now we discuss some properties of N as a function of z and z.

Lemma 2.27 The Neumann function N is symmetric in its arguments; that
is, N(z,2z) = N(z,z) for x # z € 2. It furthermore has the form

1
—2—1n|x—z|+R2(:17,z) ifd=2,
N(z,z) = " 1 (2.51)
R fd>3
@~ Dg [~ a2+ falw2) fd=3,

where Ry(-, z) belongs to W22(£2) for any z € £2,d > 2 and solves

AyRg(x,2) =0 mn §2
Ohy 11—
ov, 192 02| " wg |x— 2[4

for x € 012 .

Proof. Pick z1,29 € 2 with 21 # 2. Let B, (2p) = {|lz — 2| <7}, p = 1,2.
Choose r > 0 so small that B,(z1) N Br(22) = 0. Set N1(z) = N(=x,21) and
Ny(z) = N(z, 22). We apply Green’s formula in £2' = 2\ B,(21) U B,(22) to
get

/ (NlANQNQANl) dIE:/ <N1%N2%> do
0 a0 ov ov

,/ <N1%N2%) dg,/ <N1%N2%) do
8B, (z1) ov ov OB, (22) ov v

where all the derivatives are with respect to the z-variable with z fixed. Since
N,, p = 1,2, is harmonic for z # z,, ON1/0v = ON3/0v = —1/]02|, and
Joo (N1 — N2) do = 0, we have
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/ <N1%N2%) d0+/ <N1%N2%> do=0.
9B,(z1) v v OB, (=2) v v

(2.52)
Thanks to (2.51), which will be proved shortly, the left-hand side of (2.52)
has the same limit as » — 0 as the left-hand side of the following identity:

[ Y [ (224,
0B, (21) ov v OB (22) ov v

Since

N N-
/ FQdO'—)O,/ deaﬂo asr — 0,
aBT(Zl) v aB'r‘(Z2) v

and

or or
/ NQ—dUHNQ(Zl),/ Nl—dO'—>N1(22) asr—>0,
0B () OV 9B (z2) OV

we obtain Na(z1) — N1(z2) = 0, or equivalently N(z3,21) = N(z1, 22) for any
21 # 29 € (2.
Now let Ry,d > 2, be defined by

1
N(z,z)+ — In|z — 2| ifd=2,
2m
Rd(x,z): 1 1

N ifd>3.
(z,2) + (2 — d)wy |z — 2|¢2 =

Since R4(-,2) is harmonic in 2 and ORy(-,2)/0v € L*(912), it follows from

the standard elliptic regularity theory, (see [172] for example) that Ry(-, z) €

W2:2(£2) for any z € £2. O
For D, a subset of {2, let

NDf(I> = . N(x7y>f(y> dO’(y), z €.

The following lemma from [22] relates the fundamental solution I' to the
Neumann function N.

Lemma 2.28 For z € 2 and x € 992, let I',(z) := I'(z — z) and N (x) :=
N(x,z). Then

(%I + IC[)) (N)(z) = I',(x) modulo constants, x € 012, (2.53)

or, to be more precise, for any simply connected Lipschitz domain D compactly
contained in 2 and for any g € L3(0D), we have for any x € 012

/8 . (—%I + ICQ) (N.)(2)g(2) do(z) = /6 L) (2
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or, equivalently,

(=37 +a) (000l ) @) = Spate). (255)

Proof. Let f € L%(0£2) and define

u(z) := /an <_%I+KQ) (N.)(2)f(x)do(x), ze€ .

Then )
we) = [ N -3+ Kn) @) doto).
EYe) 2
Therefore, Au =0 in 2 and

ou

1 *
| =i+ Ka)f.

o8

Hence by the uniqueness modulo constants of a solution to the Neumann
problem, we have

u(z) — S f(z) = constant, =z € (2.

Thus if g € L3(0D), we obtain

/m /BD (—%I-FICQ)(NZ)(*T)Q(Z)J[(x) do(z)do(z)
= /an /BD I.(2)g(2)f (x) do(z) do(x) .

Since f is arbitrary, we have (2.53) or, equivalently, (2.54). This completes
the proof. O
The following simple observation is useful.

Lemma 2.29 Let f € L?(052) satisfy (%I — ICQ)f = 0. Then f is constant.
Proof. Let f € L?*(902) be such that ((1/2)I — Kg)f = 0. Then for any
g€ L?(00)
1
| (51~ Ka)f@yg(@) dota) =0
00 2
or, equivalently,
1 x
(@] ~ Kig(w) do(a) = 0.
o0
But Range((1/2)I — K},) = L2(9£2) and so, f is constant. ]

In Chapter 5 we will be dealing with conductivity inclusions of the form
D = eB + z where B is a bounded Lipschitz domain in R?. For the purpose
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of use in Chapter 5, we now expand N(z, ey + z) asymptotically for x € 92,
z € 2, and y € OB, and as € — 0.
Recall that if j = (j1,...,Jq) is a multi-index (an ordered d-tuple of non-
negative integers), then we write j! = ji!...ja!, vo=ylt oyt i =+
-+ jg, and &7 = §lil Jaylt .. Oy
By (2.53) we have the following relation:

(—%I—HCQ) {N(-,ey—i—z)] () = I'(z—z—ey) modulo constants, x € 92 .

Using the Taylor expansion
+o00 i
—_la .
ra—e) =y Sdlory
71=0

we obtain

(31K [¥eas )@= 3 C dpire -2y

l
gl=o 7

_y e D2ty (414 Ko ) N2 ) o

131=0
_ l;fo L i (<_%1+1c9) ag'N(-,z)(x)) y!
_ (%HKQ) ljlio%euwag]v(.,z)ya' (@) .

Since [,, N(z,w)do(x) = 0 for all w € §2, we have the following asymp-
totic expansion of the Neumann function.

Lemma 2.30 Forx € 912, z € 2, and y € OB, and as € — 0,

+oo
N(z,ey+z) = Z 76‘3‘8§N(:v,z)yj : (2.56)
lgl=0 "
We mention that the Neumann function for the ball Br(0) is given, for
any z, z € Bg(0), by

1 1
N(@,2) = o [2]
7|x Z| 47T|| r— Hz]
) ) (2.57)
1 - for d =3
YR Cozg Ll Ea 2R
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and by
R InR
N(x,z)——(ln|:rz|+1n —xmz)Jrn— ford=2. (2.58)
™ || R T
See [212].

Now we turn to the properties of the Dirichlet function. Let G(x, z) be the
Green’s function for the Dirichlet problem in (2; that is, the unique solution
to

A, G(z,2z)=—0, in 2,
G(z,z)=0 on 012,

and let G,(x) = G(x,z). Then for any = € 92 and z € (2, we can prove in
the same way as (2.53) that

(3rexi) (20))~ ey (2.50)

Moreover, we would like to mention the following important properties of
G (see [143]):

(i) the Green’s function G is symmetric in 2 x {2 ;
(ii) the maximum principle implies that for z, z € 2 with = # 2

0>G(x,2)>—-T(x—2z2) ford>3,
0> G(z,2z) > fF(:zzfz)qL%lndiam(.Q) ford=2;

™

(iii) the Green’s function for the ball Br(0) is given by

e e 1 (et | By TN pass
T,z = 2= dw T —z |x|x ik rd>3,
1 Rz _q.

G(x,z)—%(ln|xz|ln mx§z> ford=2;

(iv) the normal derivative of the Green’s function on the sphere dBr(0) is
given by

oG

2 1.2
0% 22) =

m for any z € Br(0) and x € 9Br(0) .

We shall also recall, in connection with part (iv), that the function

R2 _ |Z|2

waR[z — 2] (z € Br(0),r € 0BRr(0))

is the Poisson kernel of the ball Br(0). On the other hand, if we consider the
half-space RY = {z = (2/, z4) € R? : 24 > 0}, then the function
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224 d d
—_ R OR
T (z e RY,z € ORY)
is the Poisson kernel for R, and for any g € CO(R4™!) N L>(R4™1), the
following formula holds:

/
i 20 [ o)

r_ d
Z‘}yﬂzeRi "y 6Ri m dr’ = g(y) for each y S 8R+ . (260)

2.5 Representation Formula

Let 2 be a bounded domain in R? with a connected Lipschitz boundary
and conductivity equal to 1. Consider a bounded domain D CC {2 with a
connected Lipschitz boundary and conductivity 0 < k # 1 < 4o0.

Let g € L3(012), and let uw and U be, respectively, the (variational) solu-
tions of the Neumann problems

V- (1+(k—1)x(D)>Vu:O in 2,
ou
- = 2.61
o (2.61)
/ u(z)do(z) =0,
o8
and
AU =0 in £2,
|
oy, (2.62)

/ U(z)do(z) =0,
o

where x(D) is the characteristic function of D. Clearly, the Lax—Milgram
lemma shows that, given g € L3(92), unique u and U in WH2?(§2) exist,
which solve (2.61) and (2.62).

At this point we have all the necessary ingredients to state and prove a
decomposition formula of the steady-state voltage potential u into a harmonic
part and a refraction part, which will be the main tool for both deriving
the asymptotic expansion in Chapter 5 and providing efficient reconstruction
algorithms in Chapter 7. This decomposition formula is unique and seems to
inherit geometric properties of the inclusion D, as shown in Chapter 4.

The following theorem was proved in [180, 181, 183].

Theorem 2.31 Suppose that D is a domain compactly contained in {2 with
a connected Lipschitz boundary and conductivity 0 < k # 1 < 4+o00. Then the
solution u of the Neumann problem (2.61) is represented as
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u(z) = H(z) + Spo(z), zeR\ 002, (2.63)
where the harmonic function H is given by
H(x) = =Salg)(@) + Do(f)(@), z€2, [:=ulooeWi(0%2), (2.64)

and ¢ € L3(OD) satisfies the integral equation

k+1 L\, OH
(a5~ %

o1 5 on 0D . (2.65)

oD

The decomposition (2.63) into a harmonic part and a refraction part is unique.
Moreover, ¥V n € N, a constant C,, = C(n, (2, dist(D, 012)) exists independent
of D and the conductivity k such that

|Hllenp) < Callglliaon) - (2.66)
Furthermore, the following holds:

H(z) 4+ Spo(x) =0, VreRI\ Q. (2.67)

Proof. Consider the following two-phase transmission problem:

V-(l—i—(k—l)x(D))szO in R\ 002,
”‘_—U‘ =/ on 012,
o o
% - — % . =g on 89 ,
v(z) = O(|z|*~%) as |z] — 400 .
Let v1 := —Sqg + Dof + Spé in RY. Since ¢ € L3(OD) and g € L3(012),

v1(x) = O(|z|*=%) and hence v; is a solution of (2.68) by the jump formulae
(2.27), (2.28), and (2.31). If we put v = u in §2 and v = 0 in R?\ £,
then vy is also a solution of (2.68). Therefore, in order to prove (2.63) and
(2.67), it suffices to show that the problem (2.68) has a unique solution in
Wige (R 092).

Suppose that v € WL3(R?\ 842) is a solution of (2.68) with f = g = 0.
Then v is a variational solution of V- (1 + (k — 1)x(D))Vv = 0 in the entire
domain R?. Therefore, for a large R,

1+k
[ w1 e o))
Br(0) k JBr)
< 1+ k v@
]{ aBR(O) 81/
1+ k
S 7L |vv|2 S O 9

ko Jr\Br(0)
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where Br(0) = {|z| < R}. This inequality holds for all R and hence v is
constant. Since v(x) — 0 at infinity, we conclude that v = 0.
To prove the uniqueness of the representation, suppose that H’ is harmonic
in 2 and
H+ Spp=H' + Sp¢' in 12.

Then Sp(¢ — ¢') is harmonic in 2 and hence

0 0

—Sp(6—d)| =5 Sp6-)| ondD.

+

It then follows from (2.27) that ¢ — ¢ =0 on D and H = H'.
We finally prove estimate (2.66). Suppose that dist(D,982) > ¢y for some
constant ¢y > 0. From the definition of H in (2.64), it is easy to see that

nmm@sa(mumm+mmhmm), (2.69)

where C), depends only on n, 92, and cg.
It suffices then to show as in Corollary 2.20 that

HU|6(2||L2(69) < C||gHL2(6Q) : (2.70)

To do so, we use the Rellich identity. Let a be a vector field supported in the
set dist(x, 012) < ¢p such that a- v, > ¢ for some § > 0, V x € 9f2. Using the
Rellich identity (2.35) with this «, we can show that

<C \Y B ) s
H@T o) (||9HL2(8(2) -+ UHLz(Q\D))

where C' depends only on 942 and ¢y. Observe that
IVullf 05y < /Q (1 + (k — 1)X(D)>Vu - Vudzx

S/ gu do
on

< N9llr200) lluloellr2p0) -
Since |, 90 udo =0, it follows from the Poincaré inequality (2.1) that

du
or

luloellL290) < C H :
L2(02)

Thus we obtain

2 2
Hu|39”L2(8[)) < C( H9||L2(arz) + ||9||L2(arz) ||U|6O|L2(arz)) J

and hence (2.70). From (2.69) we finally obtain (2.66). ad
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It is important to note that, based on this representation formula, Kang
and Seo proved global uniqueness results for the inverse conductivity problem
with one measurement when the conductivity inclusion D is a disk or a ball
in three-dimensional space [180, 182]; see Sect. 3.2.

Another useful expression of the harmonic part H of u is given in the
following lemma.

Lemma 2.32 We have

uw) = (k=) [ VP =) Vul)dy, €@,

H(z) = (2.71)
f(k—l)/vyf(:rfyfVu(y)dy, reRI\ 0.
D
Proof.  We claim that 5
u
=(k-1)— 2.72
o= k-n5e| (272)
In fact, it follows from the jump formula (2.27) and (2.63) and (2.65) that
ou| OH 9 oH 1 . 1
% _—%+$8D¢_—W+(*§I+K[))¢——k_l(b on 0D .
Then (2.71) follows from (2.67) and (2.72) by Green’s formula. O
Let g € LE(0£2) and
Uly) == | N(z,y)g(z)do(z) .
Ye;

Then U is the solution to the Neumann problem (2.62) and the following
representation holds.

Theorem 2.33 The solution u of (2.61) can be represented as
u(z) =U(x) — Npg(z), =€, (2.73)

where ¢ is defined in (2.65).
Proof. By substituting (2.63) into (2.64), we obtain
H(2) = ~Sa()) + Do Hlan + (Sp6lan ) (2). 2 € 2.

It then follows from (2.28) that

(%I—ICQ) (Hlon) = —(Sog)lon+ (%H/cg) (Spd)lon) on 092 . (2.74)
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Since U = —=Sqn(g) + Da(Ulsgn) in 2 by Green’s formula, we have
1
(51 — ICQ) (U|aQ) = —(SQg)|6_Q . (2.75)
Since ¢ € L2(dD), it follows from (2.53) that

- (%I - m) (No&)lon) = (Spé)lon - (2.76)

Then, from (2.74), (2.75), and (2.76), we conclude that

<%1 —~ /cg) (Hlarz —Uloe + (%I + /cn) ((ND¢>)|an)) =0.

Therefore, we have from Lemma 2.29
1
Hl|oo —Ulon + <§I+ ICQ> ((Npo)|an) = C (constant). (2.77)
Note from (2.55) that

(51 +Ka)(Nod)las) = (Npd)lao + (Spd)lac
Thus we get from (2.63) and (2.77) that

ulog =Ulae — (Np@)loa + C . (2.78)
Since all the functions entering in (2.78) belong to LZ(942), we conclude that
C = 0, and the theorem is proved. O

We have a similar representation for solutions of the Dirichlet problem. Let
f € W2(092), and let v and V be the (variational) solutions of the Dirichlet
2

problems:

V- (1+(k1)X(D)>Vv_O in 2,

(2.79)
v=f ondf?,
and
AV =0 in 2,
(2.80)
V=f on 0f2 .

The following representation theorem holds.

Theorem 2.34 Letv and V' be the solutions of the Dirichlet problems (2.79)
and (2.80). Then Jv/dv on OD can be represented as

ov ov 0

A

() = Gpé(z), = €09, (2:81)
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where ¢ is defined in (2.65) with H given by (2.64) and g = Ov/0v on 912,

and

Gpo(z) == - G(z,y)p(y) do(y) .

Theorem 2.34 can be proved in the same way as Theorem 2.33. In fact, it
is simpler because of the solvability of the Dirichlet problem or, equivalently,
the invertibility of (1/2) I 4+ K§,. So we omit the proof.

2.6 Energy Identities

For later use, we shall establish the following energy identities, which are from
[184, 10].

Lemma 2.35 The solutions u and U of (2.61) and (2.62) satisfy
/ IV(u—U)|?dx+ (k — 1)/ |Vul|* de = / (U —u)gdo, (2.82)
Q D o9

/Q<1+(k1)X(D)>|V(uU)|2d:c(k;1)/D|VU|2d:C (2.83)

z—/[m(U—u)gda.

Proof.  From the variational formulations of the Neumann problems (2.61)
and (2.62), it follows that

/V(u—U)-Vnd:C—i—(k—l)/Vu-Vnd:C:O, (2.84)
Q D

for every test function n € W2(£2). Substituting 7 = v in (2.84) and inte-
grating by parts, we have

/Q|V(u—U)|2d:c+(k—l)/D|Vu|2d:v:/69(U—u)gdo,

whereas substituting n = u — U yields

/(1+(k—l)x(D))|V(u—U)|2d:177(k:fl)/ |VU|2dz:f/ (U—u)gdo .
2 D o8

Then Lemma 2.35 immediately follows from the above two identities. O
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2.7 Anisotropic Transmission Problem

Let D be a bounded Lipschitz domain in R?, d = 2,3. Let A be a positive-
definite symmetric matrix and A, be the positive-definite symmetric matrix
such that A=! = A2. Let I'*(z) be a fundamental solution of the operator
V.- AV:

1
mlnHA*(EH, d:2,
I'z) = mV/det(4)
- ) d =3 9
4m/det(A)||Ax|]
where det(A) is the determinant of A and || - || is the usual norm of the vector

in R?,
The single and double layer potentials associated with A of the density
function ¢ € L?(dD) are, respectively, defined by

Spo(x) = /w 'z —y)g(y)do(y) , =€RY,
and
Dé¢(w) = /BD Uy - AVFA(x —y)é(y)doly), =z¢€ R? \ oD .

Corresponding to Theorem 2.17 for the single and double layer potentials for
the Laplacian, we have the following jump formulae:

{VI CAVSAD(x)|y — v - AVShd(x)|- = d(z) ae. x €D,

Dg¢($)|+ - Dg¢(x)|7 =—¢(z) ae xze€dD. (2.85)

Now consider A to be a constant d x d positive-definite symmetric matrix
with A # A. Throughout the remainder of the book, we will always assume
that A — A is either positive-definite or negative-definite and use S as a
notation for the single layer potential associated with the domain D and the
matrix A.

The following result of Escauriaza and Seo [121] will help us give a repre-
sentation formula for the solution to the anisotropic transmission problem.
Theorem 2.36 For each (F,G) € WZ(0D) x L?(0D), a unique solution
(f,g) € L*(0D) x L?*(0D) of the integral equation erists

A A
Spf =Spy=F on 0D . (2.86)
v-AVSAfl- —v-AVSAgl. =G

Moreover, a constant C ewists depending only on the largest and smallest
eigenvalues ofA A, and A-— A, and the Lipschitz character of D such that

Ifllz2om) + lgll 2oy < O(HF||W12(8D) + Gl z20p)) -
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We can easily see that, if G € LZ(dD), then the solution g of (2.86) lies
in L3(0D). Moreover, if G = 0 and F = constant, then g = 0. We summarize
these facts in the following lemma.

Lemma 2.37 Let (f,g) be the solution to (2.86). If G € L%(0D), then g €
L3(0D). Moreover, if F is constant and G =0, then g = 0.

Let 2 be a bounded Lipschitz domain in R%, d = 2,3, containing an
inclusion D. Assume that the conductivity of the background 2\ D is A
and that of D is /Nl.N The conductivity profile of the body (2 is then given by
x(2\ D)A+ x(D)A.

For a given g € L3(012), let u denote the steady-state voltage in the
presence of the anisotropic conductivity inclusion D, i.e., the solution to

V- (X(Q\E)A+X(D)Z>vu =0 in {2,

v-AVu| =g, (2.87)

o8

/6(2 u(z)do(z) =0.

Introduce
H(z) := =S5(9)(x) + D5(f)(z), v € 2, fi=ulon € W2(0402). (2.88)

The following representation formula is an immediate consequence of (2.86).

Theorem 2.38 Let HA be defined by (2.88). Then the solution u to (2.87)
can be represented as

(z) = HA(ZZ?)+SS¢(LE), reN\D,
T sAv(e) zeD,

where the pair (¢,v) is the unique solution in L3(0D) x L*(OD) to the system
of integral equations

(2.89)

Spv — Spo = H*

-~ = on 0D .
v-AVSAY|- —v- AVSholy =v- AVHA

2.8 Periodic Isotropic Transmission Problem

We shall now investigate the periodic isotropic transmission problem used in
calculating effective properties of dilute composite materials. The results in
this section are from [38]. Some of the techniques described in this section can
be applied to the mathematical theory of photonic crystals [205, 37].
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Let Y =]—1/2,1/2[% denote the unit cell and D C Y. Consider the periodic
transmission problem:

V- (1+(k1)x(D))Vup—O iny,

up — xp periodic (in each direction) with period 1, (2.90)

/upd:vzo,
Y

forp=1,...,d.
In order to derive a representation formula for the solution to the periodic
transmission problem (2.90), we need to introduce a periodic Green’s function.
Let

ei27rn-m

Gy(x)=— Y e (2.91)

ne€Z\{0}

Then we get, in the sense of distributions,

AGﬁ (.’,E) — Z ei2mnw Z ei2mnea ,

neZ4\{0} nezd

and Gy has mean zero. It then follows from the Poisson summation formula:

Z el2mnT — Z O0(x+n), (2.92)

nezd nezd

that
AGy(z) = > Sz +mn)—1. (2.93)

nezd

The appearance of the constant 1 in (2.93) may be somewhat peculiar. It is
the volume of Y, and an integration by parts shows that it should be there.

In fact,
0Gy
AGy(z)dx :/ —do
/Y 8(x) o 00

and the right-hand side is zero because of the periodicity.

The expression (2.91) for Gy is called a lattice sum, and its asymptotic
behavior has been studied extensively in many contexts in solid-state physics,
e.g., [308].

We state the next lemma for the general case but give in some detail a
proof only for d = 2, leaving the proof in higher dimensions to the reader.
Formulae (2.94) and (2.95) will be applied later in our study of the effective
properties of composite materials.
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Lemma 2.39 A smooth function Rq(x) exists in the unit cell Y such that

1
o Infe] + Ra(a), i-2,
s
Gy(z) = 1 L, e (2.94)
@ Do | Ra@), d=23.

Moreover, the Taylor expansion of Rq(xz) at 0 for d > 2 is given by

Ry(x) = Ry(0) — — (22 4+ ... + 22) + O(|z|*) . (2.95)

Proof.  As mentioned above, we assume that d = 2. The proof we give here
is not the simplest one but has the advantage that it can be extended to
other more complicated periodic Green’s functions. Note that the behavior
Gy(z) ~ I'(x) as |z|] — 0 is to be expected since the effect of the periodic
boundary conditions is negligible when x is near the origin.

We begin by writing

i) gi2mna 1 COS 2TTN1 X1 COS 2TNaXo
1) =~ Z 2,12 4.2 Z 2 2
~ 4m2|n| 47 . ni + nj
nez \{0} nez2\{0}
cos 27m2:1:2
= 52 E cos2mnixy E
s n? n
n1=0 no=1 1 +
cos 27m1x1
2 53 E COS 2mNoxo E >
T n2 + n2
na= =0 ni= 1 1 2
=G+ G

After that, let us invoke three summation identities (see for instance [99, pp.
813-814)):

1 h7(2ze — 1
. L meshrCnolm e g
Z €OS 2MnaTy 2ny - 2m sinh mny (2.96)
ng=1 n% + n% 7T_2 - 7_‘_217 2.2 if =0
6 o+ Lo 1Iny = )

+
2 1
Z cos SmmTL e72mMT2 — oo In2 — 3 In <sinh2 7o + sin? 77171) . (2.97)

We then compute

cos 27m2:102
Gu Z
27r2

n2:1
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1 hw(2xy — 1
——Zcos27m1x1( - +27T cosh 7(2x4 )m)

ni sinh 7mn;
ny= 1
B cos 27m2:1:2 cos 27m1:1:1
= Z 2 * o Z
no=1 ni=1
1 =2 cos 27ny21 cosh w(2x9 — 1)ng
47 ~ ni sinh mn;
ny=
+oo
1 1 15, 1 1 1 2 1 COS2TNITT o zs
STt gty Tt T Zl o
ni=
1 XX cos2mnizy (coshm(2s — 1)ny ornya
_ —e
47 ni sinh 7y
n1:1
to arrive at
1 In2 1 1 1
Gy = 7ﬂ+z_ﬂ'+1($27$1)71(2$§7$%)+8_7r In (sinh2 TLo—+sin? 71'171>+T1 (x),

where the function r(x) is given by

+
1 cos 27m1x1 coshm(2wg —1)ny 5 0
ri(z) = —— - —e
47 sinh mn;
ni=1
+o0 _
1 Z cos 27Tn1x1 e2TMT2 | o2 N1Ts
T 4r e — 1

Because of the term e™™"1 we can easily see that r; is a C*°-function.
In the same way we can derive

1 In2 1 1 1
i xl—xz)—z@ﬁ—x%)—i—s— In (sinh2 7 +-sin’ 7T:102> +ra(x) ,
7r

+oo _
1 COS 2N Ty 27T 4 e 2T

47 ny e2m™1 — 1
ni =1

By a Taylor expansion, we readily see that
In (sinh2 X9 + sin? mcl) + In (sinh2 7y + sin? 7T:102>
=4Inm+2In(z? + 23) + r3(x) ,

where 73(7) is a C*°-function with r3(x) = O(|x|*) as |z| — 0. In short, we
obtain
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1
Gi(w) = 5= In fa| + Fa(e)

where

Rofa) = € — (&5 +a3) + 1a(a) + ra(a) + 73()

for some constant C'. By a Taylor expansion again, one can see that

ri(z) +ro(x) = C +O(z|*) as|z| — 0,
for some constant C. That Ry is harmonic follows from (2.93). This concludes
the proof. m]

Note that in the two-dimensional case we can expand Ra(z) even further
to get

1 N (s
Ry(w) = Ry(0) = (o} +a3) + D B (@) + O(a|™ ) as [a] =0,
s=3
where the harmonic polynomial Rgs) is homogeneous of degree s; i.e., Rés) (tz) =

tsRéS)(x) for all t € R and all z € R2. Since
RQ(*.Il,.IQ) = RQ(xl,.’,EQ) and RQ(Il, 7.’,82) = RQ(xl,.’,EQ) y

R$Y =0 if s is odd, and hence

Ro() = Rp(0) (% +03) + D REI(@) + O(al ™) asa] 0. (2.98)

s=2

We conclude this section by establishing a representation formula for the
solution of the periodic transmission problem (2.90).

Let the periodic single layer potential of the density function ¢ € L2(9D)
be defined by

Gpo(z):= [ Gilx—y)o(y)do(y), zeR*.
oD

Lemma 2.39 shows that
Gpo(x) = Spp(z) + Rpo(x) , (2.99)

where R p is a smoothing operator defined by

Rpd(z) := - Rai(x —y)o(y) do(y) .
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Thanks to (2.99), we have

(x) + gRD¢(95), x €D .

0
() = 5-Sp¢ N ey

0
59D¢ n ov

Thus we can understand, with the help of Lemma 2.39, 9Gp¢/0v|+ as a
compact perturbation of 0Sp¢/dv|y. Based on this natural idea, we obtain
the following results.

Lemma 2.40 (i) Let ¢ € L3(0D). The following behaviors at the boundary
hold:

(@) = (45

z) = (x=

4 2

where B}, : L3(0D) — LE(0D) is given by

%Qmﬁ I+ Bp)o(x) on 0D (2.100)

. 5}

Boow) =pu | S-Gyle—y)éw)doly), z€0D. (2101
oD OVz

(ii) If ¢ € L3(dD), then Gp¢ is harmonic in D and Y \ D.

(iii) If || > 3, then the operator AI — B}, is invertible on LE(0D).

Proof.  Since B}, = Kj, + Vp where Vp is a smoothing operator, part (i)
immediately follows from (2.27). Part (ii) follows from (2.93) and the fact that
¢ € L3(0D). As a consequence of parts (i) and (ii), it follows that A — B},
maps L3(0D) into L2(0D). To prove part (iii), we observe that Vp maps
L?(0D) into W£(8D), and hence it is a compact operator on L?(dD). Since,
by Theorem 2.21, A — K%, is invertible on LZ(0D), it suffices, by applying
the Fredholm alternative, to show that A\I — B3, is one-to-one on L3(9D). We
shall prove this fact, using the same argument as the one introduced in Lemma
2.18. Let |A| > 1/2, and suppose that ¢ € LZ(0D) satisfies (\[ — B})¢ = 0
and ¢ # 0. Let

A / Voo dz, B / IVGbol2de .
D Y\D

Then A # 0. In fact, if A =0, then Gp¢ is constant in D. Therefore Gp¢ in
Y\ D is periodic and satisfies Gp¢|ap = constant. Hence Gp¢ = constant in
Y \ D. Therefore, by part (i), we get

:O,

0
¢ = EQDQS

o
. — angb

which contradicts our assumption. In a similar way, we can show that B # 0.
On the other hand, using Green’s formula and periodicity, we have

I I T
A_/BD(§I+BD)¢QD¢CZJ, B = /(9D(2I+BD)¢QD¢dU.
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Since (Al — Bj,)¢ =0, it follows that
13-4
2B+ A’
Thus, |A] < 1/2, which is a contradiction. This completes the proof. O

Analogously to Theorem 2.31 the following result holds, giving a decom-
position formula of the solution of (2.90) into a harmonic part and a refraction
part.

Theorem 2.41 Let u, be the unique solution to the transmission problem

(2.90). Then uy, p=1,...,d, can be expressed as follows:

up(z) =xp + Cp + gD(2k 1 I-Bp) tv)(x) inY, (2.102)

(1)

where Cp, is a constant and v, is the p-component of the outward unit normal
v to 0D.

Proof.  Observe that u,,p=1,...,d, satisfies

Au, =0 inDU(Y\D),

Up|l+ —up|= =0 ondD,
Qup| 32| _g onoD,
ov n ov |_
up — xp periodic with period 1,
updr = 0.
Y
To prove (2.102), define
k+1 . .
Vp(z) = gD(mI ~Bp)Hwp)(x) inY.

Then routine calculations show that

AV, =0 in DU(Y\D),
Vil — V|- =0 on 0D,

v, v, (2.103)
El.},_ — kE|_ = (k — 1)Vp on 9D 5

V,, periodic with period 1.

Thus by choosing Cj, so that [, u,dz = 0, we get (2.102), which completes
the proof. O
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2.9 Periodic Anisotropic Transmission Problem

In this section, we derive a Green’s function to the periodic anistropic trans-
mission problem and establish a representation formula for its solution. These
results are from [28].

Consider the periodic anisotropic transmission problem:

V- (x(Y\D)A+x(D)A)Vu,) =0 inY,
up — x, periodic (in each direction) with period 1, (2.104)
Jyup=0,

for p=1,...,d. The periodic Green’s function G?(m) is given by

eZﬂ'zn-m

Alp) — _ e
Gifa)=—- > yroy (2.105)
neZ\{0}

In fact, in the sense of distributions, we have
V- (AVG (2) = Y ¥ 1,
nezd
and hence by the Poisson summation formula (2.92),
V- (AVGH () = Y b(z+n)—1. (2.106)
nezd

It follows from the standard elliptic regularity theory that G;ﬁ(x) — ' (z) is
smooth in the unit cell Y.
Moreover, we can show that a symmetric matrix K exists such that

GﬁA(x) =C+I'Yeg)—x- Koz +0(|z|Y), |z|—0.

This matrix K plays an essential role in deriving the effective properties of
anisotropic composites. We write down an explicit form of K in the two-
dimensional case, leaving the general case to the reader.

Let us first fix a notation. If

Az(ab), a,c>0and ac—b*> >0,

bc
let
b v/det(A b v/det(A
S VA A R S P VACLL GO (2.107)
c c a a
We also define real-valued functions 6 and n by
+o00 n

n=1
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Observe that n(z) = 0 if z is purely imaginary.
We have from [28] the following lemma, whose proof turns out to be quite
difficult.

Lemma 2.42 Suppose d = 2. A smooth function R*(x) exists in the unit cell
Y such that
G (z) = I''(z) + R (), (2.109)

and RA(x) takes the form
RAz) = RY0) —z- Kz 4 O(z|*), |z|—0, (2.110)

where K is given by

1 b
PO vl I R TS B
== — @
11,1 det(A) 24 _b20? —ac
c e 2
) 202 —ac b
T 2 -
b (— 40 a a
det(A)(24 (3)) o
a
0 —1 2b
C) < 2b> i) (; _1> . (2.111)
C 71 — a —1 0
C

In particular, the function u(x) = —x- Kx satisfies the equation V-AVu = —1
in R2.

Proof. Suppose that

A_<Zlc))’ a,c>0and ac—b*>>0.

Then, we have

47T2G§4(:v) =— Z

neZ?\{0}

e27r1n~x

an? + 2bning + cn3

e27’l’i77/£1) e27rin212

+oo
=— — . (2.112
Z Z an? + 2bning + cn Z cn3 ( )

n1#0 na=—00 n27#0

Since (2.96) gives

+o0 2
cos(nx) w 1,
; 2 6 20 tat
we have i )
TIN2T2 1
Z ‘ —— =~ (% —2n%xy + 27r2:z:§) ) (2.113)
2

n2 #O
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To compute the first term in (2.112), we use a general formula from [99,
p. 815]: If P(z) is a holomorphic polynomial and « is real, then

Z =-2ri > Residue (Wﬁ) . (2.114)

n=-00 ¢: zeros of P(z)

Let P(2) := c2%2+2bnyz+an?. Then the zeros of P(z) are an; and @n;, where

b .\/det(A4)

ai=—-+41

It then follows from (2.114) that

+oo 6271'1'71212 627ri6n1x2 eQﬂ'iom,l To

21

ZOO an? +2bning + en?  cla—a@) |ny(e2m@m — 1) py(e2rion — 1)

no=—
Since c(a — @) = 2iy/det(A), we get

2min-x

+oo
PN 5
an? + 2bning + cn?

ni#0nag=—o0

T 27rz(x1+ax2)n1 27ri(zl+a12)n1
= \/W nzyéo |:n1 627rzo¢n1 _ 1) nl(eQﬂ'ia’ﬂq _ 1)
2 2mi(z1+axa)ny
e (2.115)
det(A) 20 Tll(eQﬂ'zanl _ 1)
ny
We have
e27ri(zl+azg)n1 627ri(x1+ax2)n1
o Ny ), (2.116)
where
e27ri(zl+azg)n1 eQﬂ'iom,l 27\'1 (z14+az2)ny 1
1 (.’,E) = nz>0 n e2miany _ + nz<0 e2miant _ ]
1 1

+oo 627ri(x1+ax2)n1 +€727ri(x1+ax2)n1 627riom1

ny e2miany _ | :
n1:1
Observe that since Sa > 0, the above series converges absolutely and uni-
formly thanks to the factor e?™™ and r;i(z) is a smooth function in the
variables z1 and x4 for |z2| < 1. Moreover, one can see by the Taylor expan-
sion that

ri(z) = O1 +47%u(a)(zy + axz)® + O(|z)*), |z| —0, (2.117)
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where
+oo

ple) = 0(a) +in(a) = H% .

n=1

In order to compute the first term in the right-hand side of (2.116), we
invoke formula (2.97). Since

2
In(sinh? w2y + sin? 721) = In7? + In(2? 4 23) + %(m% —22) + O(|z|Y) ,

we get

oo 2
(2 1
E cos(2mn21) e 2™ — a0 —In 271'2—5 ln(x%Jra:%)qL%(x%fx§)+0(|:1:|4) .

Thus we obtain

e2mi(zit+azs)n cos 2m(xy — —:Cz) Vdet(4)
R Z _ Z 72anlzg
n1>0 ni=1
det(A 1 b det(A
= %T(.’Ig —In27% — 3 In {(171 - ECEQ)Q + cg )17%
2 b det(A)
T = 2w = 8t 4 0(lal).
Let A, = VA1 as before. Then one can see that
b det(A) det(A) _ det( )
(21 — —m9)* + —— 3 = (z-A7lz) = —— | Auz|?,
c c c
and hence
2mi(z1+aze)ny det(A
x Z £ C+ ﬂmcz —In || Az
ni1 C
n1>0
2 b det(A
+ 5 [(zl - E:52)2 — g ):52] + O(|z]*) , (2.118)

for some constant C. Combining (2.112), (2.113), (2.115), (2.116), and (2.118)
yields

27 3 b det(A)
472G (2) = C + ——In||A, —7[ — —x9)? — 2
"G @) e Al — g [ )t = g
272 873
- T )@ b an)?) 0l (2119)

for some constant C.
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In order to obtain a formula for G;ﬁ(:z:) in a symmetric form, we now use
eZﬂ'in-z eQﬂ'inlxl

An* Gyl (@ Z Z Z
Gy 2 2
roZ0m oo 0T + 2bning + cnj =

2
any

and interchange the role of x; and x5 to get

9 Al N o 3 b o det(A) ,
Ar”Gy(z) = C + mln”A*zH - m [(xz - Exl) - Txl]
2 S (B (s + ) Ol (2.120)
a "t /det(A) ’

for some constant C' where

ﬁ:zféﬂ'deitm).
a

By taking the average of the formulae in (2.119) and (2.120), we finally
arrive at

Gg‘(m) =C+I'YNg)—x- Ko+ O(|z*), |z|—0, (2.121)

where C' is a constant and K is the symmetric matrix given by

_ ™ 0’ + 0 —det(d) 5 (b b)
o det(A)[ 2a? 7 ( +C) 122
2+ b2 —det(A
++Tt()x§] <
,m%(u( a)(z1 + a2)? + p(B) (@2 + Ba1)?) . (2.122)

The formula (2.111) now follows from (2.122) through elementary but tedious
computation. O

Let Tr(M) denote the trace of the matrix M. Since
V - AV(x - Bx) = 2Tr(AB)

for any symmetric matrix B, we infer that the quadratic polynomial u defined
by the first matrix in the right-hand side of (2.111) satisfies V- (AVu(x)) = 1,
whereas those defined by the other matrices satisfy

V- (AVu(z)) =0.

If A is diagonal, then the formula is particularly simple. If b = 0, then
a =1iy/a/cand  =1iy/c/a, and hence n(a) = n(f) = 0 and K takes the form
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1
K= ZA—l(l +c(A)E), (2.123)

10
where F = (O 1) and

c(A) = ;eif(m (24 +ab ( \/g) - 2—64 —ch <z\/§)) L (2124)

Observe that ¢(A4) = 0 when a = ¢, i.e., A is isotropic. In fact, ¢(4) = 0
only when A is isotropic. To see this, write ¢(A) as

where

g(x) = 4z

24+Z e27rnw]’ z>0.

We can easily see that ¢ is monotonically increasing. Thus ¢(A) = 0 if and
only if a = c.

Definition 2.43 A function H is called A-harmonic in an open set D if H
is the solution to

V-(AVH)=0 inD. (2.125)

In our later study of composites of anisotropic materials, we will need
to extend the representation formula (2.102) to the anisotropic transmission
problem (2.104). To this end we introduce the periodic single layer potential
for a domain D compactly contained in Y as follows:

Gaod(x / Gﬁ x —y)é(y) do(y) for x € RY, V¢ € LE(OD) .

Observe that Ga¢ is A-harmonic in D and Y \ D provided that ¢ belongs to
L3(OD) and is periodic. In fact, by (2.106), we get for x € D U (Y \ D)

V- (AVGAY)(z)=— | ¢do=0,

oD
provided that ¢ € LZ(0D).
Let 87 and S be the (non-periodic) single layer potentials corresponding
to the conductivities A and A, respectively. By Lemma 2.42, we have

Gpe(z) = Spé(r) + Rpd(x), €Y, (2.126)
where R4 is defined by

Rid(z) = / RA(x — y)é(y) do(y) . (2.127)
oD

We note that since R4(x) is a smooth function in Y, R%¢ is smooth in Y for
any ¢ € L?(0D). Therefore, we get, in particular,

v-AVGho(z)|y —v- AVGad(x)|- = ¢(x), ae. x€dD. (2.128)
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Lemma 2.44 Let D be a bounded Lipschitz domain compactly contained in
Y. Then the map Ty : L*(0D) x L*(0D) — WZ(0D) x L*(0D), defined by

Ty(f,9) = (S{%f ~Ghg.v- AVSHfl- —v- Avgég|+) o (2129)
1s invertible, and a positive constant C' exists such that

(£ 920Dy xL2(0D) < CIIT4(f, 9llwz(0p)xL2(8D) (2.130)

for all (f,g) € L?>(0D) x L?(0D).
Proof. Because of (2.109), Ty(f,9) = T(f,g9) — Tr(g), where
1(.9) = (S3f - Spo.v AVSEAl- —v-AVSHgl)  (213)

and
Tr(g) = (R’ég, v AVR%g) : (2.132)

Observe that

v-AVRYg € X == {I/-F|F € Wf(aD)}

and X is compact in L2(0D). Therefore Tx is a compact operator on L?(9D) x
L?(dD). Since T is invertible by (2.86), it suffices to show that T} is injective
on L?(0D) x L?(0D) by the Fredholm alternative.

Suppose that T3(f, g) = (0,0). Then

/V-Avggg|+da:/ v AVSAf|_do =0,
oD oD

and hence we get from (2.128) that [, gdo = 0.
Now, let

U= ngx(D) + QSQX(Y \D).

Then u is periodic and satisfies V - (x(Y \ D)A + x(D)A)Vu = 0 in Y. So
u = C, where C'is a constant. In particular, ggg =CinY\D and so ggg =C
on dD. Since G5g is A-harmonic in D, Gfg = C in D and hence g = 0 on
0D by (2.128). Observe that if ¢ = 0, then Ty(f,g) = T(f,¢g) and hence
T(f,g) = 0. By the invertibility of T, we get (f,g) = (0,0). This completes
the proof. a

Lemma 2.44 gives us a representation of the solution to (2.104).

Theorem 2.45 Suppose d = 2. Let (f,,g,) € L?(0D) x L*(dD), p=1,2, be
the solution to

Tﬁ(fpagp) = (xpa v Apr) ) (2.133)
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where Ty is defined in (2.129). Then the solution uy to (2.104) can be repre-
sented as

A
up(r) = Cp + {xp +9bop(w) (2.134)

SALy(x)

where the constant Cy, is chosen so that [y u,dx = 0.

Proof. Tt is enough to show that g, € L§(9D) so that GAgp is A-harmonic
in Y\ D. But since v - AVz, € L3(dD), we get v - AVGhg,|+ € LE(OD). By
the jump relation (2.128), we get g, € LE(0D), as before. O

2.10 Further Results and Open Problems

The representation formulae (2.63), (2.73), and (2.102) can be extended for
the solution to the transmission problem for the Helmholtz equation; see [25]
and [26]. Based on the work of Mitrea, Mitrea and Pipher[238], similar results
for the time-harmonic Maxwell’s equations could be established.

The numerical solutions of the periodic transmission problems (2.90)
and (2.104) require evaluations of the periodic Green’s functions (2.91) and
(2.105), and so the feasibility of our layer potential technique for solving pe-
riodic transmission problems is strongly influenced by how efficiently these
functions can be computed. The standard representations (2.91) and (2.105)
contain series that converge slowly and so are unsuitable for numerical work.
Nevertheless, many analytic techniques can be used for efficient and accurate
numerical constructions of the periodic Green’s functions. These methods in-
clude those based on Ewald’s summation, Kummer’s transformation, and fast
evaluations of lattice sums through alternative formulations of the periodic
Green’s functions. See [269, 221, 68, 140, 111].



3

Uniqueness for Inverse Conductivity Problems

Introduction

Let 2 be a simply connected Lipschitz domain in R, d > 2, and let D be a
subdomain of §2 such that D C 2. Let g € L3(02). Fix 0 < k # 1 < +o0,
and let u be the solution to

V- <1+(k1)X(D)>Vu_O in 2,

ou

Oul 3.1
3 g, (3.1)

[210)

/ u(z)do(z) =0.
Ye;

The inverse conductivity problem is to find the inclusion D (and its con-
ductivity k) given f = u|sqo for one or finitely many g (one measurement
problem) or for all g (many measurements problem). In some applied situa-
tions, it is f that is prescribed on 02 and ¢ that is measured on 0f2. This
makes some difference (not significant theoretically and computationally) in
the case of single boundary measurements but makes no difference in the case
of many boundary measurements, since actually it is the set of Cauchy data
(f,g) that is given.

This problem lays a mathematical foundation to electrical impedance to-
mography, which is a method of imaging the interior of a body by mea-
surements of current flows and voltages on its surface. On the surface one
prescribes current sources (such as electrodes) and measures voltage (or vice
versa) for some or all positions of these sources. The same mathematical model
works in a variety of applications, such as breast cancer imaging [40, 282, 209]
and mine detection [129].

For the many measurements problem there is a well-established theory.
We refer the reader to the survey papers of Sylvester and Uhlmann [286],
and of Uhlmann [295, 296], as well as to the book by Isakov [167]. When
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d > 2, many boundary measurements provide much more information about
the conductivity profile of {2 than a finite number of measurements. Thus,
the inverse conductivity problem with finite measurements is more difficult
than the one with many boundary measurements and not much was known
about it until recently. Fortunately, there has been over the last few years
a considerable amount of interesting work and new techniques dedicated to
both theoretical and numerical aspects of this problem. In this chapter, we
restrict ourselves to uniqueness results. Later, we shall describe some of the
numerical techniques, in particular, those later on for the reconstruction of
diametrically small conductivity inclusions.

This chapter begins with a proof of the uniqueness with many measure-
ments, which will be applied later in our study of the generalized polarization
tensors. After that, we consider the monotone case for which global uniqueness
holds for general domains and prove the unique determination of disk-shaped
inclusions with one boundary measurement.

3.1 Uniqueness With Many Measurements

Our purpose here is to state and prove a special case of the general uniqueness
result due to Isakov [165]; see also Druskin [116]. Let U be the solution to

AU =0 in £2,
w|
ov ag—g, (3.2)

/ U(z)do(z) =0.
o0

We will need the following lemma, which was first obtained in [184].

Lemma 3.1 Let u and U be, respectively, the solutions of (3.1) and (3.2).
Then there are positive constants Cy and Cy depending only on k such that

/B(Z(Uu)gda /an(Uu)gda

Moreover, if k > 1, then

Cy (3.3)

g/WVUPdrgca
D

1 (VE—1+1)2

“Trr T e
and if 0 < k < 1, then
1—V1-—k)? 1
R

11—k 7 S 1-k
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Proof. This lemma is a direct consequence of Lemma 2.35. Suppose first that
kE > 1. It follows from (2.82) that

/ (U —u)gdo >0,
o8
and hence by (2.83)

A)Q(Uu)gdog(kl)/l)|VU| dz .

On the other hand, using (2.82), we have for any positive T,

1
/|VU|2d:c§(1+—)/ |Vu|2dx+(1+T)/ |V(u—U)?dx
D T Jb D

1+1
< (1474 z / (U —wu)gdo .

The factor 1 + 7 + (1+1/7)/(k—1) has its minimum value when 7 =
1/v/k — 1, and in this case, we arrive at

/|VU|2d < Wk “)

/an(U —u)gdo

/ (U—-u)gdo <0,
o0

and, it then follows from (2.83) that

1
/|VU|2dz§—‘/ (U —u)gdo
D L=k |Jag

From (2.82), we see that

/an(Uu)gda

and obtain that, for any positive 7,

If 0 < k < 1, then

<) [ [vup s,
D

1
/|Vu|2da:§(1+—)/ |VU|2d:1:+(1+T)/ |V(u—U)|?dz,
D T JbD D

which implies that

1+1
Vul?dz < T VU|?dz .
/D| ul JE-1+(lc—1)(1+7)/0| " dz

The minimum of (1+1/7)/(1+4 (k—1)(1+4 7)) with the function value being
positive occurs when 7+ 1 = 1/4/1 — k, and in this case, we obtain
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Cwede| < 1T F 2 g
R B A

which completes the proof. O
We define the set of Cauchy data

0
Cp.k Z{(ulan, 8_1:

<

) :u€ WhH(0), Au = 0 in (2\D)UD, Ou
a9 v

_ Ou

ov

b

+

In fact, Cp x is a graph, namely
Cos ={(f,A()) € W}(02) x W2 (02)} .

where A(f) = 0u/dv|sge with u € WH2(£2) the solution of
V. (1+ (k — 1)X(D)>VU—O in 2,

ulon =f.

The operator A is called the Dirichlet-to-Neumann (DtN) map.

The following theorem is a special case of the general uniqueness theorem
due to Isakov [165]. Later, in Chapter 4, we shall use this result for our study
of the generalized polarization tensors.

Theorem 3.2 Let £2 be a Lipschitz bounded domain in R%,d > 2. Suppose
that D1 and Do are bounded Lipschitz domains such that, forp =1,2, D_p c
and 2\ D_p are connected. Suppose that the conductivity of Dy is 0 < k, #
1< +o0,p=1,2. IfCp, k;, =CpD, ks, then D1 = Dy and ki = ka.

Proof. For a fixed but arbitrary g € L2(9£2), let u,, p = 1,2, be the solution
to

V- (1 + (kp — 1)X(D,,)) Vu, =0 in 2,

Ouy, 9
81/ 00 0( ) 00 D

and U be the solution to (3.2). If Cp, x, = Cp, ks, then uy = uz on 942, and

hence
/ (U—ul)gdo:/ (U — uz)gdo .
09 09

It then follows from Lemma 3.1 that

/|VU|2d:m/ |VU|? de . (3.4)
Dy

D»>

Observe that (3.4) holds for all U € W2(£2) harmonic in 2.
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Suppose that D1 # Dy. Then there is zg in D1 (or dD2) such that zg is
further away from Do (or D). For z ¢ Dy U Dy let I',(z) := I'(x — z) where
I' is the fundamental solution for A. Then, I, is harmonic in a neighborhood
of D1 U Ds. Therefore, by the Runge approximation (see Lemma 2.6), there is
a sequence of entire harmonic functions that converges uniformly on Dy U Do
to I',(z). It then follows from (3.4) that

/ |VFZ|2d:m/ |VI.)? de (3.5)
Dy D>
regardless of z.

Since | VI, (z)| ~ |z —2|'~% for z in a vicinity of z, as z — zg, the left-hand
side of (3.5) goes to +o0o, whereas the right-hand side stays bounded since z
is away from Ds. This contradiction forces us to conclude that D; = D.

Let g € L3(0£2) be non-trivial. Let f = u; = ug on 942 and

Ap=(kp+1)/(2(kp— 1)) forp=1,2.

Let H = —Sqg + Dof in R4\ 0f2. By the representation formula (2.63), it
follows that for p = 1,2,

H
up, = H +Sp, (A1 —Kp )71(8— in 2.
4 v oD,
Then
_,,0H . 0H . _
Sp,(MI=Kp,) g | ) =Sl =Kp,) (5| ) m@\Dy,
Vlep, W |ap,

and hence in {2 by the maximum principle (see Lemma 2.4). Thus by the jump
formula, we have

oOH oH
MI=Kp) H==| )=l =Kp) (5| ),
b o |op, b v |op,
which gives
oOH
()\1 — /\2)(/\2] — K:El)_l(a— ) =0.
VoD,

Since 0H/Ov £ 0 on dD1, we get A\; = A\a, which completes the proof. O

It is worth mentioning that if D; = D, then a single measurement is
sufficient to have k1 = ko.

3.2 Uniqueness With One Measurement

Let £2 be a simply connected Lipschitz domain in R?, and let D,,p=1,2be
compact subdomains of 2. Fix 0 < k # 1 < 400, and let u,, p = 1,2, be the
solutions of
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V- (1 + (k- 1)X(Dp))vup =0 inf,

ouy (3.6)

2

e 6Q—g€LO(3Q), /[mup—O.
The question of uniqueness here is whether from u; = us on 942 for a certain g,
it follows that Dy = D,. This question has been studied extensively recently.
However, it is still wide open. The global uniqueness results thus far are ob-
tained only when D is restricted to convex polyhedrons (with very restricted
g) and balls in three-dimensional space and polygons and disks in the plane
(see [58, 55, 131, 168, 281, 181, 182]). Even the uniqueness within the classes
of ellipses and ellipsoids is not known. The uniqueness for multiple disks and
multiple balls is also a challenging problem with practical implications.

3.2.1 Uniqueness in the Monotone Case

In the following monotone case, global uniqueness holds for general domains
[57, 2].

Theorem 3.3 Let 2 be a simply connected Lipschitz domain in R?, and let
Dy and D4y be two Lipschitz bounded domains compactly contained within (2.
Suppose that Dy C Da; then for any non-zero g € L3(992), if uy = ua on 012
then D1 = DQ.

Proof.  Assume that Dy C Ds. Then Ouy/0v = dus/Jv on 92 implies

/ (1 + (k - 1)x(D1))Vu1 : V’I] = / (1 + (k - 1)X(D2))VU2 : V’I] y
2 2
for all n € W12(£2) and hence,
[t = x0T ) = (e-1) [ Tuavy. (@)
2 D2\D;

Since u; = ug on 942, we have
/9(1 + (k—=1)x(D1))Vuy - V(ur —u2) =0.
Consequently, substituting 7 = u; and n = u; — us in (3.7), we obtain
@ o= Dx DI w4 (-1 [ Fua =0

DQ\Dl

So, if k > 1, then u; = uy in §2, and therefore by the transmission condition,
we conclude that D1 = D5 since otherwise u1 = us =0in 2. If 0 < k < 1,
we interchange the roles of D; and D5 to arrive at

[ = @V -+ -0 [ vl <o,
(9]

D2\D1

which yields the same conclusion. O
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3.2.2 Uniqueness of Disks With One Measurement

We give here a proof due to Kang and Seo [180] for the unique determination
of disks with one measurement.

Theorem 3.4 Let 2 be a simply connected Lipschitz domain in R?, and let
D1 and D5y be two disk-shaped conductivity inclusions compactly contained in
2, having the same conductivity k. For any non-zero g € L3(0£2), if u1 = us
on 012, then D1 = Ds.

Proof. Let f = uy = ug on 92 and A = (k+ 1)/(2(k — 1)). Let H =
—8ng + Dof in R?\ 002. Recall from (2.21) that K5, =0 on L3(0D,). By
the representation formula (2.63), it follows that for p = 1,2,

1 O0H
Up =H + XSDP(_

5 ) in £2.

oD,

(i) The monotone case. Assume that D; C Ds. Then, by Theorem 3.3, u; =
ug on A2 implies that Dy = Ds.
(ii) The disjoint case. If Dy and Dy are disjoint, then

O0H OH
SDl (_ ) = SDz (W

) inR?*\ Dy U Dy
ov oD,

0D>

implies that Sp, (0H/dv|sp,) is harmonic on R? and hence 0H /Ov = 0
on 9D; by (2.32), and hence H is a constant function, which is a contra-
diction.

(iii) The non-monotone case. From u; = ug on 042, it follows by using the
representation formula (2.63) that

OH OH
Sp,(=—| )=8p,(=—| ) ImR*\D;UD,.
VoV ap, S O0v yp,

Assume that D; and Dy are two disks with a non-empty intersection.
Since

0 0H 10H

—Sp, (— =——-— oD =1,2

ov D, ov BD;,) -~ 2 Ov oD, oI, P ’

by (2.21) and (2.27), it follows from the uniqueness of a solution to the
Neumann boundary value problem for the Laplacian that

o0H 1 .
5 )=—zH+¢, inD,

S, ( >

oD,

for some constant c,. Hence
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SDl(a—H ) SDg(a_H )+ constant in D; N Dy .
ov aD ov oD,
Since - -
- = — in R\ D, UD,
SDI( v BDl) SDz( B aDz) m \ 1UDsg,

we get by the continuity of the single layer potential that

)iDDlﬂDQ.

Hence

SDI(_

VoD,

and by the maximum principle,

R

0D

It implies that Sp, (O0H /Ov|sp, ) is a harmonic function in the entire do-
main R?, and so 9H/Ov = 0 on dD; and H is a constant function, which
is a contradiction. o

3.3 Further Results and Open Problems

Given g € L§(992), by comparing ulap with Ulae, where u and U are the
solutions of (3.1) and (3.2), upper and lower bounds of the size of the inclusion
D can be obtained; see [10, 184]. A Holder stability estimate for disks can also
be derived under some condition on the Neumann data g; see [123]. Based on
the representation formula (2.63), a numerical algorithm for identifying disk-
shaped conductivity inclusions from one boundary measurement is proposed
and implemented in [185].

One interesting problem is to establish global uniqueness for the inverse
isotropic conductivity problem with one measurement within the classes of
ellipses, ellipsoids, and multiple disks and balls. Another open question con-
cerns uniqueness or non-uniqueness for the inverse anisotropic conductivity
problem with a finite number of measurements.
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Generalized Isotropic and Anisotropic
Polarization Tensors

Introduction

In this chapter we introduce the notion of generalized polarization tensors
(GPTs) associated with a bounded Lipschitz domain and an isotropic or an
anisotropic conductivity and study their basic properties. The GPTs general-
ize the concepts of classic Pélya—Szego polarization tensors, which have been
extensively studied by many authors for various purposes [83, 38, 84, 115,
225, 222, 132, 195, 202, 266, 271, 280, 106]. The notion of Pdlya—Szegd po-
larization tensors, appeared in problems of potential theory related to certain
questions arising in hydrodynamics and in electrostatics. If the conductivity
of the inclusion is zero, namely, if the inclusion is insulated, the polarization
tensor of Polya—Szego is called the virtual mass.

As it will be shown later, in Chapter 5, the GPTs are the basic building
blocks for the full asymptotic expansions of the boundary voltage perturba-
tions due to the presence of a small conductivity inclusion inside a conduc-
tor. The use of these GPTs leads to stable and accurate algorithms for the
numerical computations of the steady-state voltage in the presence of small
conductivity inclusions. It is known that small size features cause difficulties
in the numerical solution of the conductivity problem by the finite element
or finite difference methods, because such features require refined meshes in
their neighborhoods, with their attendant problems [187].

On the other hand, it is important from an imaging point of view to
precisely characterize these GPTs and derive some of their properties, such
as symmetry, positivity, and optimal bounds on their elements, in order to
develop efficient algorithms for reconstructing conductivity inclusions of small
volume. The GPTs seem to contain significant information about the inclusion
and its conductivity, which is yet to be investigated.

The concept of polarization tensors also occurs in several other interesting
contexts, in particular in asymptotic models of dilute electrical composites
[245, 38, 81, 114]. The determination of the effective or macroscopic property
of a two-phase medium consisting of inclusions of one material of known shape



76 4 Generalized Isotropic and Anisotropic Polarization Tensors

embedded homogeneously in another one, having physical properties different
from the former one’s, has been one of the classic problems in physics. Later
in this book, we shall present a general unified layer potential technique for
rigorously deriving very accurate asymptotic expansions of electrical effective
properties of dilute media for general inclusions in terms of the volume frac-
tion. Our approach is valid for high contrast mixtures and inclusions with Lip-
schitz boundaries. These asymptotic expansions are expressed via the GPTs
of the inclusions.

This chapter lays down the main concept, which forms the unifying thread
throughout the whole book. We begin by giving two slightly different but
equivalent definitions of the GPTs. We then prove that the knowledge of the
set of all GPTs allows for uniquely determining the domain and the consti-
tutive parameter. Furthermore, we show important properties of symmetry
and positivity of the GPTs and derive isoperimetric inequalities satisfied by
the tensor elements of the GPTs. We also establish relations that can be used
to provide bounds on the weighted volume. We understand an isoperimetric
inequality to be any inequality that relates two or more geometric and/or
physical quantities associated with the same domain. The inequality must
be optimal in the sense that the equality sign holds for some domain or in
the limit as the domain degenerates [263]. The classic isoperimetric inequal-
ity —the one after which all such inequalities are named —states that of all
plane curves of given perimeter the circle encloses the largest area. This in-
equality was known already to the ancient Greeks. The reader is referred to
[271, 53, 263, 265] for a variety of important isoperimetric inequalities. After
that, we consider the polarization tensors associated with multiple inclusions.
We prove their symmetry and positivity. We then estimate their eigenvalues
in terms of the total volume of the inclusions. We also give explicit formulae
for the GPTs in the multi-disk case. We conclude the chapter by establishing
similar results for the (generalized) anisotropic polarization tensors (APTs).
These tensors are defined in the same way as the GPTs. However, they occur
due to not only the presence of discontinuity but also the difference of the
anisotropy.

The properties of the GPTs and APTSs investigated here will be used in
Chapter 7 to obtain accurate reconstructions of small conductivity inclusions
from a small number of boundary measurements. They also play an essential
role in deriving the effective properties of dilute electrical composites; see
Chapter 8.

4.1 Definition

Let B be a Lipschitz bounded domain in R¢, and let the conductivity of B be
k, 0 <k #1 < +4o00. Denote A := (k+1)/(2(k — 1)).

To motivate the definition of the GPTs, we begin with deriving the far-field
expansion of the solution to the transmission problem in free space.
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Suppose that the origin O € B. Let H be a harmonic function in R¢, and
let uw be the solution to the following problem:

{v (14 (k=1)x(B))Vu) =0 in R?, 1)

u(z) — H(z) = O(|z|*=%) as |z| — +oo .

For a multi-index i = (iy,...,iq) € N¢ let 9'f = Bil---afff and 2’ :=
x7 -+ -z} Following the same lines as in the derivation of (2.63), we can
easily prove that we have

u(z) = H(x) + Sp(A — K*B)fl(%—ljbg)(:r) for z € RY | (4.2)

which together with the Taylor expansion

=X (=)l
I'z—vy)= Z f 0.I'(z)y", yin a compact set, |z| — 400,
i,|i|=0 ’

yields the far-field expansion

=X (=l , . . .
(=) = > SpOr@oHO) [ (M=K V) )y’ do)
lil,1j]=1 B

(4.3)

as |z| — +oo.

Definition 4.1 For i,j € N?, we define the generalized polarization tensor
Mi; by

My = [ ooty (1.4
0B
where ¢; is given by
$i(y) == (M = Kp) ™' (va - Va')(y), y€OB. (4.5)

Here K% is the singular integral operator defined by (2.80). If |i| = |j] = 1,
we denote M;; by (mpg)? .=y and call M = (mypq)% _, the polarization tensor
of Pdlya—Szegé.

Formula (4.3) shows that through the GPTs we have complete information
about the far-field expansion of wu:

= (-1l ,
(w=H)@) = > 0l (@)M,;0 H(0)

lé],|51=1

as |z| — +oo.

We can also represent the GPTs in terms of solutions to transmission
problems. As a first step, we prove the following existence and uniqueness
result.
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Lemma 4.2 For any multi-index i = (iy,...,iq) € N%, there is a unique
solution v; to the following transmission problem:

Ai(x) =0, z€ BU(R?\B),

Yil () —i|_(x) =0, 2€dB,

0Y; 0Y;
ov +(:E) —k ov

Yi(x) =0 as |z] = 400 ifd=3,

1 .
wi(x)——ln|x|/ v-Vy'do(y) — 0 as |z] = 400 ifd=2.
2 OB

7(:C)=V-V:Ei, x € 0B, (4.6)

Moreover, 1; satisfies the following decay estimate at infinity:

we) - 1@ [ voytan) =0 gz ) skl -, @)

Proof. The existence and uniqueness of 1; can be established using single
layer potentials with suitably chosen densities. Fairly simple manipulations
show that 0v;/0v|_ satisfies the integral equation

i

(A -Kj) ( 4 !

) (2) = — (—%IHCE) (v-Vy)(z), z€dB. (48)

k—1

Since Kp(1) = 1/2, we have

1 . - 1
/ (—11 4+ K5 - V) (@) do(a) = / (v V') (— 2T + Kp) (1) do(x) = 0,
oB 2 oB 2
and consequently, according to Theorem 2.21, a unique solution exists
;i /Ov|_ € L3(OB) to the integral equation (4.8). Furthermore, we can ex-

press 9;(x) for all x € R? as follows:

Uile) = = Sp(M - Kp) v Vi), z€RT. (19)
To obtain the behavior at infinity of v; we write
1 .
0te) = o [ (=9 = 1)) O = K5) 0 931)(0) o)
+ @) [ 0K V) dota)

Note that since Kp(1) =1/2, (A — K})~'(1) =k — 1, and hence

| =K V) dote) = [ V)T - K) ) doty)
oB oB

:(k—l)/aBu-Vyido(y).
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Thus we obtain
$i(z) - I(z) / v-Vyi do(y)
0B
1

=51 )y, (rle v 1) 0 -6 v i)

Now the desired decay estimate (4.7) follows from (2.14).

Observe that the uniqueness of a solution v; to (4.6) can be proved in a
straightforward way from the decay estimate (4.7). Let 6 be the difference of
two solutions, so that

V- (1 + (k- 1)X(B)>V6 =0 inR%
0(z) = O(|z|' %) as |z| — +oo.
Integrating by parts yields the energy identity

00
k—1)x(B))|V]* = —(y)0(y) do(y) .
s tenxmwer= [ o i)

Now let R — +o00; we have

00

5, W)0(y) = O(R™*™) for |yl =R,

so that
[ = xmnIvsp =o.
R4
This implies that 6 is constant in R?, and in fact § = 0 in R? because 6(y)
goes to 0 as |y| — +oo. O

We are now able to prove the following.

Lemma 4.3 For all i,j € N% M,;(k,B) can be rewritten in the following
form:

ozt

M;;(k,B) = (kq)/ x’ (z)do(z) , (4.10)

dB v

da(a:)+(k71)2/ 2 2

oB v_

where ; is the unique solution to the transmission problem (4.6).

Proof. From the expression (4.9) of ¢; and the identity

—%I—HC* (M=K + (A — %)1,

we compute by using the jump relation (2.27)
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O 1 , 1 ,
J - J _ * _ * . 2
/aB o= _(x) e 68:17 [(/\I Kg) ( 2I+ Kg)(v-Vy )(a:)] do(x)
1 - 1 ) .
=— x’ [(/\ — YN = Kg) v - Vy)(z) —v- Vx’} do(z) ,
k-1 /o5 2
which immediately leads to (4.10). a

One significant advantage of using boundary integrals for defining the
GPTs is that all the computation can be carried out on 9B without hav-
ing to deal with unbounded spaces.

The following observation is from [46] and simply follows from a change
of variables.

Lemma 4.4 If |i| + |j] is odd and B is symmetric about the origin, then
M;;(k, B) is zero.

Proof.  Set 0;(x) = 1;(—x). Then the function 6; satisfies

Afi(z) =0, z€BU(RI\B),

0;| (x)—6;] (x)=0 =z€dB,
+ —
06; 00, . ,
¢ _ ¢ — (=Dl . vt
5 +(:17) k 5 _(:17) (-DH)"y-Va* z€dB,

0;(z) - 0as |z| = 400 ifd>3,

1 .
0;(x) + (—1)liH— 1n|x|/ v-Vy'do(y) = 0as |z| - oo ifd=2,
2w OB
which implies that 6;(x) = (—1)!?l4;(x). With the change of variables y = —x

Ot .y Oyt
| oG dota) = (<0 [ T doty)
;O
L=% .
(y)do(y) .

Hence M;;(k, B) is zero provided that || + |j] is odd. O

and
(—y) do(y)

(x)do(z) = (_1)|j|+1/ y_j%

OB 81/ _

g [0
— (_1)I1\+|J|/ y =
OB

ov | _

The following lemma, which can be proved by simple changes of variables,
is also of importance to us.

Lemma 4.5 Let 0 < k # 1 < 4o00. Let B’ be a domain and B = RB’ where
R is a unitary transformation, and let M (k, B) and M (k, B") be the first-order
polarization tensors associated with B and B’, respectively. Then

M(k,B) = RM(k, B")R".
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4.2 Explicit Formulae

The polarization tensor M of Pdlya—Szegd can be explicitly computed for
disks and ellipses in the plane and balls and ellipsoids in three-dimensional
space [195]. The following analytical expression has been derived by Briihl,
Hanke, and Vogelius [73].

Proposition 4.6 If B is an ellipse whose semi-axes are on the x1- and xo-
azes and of length a and b, respectively, then its polarization tensor of Pdlya—
Szegé M takes the form

a+b

a+ kb
a+b ’

b+ ka

M(k, B) = (k — 1)|B| (4.11)

where |B| denotes the volume of B.

Proof. To fix notation, let B be the ellipse with focal interval [— R, R] on the
x1-axis and eccentricity 1/ cosh p, or in other words, the ellipse whose major
axis is of length a = Rcoshp and lies on the x;-axis, and whose semi-minor
axis is of length b = Rsinhp and lies on the zs-axis. In order to determine
the solutions ¢;, for i = (1,0) and ¢ = (0,1) to (4.6), we introduce elliptic
coordinates (r,w), as follows:

r1 = Rcoswcoshr, x5 = Rsinwsinhr, r>0,0<w <27,

in which the ellipse B is given by B = {(r,w) : 7 < p}. Separation of variables
yields a general solution to the Laplace equation of the form

+oo
Y(r,w) = Ao+ Z (Am cosmwe "+ B, sinmwe” ™" + C,, cosmw e™"

m=1

+ D,, sin mw e"")

in B\ [-R, R] and in the exterior of B, with different sets of coefficients. For
the solution in B\ [~ R, R] to extend to a harmonic function in B, we must
furthermore require that
oY oY
— (0. —w) and 2¥ — %0, —w). 412
$(0,0) =60, ~w) and 22(0,0) = -0, ). (412)
The coefficients of the specific solutions ;, for ¢« = (1,0) and i = (0,1),
are now determined by the condition (4.12), together with the transmission
conditions ;|1 = ;|_,0;/Ov|y — kO;/Ov|- = v - Vz' on OB, and the
behavior at infinity ¢;(z) — 0 as |x| — 4o00. The result is
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b b
Y(1,0) = —ﬁRl(r) cosw and ¢(o,1) = —bf:—kaRg(r) sin w
with
coshr sinh r
o for r < p, o forr <p,
Ry(r) = 1P and Ry(r) = ¢ *117
e e

for r > p, forr>p.

Using this it turns out by Lemma 4.3 that the polarization tensor M takes
the diagonal form (4.11), where |B| = mwab is the area of the ellipse. O

For an arbitrary ellipse whose semi-axes are not aligned with the coordi-
nate axes, one can use Lemma 4.5 to compute its Polya—Szego polarization
tensor.

Kang and Kim [176] used (2.23) to derive (4.11) by a boundary integral
method. Following [176], we first observe that

M (k. B) = /6 W oily) do(y)

:/ y’ ((98”539251

Next, using the definition (4.4), we see from (4.9) that Sp¢p; = (k — 1),
where 9; is the solution to (4.6), and we have

0 i

0

- %SBQSi

ot

%SBQSi +(y) =(k-1) BN (y)
- <k1><‘?j )+
_ k%&g@ (y) + (k — D) - V'

Hence,

et + (k=) [ 5L doty)

0
Mk B) = (k=1) [ 'L snon

T £\ 4 _ ;oY
-1 [ 4 (51+/<B)¢1<y>da<y>+<k D[ 2 doty).
giving
Mu(k»B)—(kl)/aB<—I+ICB)(9)¢1() v) .




4.2 Explicit Formulae 83
When [i| = |j| =1, (2.23) gives
a+ kb
“+bb+ka,MwJﬂ=(h—nwu,
a+b

and hence, (4.11) holds, as desired. This method has been applied to derive
the polarization tensors for an anisotropic conductivity inclusion as well [176].

In the three-dimensional case, a domain for which analogous analytical
expressions for the elements of its polarization tensor M are available is the
ellipsoid. If the coordinate axes are chosen to coincide with the principal axes
of the ellipsoid B whose equation then becomes

2 2 2
L N
§+b—2+§—1, 0<c<b<a,

then M takes the form

1
—_ 0 0
(1-A)+EkA
1
M(k,B) = (k—1)|B| 0 =B +iB 0 )
1
0 0 _
1-C)+kC
(4.14)
where the constants A, B, and C are defined by
+oo
it ! "
a1 12, /42 1+(%)2 21+ (9)2
be [to° 1
B=— - dt
R O N CE e e

dt .

b +oo
C:é/
a® Jq t2*1+(§)2 t271+(§)2)%

In the special case, a = b = ¢, the ellipsoid B becomes a sphere and
A = B = C = 1/3. Hence the polarization tensor of Pélya—Szegé associated
with the sphere B is given by

— 0
2+ k
3
3
0 0
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Derivation of the above formulae can be found in [236].

The higher order GPTs can be explicitly computed for disks and ellipses
in the plane and balls in three-dimensional space. Recall that a polynomial is
homogeneous of degree n if it is a finite linear combination of monomials
where |i| = n. From [220] the following results hold.

Proposition 4.7(i) Let B be the disk of radius R and center 0. Suppose that
a; and b; are constants such that f =Y a;y',g = > by’ are harmonic
polynomials of homogeneous degrees n and m, respectively. Then

nrR?"
ZaibjMij(k,B) = by fo =9,

0 otherwise ,

up to a multiplicative constant that is independent of k and B.

(ii) Let B be the ellipse with focal interval [—R, R] on the z1-axis and eccen-
tricity 1/ cosh p. Suppose that a; and b; are constants such that f =Y a;y*
and g = > by’ are harmonic polynomials of homogeneous degrees n and

m, respectively. Then, up to a multiplicative constant that is independent
of k and B,

mmr R

711.72)

min(%,

2 4p m—1 n
g m n cop sinh 4pp
m+2p \F—p) \§—p

p=1

+H(n—m+2) (n?m> Cm sinh 2mp
2
if n and m are even,

mf?’)

min( "5, ™
dp+ 2 m—1 n .
——— | . e Cap+1 Sinh(4dp 4+ 2)p
S () ()
n .
+H(n—m+2) (nm> ¢m sinh 2mp
2
if n and m are odd,
0 otherwise,
n
where (p) =n!/((n—p)p!),
_ sinhnp + coshnp (4.15)
" ksinhnp + coshnp’ '

and H is the characteristic function of |0, +o0l.
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(iii) Let B be the ball of radius R and center 0. Then

k—Dn@n+1) .
ZaibjMij(k,B) = ( nklthl )R2 S pmlu

where Y aiy' = |y["Yoa(y/ly) and 3bjy’ = |y Yo (y/lyl). Here
{Yo1,...,Ynont1} is a set of orthonormal harmonics of degree n and dpm
denotes the Kronecker symbol.

Proof. Let v = a;1;, where 9; is the solution to (4.6). By (4.9) we know
that
of

1SB(AI—ICE)_1(5) ) (4.16)

b=
With this formula, we have that
o 1 ., 0f
k—l/ — da:/ —T+K5) M — K5 H(=)do
( ) aBgaV+ 339(2 B)( 5" (3))
_ of 1 _yeen-1.9f
= /aBgayd”(“z)/aBg(” K5) (51 do
_ of
_/aBgan +—Zalb M;;(k,B),

and therefore

Z“ibﬂ'Mij(’“’B)=(1—%)[/ ?da—k(k—l)/ﬁ o9

)
B 8V+

da} . (4.17)

Define ¢ := (k—1)u¥+ f. Obviously, ¢ is the unique solution to the following
transmission problem:

Ap =0 in BUR?\ B,
dly —P|l- = on 0B,
¢ 8(15 _ (4.18)
% ay =0 on OB ,
(¢—f)(96)—> as |z — +oo.
Formula (4.17) can now be simplified as follows:
1 00
S e, Mk B) = (1= 1) [ g% o
o¢
=(k—1 / g=—| do (4.19)
( ) oB OV|_

:(k—l)/BVg-Vqu:c.
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We claim that there are functions U~ and U™ holomorphic in B and R?\ B,
respectively, so that
_JRU- inB,
*=\wut in R*\ B.

In fact, the existence of U~ is obvious since B is simply connected. In view
of (4.16), we have

1
(k—1)27

of

9(z) = | wG=o0r K Gho . ze®\B.

and the integral is well-defined since [, (A — K*B)_l(g—l{)do =0.
The transmission condition in (4.18) implies

koo k1, 1—
v L — —U+ 4.
kflU 2(k:—1)U +2U +iC ondB, (4.20)

for some real constant C'. By using the polynomial expansion of holomorphic
functions together with (4.20), it is easy to show that the solution ¢ of (4.18)
with f = Rz"™, z = x1 + ixo, is precisely the real part of the function

. 2

Thus, with g = Rz™, (4.19) reads as follows:

Z CLl'bjMij (k, B)

(1%1)/ V(R:™) - VRU ) da
B
-2 /va ) V(R d

= %%/Bszlfnfl dx

nwR?"

A

In precisely the same fashion, we may show that if f = 2™ and g = 32,
then > a;bjM;;(k, B) = (nmR*™ /\)8,m, whereas if f = 3z and g = Rz™ (or
vice versa), then ) a;b;M;;(k, B) = 0. Since a harmonic polynomial of degree,
say n, is either the real or the imaginary part of z™, up to a multiplicative
constant, the proof of (i) is complete.

We now prove (ii). In order to determine the function ¢, we introduce, as
in the proof of Proposition 4.6, the modified-elliptic coordinates on C\ [~ R, R)

Opm (2 =21 +ix9) .

z=®(§) := Reosh(r + iw) (r>0, 0<w<2m),

in which the ellipse B is given by {£ = r+iw : r < p}. Let u(§) = ¢o®P(€). Then
holomorphic functions UT and U~ exist in #71(C) \ {r < p} and {r < p},
respectively, so that
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RUT inR?\ B,
u =
RU~- in B.
By the transmission conditions satisfied by ¢ and the conformality of the

map &, we have

k E+1

1—
_ + 42U+ 4+ = 4.21
k—lU 2(k—1)U +2U +iC onr=p, (4.21)

for some real constant C. Next, suppose for a moment that
UT(€) —C'coshné — 0 as || — 400,
for some constant C’, then we have

U-(¢)=C" (3%

sinhnp + coshnp .« Sinhnp + coshnp
. 15—
ksinhnp + coshnp sinhnp + k coshnp

) coshnf .
(4.22)
Let us now calculate Y a;b; M;;(k, B) for f = Rz" and g = Rz™. We shall
find ¢ satisfying (4.18) and (¢ — f)(z) — 0 as |z| — +oo. Therefore, by using
the fact that
UT(€) = fod(€) =0 as g — +oo,
we obtain according to (4.22) that, for f(z) = Rz",

3 n .
f—l (n " ) Cap cosh 2p€ + R—n (Z) if n is even,
_ =1 2 2P 2 b
U(©) ="
. R n o
on—1 <n_1 . p) C2p+1 cosh(2p + 1)§ if n is odd,
p=0 2
(4.23)
where ¢, is given in (4.15). With this result in hand, (4.19) reads as follows:
> aibiMij(k, B) = (k — 1)/ V(Rz™) - V(RU™) dz (2 = 21 + ix2)
B
mRm+n—l
= (k=D X
m—2 n
2 2 m — 1 n _a
§R/ Z <m_2 ) (n ) ¢op cosh(2s + 1)§ = cosh 2¢¢ dx
B 5=0 p=1 2 — S 2P 8§

if n and m are even,

b m—1 n Cop+1 0
R . h 2s¢— cosh(2p + 1)éd
/B - Z<m‘15> (”511}) 1+ 000 ® 553§COS (2p + 1)éd

if n and m are odd,

0 otherwise.
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But, by a change of variables, we can show that

0 cosh R
3%/ coshnfng de = = ginh 2mp(5(n+1)m —O(n—1)ym + 5(n,1)(,m))
B 32 4

form > 1,and R f g coshné dz = 0, which yields the desired formula. Similarly
to (i), we compute the other cases to complete the proof of (ii).
To prove (iii) we observe that the function ¢ is given in this case by

2n+1 Y
—y|"Youu(75), YyEB,
kn—i—n—i—l Yy n,l |y| ) n,l |y| 5 Y )

and therefore

ke 22 4o
Saiti My 5) = (-1 [ (oG

n2n+1) ...
= (k — 1)/83 MR + +1Yn/?l/(0)Yn?l(9) dO'(e) 5

which, by the orthogonality relation faB Yo 1 (0)Y,1(0) do(0) = dpps Oy, gives
the claim. O

When B is the disk of radius R and center 0, we see from (4.13) and (2.21)
that

k+1 k—1 -
Sty =g ([ vaew) < [ otaot)
Oy
+ (kl)/aByJEdo(y) .
Since [, ¢i(y) do(y) = (k—1) [,50y"/0v do(y), it follows that

1[k—-1 , oyt Oyt
y _ = J J
M;;(k, B) A{MR (/My do(y)> o > do(y) +/68y 5 do(y)] :

giving the formula in (i).

4.3 Extreme Conductivity Cases

We begin by noting that the definition (4.4) of GPTs is valid even for k = 0
or +oo. If K =0, namely, if B is insulated, then

-1

My 0.8) = [ (<51 K5) 040 dote)

1%}
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whereas if £k = 400, namely, if B is perfectly conducting and the constants
a;,i € I, where I is a finite index set, are such that ), a;y’ is a harmonic
polynomial, then

ZaiMij(ﬂLOOvB) = /33 y’ (%I ’CE) B (vy - VZaiyi)(y) do(y) -

When [i| = |j| = 1, these definitions exactly match those introduced by
Pélya—Szegd [271] and Schiffer and Szego [280].1
The following lemma is easy to prove.

Lemma 4.8 The following convergences hold:
(i) Leti,j € Ne. Then
M;;(k,B) — M;;(0,B) ask —0.

(ii) Let the constants a;,i € I, where I is a finite index set, be such that
> a;y’ is a harmonic polynomial. Then

Z a;M;;(k,B) — Z a;M;j(+00,B) ask — +oo.
Suppose d > 3. Denote by

K= |a—;| . <$B(%I+ K) ') (y) — y) do(y) .

If we form the solution v(x) to the Dirichlet problem for the domain outside
the conductor B, with boundary values x, then, as |z| — +oo,

ole) =k cap(0B) | 1) +0r(a) [ o) doty)]
B
1
where cap(9B) is the capacity of B, which is defined by (2.48), ¢, is the
unique function in L?(9B) such that Sp¢, is constant on B and [, ¢ = 1,
and .
Moo B) = [ (=514 Kp) @) ydoty)

Alternatively, the solution w of Aw =0 in R\ B, w(z) = 2 + X on 9B, and
w(z) = O(|z|?>~%) as |x| — +o0o, behaves like the dipole M (+o0o, B)OI'(z) at
infinity.

The GPTs seem to carry important geometric and potential theoretics
properties of the domain B. In the following sections we investigate some of
these properties.

1 When k = 0, it is called the virtual mass.
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4.4 Uniqueness Result

In this section we prove that the knowledge of all GPTs uniquely determines
the geometry and the constitutive parameter of the inclusion. To do so, we
relate the GPTs to the Dirichlet-to-Neumann (DtN) map. We prove that we
can recover the DtN map from the set of all the GPTs, and, hence by the
uniqueness result in Theorem 3.2, B and k are uniquely determined from all
GPTs.

Let 2 be a bounded Lipschitz domain in R? compactly containing B.
Recall that the DtN map A : W; (002) — WE%(BQ) corresponding to k and

B is defined by, for f € W(912),

@
ovyn

where u is the unique variational solution to

A(f) =

v <1+(k—1)X(B)>Vu:O in 2,

ulon =f.

Let M;;(k,B) denote the GPTs associated with the domain B and con-
ductivity k. The following theorem asserts that we can recover the DtN map
and hence B and k from all GPTs.

Theorem 4.9 Let ki,ko be numbers different from 1, and let By, Bs be
bounded Lipschitz domains in R®. Let £2 be a domain compactly containing
B1 U By, and let A, be the DIN map corresponding to k, and B,, p = 1,2,
on 002. If M;;(k1,B1) = M;;(ka, Ba) for all multi-indices i,j € N?, then
A1 = As, and hence k1 = ky and By = Bs.

Proof. Let A, = (kp +1)/(2(kp — 1)), p=1,2. Let H be an entire harmonic
function in R%. Since
+oo 1 . _
Maw—y) =Y =0T(x)y, |a|— +oo, (4.24)
lj1=0 """
and y in a compact set, we obtain, for all sufficiently large =z,

Sp,(A\pI = Kpp,) "' (v - VH|op,)(x)

_ /8 ,, D=0l = K5,) 7 - Villan, o) doty)

[e'e) +ooaz

=22

li]=11j]=1

O 99 (2) /6 PO = K5, - Vo los, ) ) do )

+oo +oo 81 ()

Z|]| aJF( ) 1](kP7B)
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If Mij(kla Bl) = Mij(kQ, B2) for all 7 and j, then
Sp,(MI—=Kp,) ' (v-VH|ap,)(x) = Sp, (Al —Kp,) ' (v-VHlop,)(x) (4.25)

for all large x. By the unique continuation property of harmonic functions, we
conclude that (4.25) holds for z € R?\ By U B, and entire harmonic functions
H.
Let f € W%(02) and uy be the W2(§2)-solution to the boundary value
2
problem V - ((1 + (k1 — 1)x(B1))Vu) = 0 in 2 with ulpp = f. Let H(z) :=
—Sa(M(f)(x) + Da(f)(z), v € 2.

Then by the representation formula in Theorem 2.31, we have
ui(z) = H(z) + Sp,(MI — Kg,) ' (v- VHlop,)(z), z€ .
Define uy by
us(z) = H(z) + Sp, (A — K3,) ' (v- VHlop,)(z), z €.

Then uy is a W12(£2) solution to the equation V- ((1+4 (ko —1)x(B2))Vu) = 0
in £2. Since H is harmonic in §2, then, by the Runge approximation, there is
a sequence H, of entire harmonic functions converging to H uniformly on
any compact subset of {2. Since By U By is a compact subset of (2, it follows
from (4.25) that u; = ug in 2’ \ By U Bg, where {2’ is any relatively compact
subset of 2. By the unique continuation property of harmonic functions, we
get uy = ug in 2\ By U By. Therefore, we obtain

_om
v

_ s
00 OV

Ax(f)

= Az(f) .

o8

Since f is arbitrary, we conclude that A; = As.
It now follows from Theorem 3.2 that k1 = ko and By = Bs. This completes
the proof. a

Theorem 4.9 shows that the set of all GPTs completely characterizes the
domain and its conductivity. However, it seems difficult to characterize the ge-
ometric information about the domain carried by individual M;;. Nevertheless
we will see that the first-order tensor carries information about the volume
and orientation of the inclusion and that higher order ones carry information
about the weighted volume. Other interesting physical properties of GPTs are
investigated in the following sections.

4.5 Symmetry and Positivity of GPTs

We now consider the symmetry and positivity of GPT’s. When |i| = |j| = 1,
these properties were first proved in [84]. For symmetry we have the following
theorem.
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Theorem 4.10 Suppose that a;,i € I, and b;,j € J, where I and J are
finite index sets, are constants such that Y, a;y" and Zj bjy’ are harmonic
polynomials. Then

Z aibjMij = Z aibiji . (426)
i,J ,J
Proof. Note that

%:aibjMij = /E)sz:bjyj zi:aﬂbi(y) do(y) ,

with ¢; given by (4.5). Put f(y) = 32, aiy’, g(y) = 322,097, ¢ = 25, aidi =
(A = K%)"H(4L), and o = (M — Kj) "1 (22). Then Sp¢ and Sp satisfy the

transmission conditions

0 0 0
—SBo|+ — k$53¢|— = (k- 1)_f

ov ov

and 9 9 9
o _ g

3VSBQ/}|+ - k(?VSBqM_ = (k 1)8u

on 0B. Recall that
ZaibjMij = / g(b do and Z CLl'biji = / f’l/) do .
i oB ig oB
By (2.27) and the transmission condition, we have
oS oS
/ b do :/ g BP| be’ o
OB OB ov + ov _

— (- )/{)Bg%@mw)'_da.

(4.27)

We then immediately obtain

[ avdo=-1) [ (Swva) (a0 )| do
OB OB

7
0
- / SwihaSp0
OB v +

- >/BV(st+g>~V<SB¢+f>dz

do

0
dUJr/ SBi/J—SB(b
OB 6V

+/ VSBl/}'VSB(;SdI+/ VSpy - VSpodr .
RI\B B

The symmetry property (4.26) follows from the above identity. |
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Suppose that f = g in the proof of Theorem 4.10. It then follows from
(4.27) that

fédo = (k—l)/aB%(SBqH—f)do. (4.28)

OB
On the other hand, it follows from the transmission condition that

f¢d0—(’<¢1)/8 (Spo+fgs (SB¢+f)‘ do

OB
—(k—l) SB¢—SB¢ do — (k—l) SB¢—f do
oB oB v
(4.29)
~-1) [ (Sno+ ) <sB¢+f>] do
1 1 3f
~(1=7) [, osod] o= (1-7) [, 5005,
Define the quadratic form Qp(u) by
/ |Vul? dz | (4.30)

where D is a Lipschitz domain in R%. Then, by equating (4.28) and (4.29), we
obtain

83¢g do =

oB rrenEmot )T k+1QRd\B(SB¢) r1esl)-

Substituting this identity into (4.28), we get

k(k—1 k—1
- fodo = %QB(SBQWFJC) + k—HQRd\E(sB(b)
k—
+ k—HQB(f)

So we obtain the following theorem of positivity.

Theorem 4.11 Suppose that a;, i € I, where I is a finite index set, are
constants such that f(y) = > ,c; a;y® is a harmonic polynomial. Let ¢ =
(M — K%)~1(0f/ov). Then

Z alaj ij = k 1 kQB (SB(ZS + f) =+ QRd\B(SB(b) + QB(f> . (431)

1,J€1

Theorem 4.11 says that, if & > 1, then GPTs are positive-definite, and
they are negative definite if 0 < k < 1.
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4.6 Estimates of the Harmonic Moments

If f(z) = > asz’ is a harmonic polynomial, then Qg (f) = [ V(3 a;z’)|? du,
where Qp is defined by (4.30). In particular, if f(x) = zp, p=1,...,d, then
Qp(f) = |B|. One can observe from (4.31) that, if }°, ; a;2* is a harmonic
polynomial, then

g a;a; M

i,j€1

| k

>

V(Y ‘

We now derive an upper bound for > a;a;M;; in terms of the harmonic

ijel
moments, defined as the set of [ 5IVf | where f is a harmonic polynomial.

Lemma 4.12 A constant C exists depending only on the Lipschitz character
of B such that, if f(x) =,c;aix" is a harmonic polynomial, then

k+1
/ |V f|? dx Z a;a; M;;

i,j€1
Proof. By the definition of GPTs, we have

Z a;a;M;; —/ Fy) (M — K )7 (gi

i,j€1

< C/ IVfI?da . (4.32)

) W dots).

0B

Since [, (A — K*B)_l(%bg) do =0, we get

ZalaJMw—/ — fo) M —Kg)~ <%

B,J€1

) ot

0B

where fy := \a—lB\ faB fdo. It thus follows from Lemma 2.23 that

E a@ajﬂiw

i,j€1

| 1]
<C
<07 Il.f = follz2(am)

5

L2(8B)
By the Poincaré inequality,

Ilf = follLzcomy < ClIV fllL2m) -

Thus the proof is complete by Lemma 2.7. O

We now set up the variational characterization of (4.31), which will help us
to improve estimates (4.32) for ) aja;M;j. To this end, we first introduce
the functional spaces

i,j€1

loc

Wi = {w e WAR3) : Y e L2R?), Vuw € LQ(R3)} (4.33)
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and

W = {w € W,2(R?) € L*(R?),Vw € LQ(RQ)} ,

V1412 1n(2 +172)
(4.34)
where 7 = |z|. Recall that A sets an isomorphism from W4(R?) to its dual

(W4(R?)*; see, for example, [255].
Define ¢ = " a;(M — K) 71 (02 /9v), and set wg = Spp. Then

{v @+ (k= D)x(B)V(wp + ) =0 iR, (4.35)

wp = O(|z|'~) as |z| — 400,

since [, ¢ = 0, which implies that for all v € Wg(R?),

/Rd (1 + k- 1)X(B)> (VwB +(1- %)X(B)Vf) Vo=0.  (4.36)

Therefore, wp is the minimizer of the functional

2

o) = [ (14 (6= DX(B)|Tw + (1 PA(BIS
= [ vxeyver+ B [ asn
R4 B
k—l)/BVw-Vf,

namely,
Ip(wp) = wleanVd Ig(w).

We then get from (4.31) and (4.36) with v = wp the following variational
characterization of M:

Zazaj M;; = Ig(wg) + 1—— /|Vf|2

1,J€1

— inf Ip(w 1—— /|Vf|2 (4.38)

weWy

Substituting v = wp in (4.36), we get

—/ (1+ (k— )x(B)[Vup | = <k—1>/ V- Vg,
R4 B

Thus,

tatws) == [ @+ G x@)Vasl + S [ o
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and we therefore arrive at

Z aiajMij = —/

ijel R4

(1+ (k= )X(B) [ Vwsl? + (k1) /B VP (4.39)

Combining (4.38) and (4.39) we obtain the following theorem.

Theorem 4.13 Assume that a;, © € I, where I is a finite index set, are
constants such that f(y) = >,c; aiy’ is a harmonic polynomial. Then

1—— /|Vf|2 > aiajM;(k,B) < (k-1 /|Vf|2 (4.40)
i,j€1

Based on the above inequalities the harmonic moments of the inclusion
B can be estimated from the GPTs. Note that we do not know whether the
bounds in (4.40) are optimal. However, (4.40) yields the optimal estimates
when [i| = |j| = 1.

Corollary 4.14 Let M = (mpq)g)q:1 be the polarization tensor of Pélya—
Szegd associated with the bounded Lipschitz domain B and conductivity 0 <
k#1 < 400, and let k be an eigenvalue of M. Then
1
(1_E)|B| <k <(k-1)B|. (4.41)

We can also find upper and lower bounds on the diagonal elements
(Mypp)p=1,....a using (4.31). We have

k—1
Mpp = —— k/ |VSB¢p+ep|2+/ 7|VSB¢p|2+|B|
k+1 B R4\ B

where ¢, = (A — K3) " (vp). For 7 € R, we compute

/ TV (Sndp +9p) + €2
B

:7—2/ |VSB¢:D+617|2+27—/ v(88¢p+yp)'€p+|3|
B B

o0
= 72/ IVSEd, + ep|* + 27/ (a—SBqﬁp + Vp> yp + | B .
B 8B v _
Since
0 1 i} 1
538% = (—§I+ Kg)bp = (A — 5)% —Vp,
we obtain

1 2
[ 198000+ e = % [ 1r9(Sa00+ )+ ey = 20~ )y — 181,
B T B T T



4.7 Optimal Bounds for the Polarization Tensor 97

and hence

Mpp 2k E, 1
1 =|B|(1—-—)——
kl( +T(k+1)) IBI( 7'2)k+1

1 k 5 5
+k+1 [72/B|TV(SB¢p+yp)+ep| +/Rd\§|VSB¢p| } )

Taking 7 = —1 in the above identity we arrive at

m 1
B+ g | [ 1=V Saou ) e+ [ IVSnof|
k-1 1k /s R\B

and therefore
mpp < (k—1)|B] .

Taking 7 = —k yields
1
mpp = (1 — E)|B| .

The following optimal upper and lower bounds for the diagonal elements of
the Polarization Tensor of Pélya—Szego hold.

Lemma 4.15 If M = (mpq)g)q:1 1s the polarization tensor of Pdlya—Szegd
associated with the bounded Lipschitz domain B and conductivity 0 < k #
1 < 400, then

1

The bounds (4.41) and (4.42) are optimal in the sense that they are
achieved by the diagonal elements of thin ellipses (for d = 2) and thin
spheroids (for d = 3); see (4.11) and (4.14). Later, we shall need optimal
bounds on the trace of M. In this connection, we note that the bounds
d|B|(1 — 1/k) and d|B|(k — 1) on the trace Tr(M) of the matrix M, which
follow directly from (4.41), are not optimal. See the next section.

4.7 Optimal Bounds for the Polarization Tensor

The aim of this section is to derive important isoperimetric inequalities sat-
isfied by the polarization tensor of Pélya—Szegd. The following theorem was
obtained by Lipton [222] and Capdeboscq and Vogelius [82, 83].

Theorem 4.16 If M is the polarization tensor of Polya—Szego associated with
the bounded Lipschitz domain B, and conductivity 0 < k # 1 < +00, then
1

T (M) < (d- 14 7)|B (4.43)

and

(h—1)Tr(m-1y < S LTR

<5 (4.44)
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Proof.  Suppose k > 1 and B is of unit volume, |B| = 1, without loss of

generality. Let £ = (&§)0_,, f = Y &ap, 0 = Y & (M — K) ™1 (dx/0v), and
set wp = Sp¢. Then by (4.38) we have

d
S gy = inf Ip(w) +(1— 2P, d=2,3. (4.45)
weWy k

p,q=1
The proof of the bounds (4.43) and (4.44) now relies on the Hashin-
Shtrikman variational technique as described by Kohn and Milton [197]. In-
troduce a constant reference medium with conductivity ¢ < 1. By writing
the first term of the right-hand side of the above variational characterization
of M as a maximum over “dual fields,” and then interchanging the order of
maximization and minimization, we obtain the following variational principle:

d
1
E Mpgpéq = sup  Fe(v) + (1 - E)|§|2 ) (4.46)
pam1 veL2(R)d

with
1
Fe(v) = = /R 11 (k—1)x(B)

+2(1- %)g/Bvdx + 1/ L(v+ (1 = X(BIE) - (0 + el ~ DX(B)E) |

1
2 2(¢)2
dz + c(1
C|U| z + ¢ C) €]

and L denoting the operator L = —VA~1V.,

In fact, we have
2
+c /
Rd

2

Vot (1 DB Vot (1- DB

Iow) = [ (=0

where yg = 1+ (k — 1)x(B). Since

1
(vB —o)la* > 2a-b— b Va,beRY,
YB —C
we get
1
inf 1 = inf 2(V 1—2)x(B)¢) -v— 2
wlean B(U)) wleanveE;l(%d)d‘/Rd[ ( w+( k)X( )g) Y ’7370|U|
1 2
+c|Vw+(1—E)X(B)§| ]
1
= s inf 2(V 1— )x(B)¢) -v— 2
Uesy(id)dwlenwd/w{( W k)X( ) vB—c|v|

+e|Vw+ (1 %)X(B>g|2] ,
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where the interchange of inf and sup is possible thanks to [119, Prop. 2.2]. For
v € L2(R4)4, define a functional J by

1
J(w) = / |:C‘VU) +(1- E)x(B)ﬁ‘Q +2Vw-v
Rd
The minimizer w, € Wy of J is the solution to
1 1
Aw = -V (v+(1-— E)X(B)g)
and satisfies
1
c/ Vw, - (Vw, + (1 — =)x(B)¢) = / Vuw, -v.
R4 k Rd

It then follows that

| 2

v

1 1
inf Ig(w)= sup / {—n~VA1V-77
weWy ’UELZ(Rd)d R C YB — C

1 1
+2(1 = X(B)E v+l — E)2X(B)|€|2 ;
where ) = v+ (1— 1)x(B)&. By replacing v with —c(1— +)x(B)&, we obtain
(4.46).
Similarly, we introduce a constant reference medium with conductivity
¢ > k. By writing the first term of the right-hand side of (4.45) as a minimum

over “dual fields,” and then interchanging the order of the two minimizations,
we arrive at the variational principle

d
. 1
D maabpba = it Fe(v) + (1= DIl

p,q=1
Changing variables to ¥ = v + ¢(1 — 1)x(B)&, we get that the above

variational principles are equivalent to

d

p’qz:l(mpq ) %%q)é},gq " sera(ray Ge(®) (4.47)
for ¢ < 1, and
d L. | )
p%zjl(mpq - E(Spq)épfq - 56L1%@)d G.(v) (4.48)

for ¢ > k, with
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_ 1 _ 2%k 1. [
Ge(®) = _/Rd 1+ (k—1)x(B) — e g (- E)g/B”d:”

+%/RdL(’ﬁ)-’5.

By only using test functions of the form o = 7(1 — 1 )x(B)¢ in (4.48), where
T is a constant, we obtain

d

1-— 2 1
> Oy~ p o)yt < (= 1) (2 = 7P
P,q=1
1 1
rrta- o2 [ e ¢

provided ¢ > k.
We claim that the trace of the symmetric tensor [, L(x(B)¢) - € equals
—1. In fact, one can easily see by taking the Fourier transform that

/L(X(B)f) £ = —/ ly- x(B)¢|*dy ,
B R4

where B denote the Fourier transform. Hence the trace of the operator £ +—

Sz L ) - € equals —1. It then follows that
Tr(M) < (k—1) i—c o 2d *(d ! +1)
< mln - T T+

—(k-1)d-1+ %)(1 n k;cc)*l :

provided ¢ > k. In the limit as ¢ tends to k this becomes exactly the bound
(4.43).
If we only use test functions of the form v = x(B)n, then (4.47) yields

1-— 1 1 1
( _Z)f'f2mf'ﬁZmn'n+E/BL(X(B)77)'W-

k
1 1—c\ !
= M*
¢ k—c( k—c) g

into the above inequality gives

Insertion of

1—c\ ! k
Tr(M— ) <(k-¢c)(d+--1),
k— c
which, in the limit as ¢ tends to 1, becomes exactly the bound (4.44). a
Suppose that B is of unit volume, |B| = 1. The above theorem says, in

particular, that if d = 2,k > 1, and k1 and ks are two eigenvalues of M (k, B),
then
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k—1)(k+1
K14 ko < % (4.49)
and 11 k41
2 <t (4.50)

K1 I<L_2 ~ k-1

Figure 4.1 shows these bounds graphically. The square box [1 — 1/k, k — 1] x
[L—1/k,k—1] in Figure 4.1 represents the estimates (4.41). This box is called
a Wiener box in the composite materials community.

KATINL X = (k1) (ke )k
A
1/, +1/%,=(k+ 1)/(k-1)
B
(k=1)/K T~
O (k1)K k-1

Fig. 4.1. The optimal bounds for the polarization tensor in RZ.

The bounds in (4.43) and (4.44) are referred to as the Hashin—Shtrikman
bounds after the names of the two authors who derived a similar type of
bounds for composite materials using variational methods.

Capdeboscq and Vogelius showed that the bounds (4.43) and (4.44) are
optimal in two dimensions in the sense that each point inside the bounds is
a pair of eigenvalues of the PT associated with a domain of unit area [82].
They showed that each point inside the bounds is attained as a PT associated
with a coated ellipse or a washer of elliptic shape [83]. In fact, every point on
the lower bound 1/k; + 1/k2 = (k+1)/(k — 1) corresponds to an ellipse as
one can see it from (4.11), and as the ellipses get thinner, the corresponding
points on the lower bound move to the upper or lower corner. If we start from
an ellipse corresponding to a point on the lower bound, and make confocal
washers of elliptic shape, then corresponding points move toward the upper
bound following a certain curve as the washers get thinner and larger. These
curves make foliations and cover all regions inside the bounds except the upper
bound. This result is exact, and PT for the elliptic washer can be computed
using elliptic coordinates. These optimal estimates were efficiently used to
estimate the size of unknown inclusions [82]; see Chapter 7.

On the other hand, it is shown numerically that each point inside the
bounds is attained by a simply connected domain [16]. It turns out that, if
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we start from a disk-shaped domain and change it to make it look like a thin
and long cross as in Figure 4.2, the corresponding eigenvalues move from the
intersection point of the lower hyperbola and the line k1 = k5 toward the
intersection point of the upper bound and the line k; = ko following the
line k1 = k2. Note that the intersection point of the lower hyperbola and
the line k1 = ko is the pair of eigenvalues of the PT associated with the
disk. We also note that the cross-shaped domain in Figure 4.2 is invariant
under rotation by m/2, and hence the corresponding PT is of the form AI
for some A where I is the 2 x 2 identity-matrix. Thus by interpolating a
cross-shape domain and an ellipse, we can obtain foliation of the region inside
the bounds (4.49) and (4.50). It should be noted that the result of [16] is
numerical; exact computation of PTs associated with cross-shape domains
seems unlikely. However, it has been proved in [16] that the PT associated
with a cross approaches to the upper bound as crosses get thinner and longer.
In connection with this result, Capdeboscq and Kang obtained a non-trivial
bound showing that, if an inclusion has finite extent and is not thin, then it
cannot attain the upper HS bound on the PT [80].

Fig. 4.2. The variation of cross-domains starting from disk.

As has been pointed out by Kozlov in [201, 202], the derivation of optimal
bounds for the polarization tensor of Pdlya—Szego and the estimates of its
possible values are direct analogues of the corresponding estimates for the
effective conductivity matrix known in the theory of composite materials [145,
223, 248, 235]. See Chapter 8.

Finally we would like to mention the following important conjecture
of Pdlya—Szego that is related to Theorem 4.16: If the polarization tensor
M(k, B) associated with the domain B and the conductivity k¥ has the mini-
mal trace or

d2
(d—1+k)’

then B is a disk in the plane and a ball in three-dimensional space.

Quite recently Kang and Milton proved that the conjecture is true in two
and three dimensions [178, 179]. In fact, they showed that, if the lower Hashin—
Shtrikman bound (4.44) is attained by a simply connected domain B, or in
other words,

Te(M(k,B)) = (k — 1)|B|

|B|(k—1)Tr(M Y <d—1+k,



4.8 Monotonocity 103

then B must be an ellipse or an ellipsoid. The conjecture of Pdlya—Szego
follows immediately from this result since for the ellipses and the ellipsoids
the polarization tensors can be computed explicitly. See (4.11).

4.8 Monotonocity

Another interesting result that can be obtained by using the variational prin-
ciple (4.38) is the following: (1/(k—1)) M (k, B) is a monotonically increasing
positive-definite matrix if we replace the given domain B by another B’ that
contains B. The following holds.

Theorem 4.17 Let B' & B. Suppose that a;, i € I, where I is a finite index
set, are constants such that f(y) = >_,c; aiy’ is a harmonic polynomial. Then

> aia;Mij(k, B) > > aia;Mi;(k,B') if k>1 (4.51)
i,5€1 i,j€1
and
> aiaiMij(k,B) < > aja;M;(k,B') if 0<k<1. (4.52)
i,j€l i,5€l

Proof. Suppose that k > 1. We may argue in a similar way when 0 < k < 1.
We get from (4.38) that

> aia, <Mij(k, B) — My;(k, B’))

ijel
= Intws) ~ L) + (=) [ vsP
> Ip(wp) — Ip(wp) + (1 — %)/B\FW]CP :

Making use of the second identity in (4.37), we obtain

> aia; (Mij(k, B) — My;(k, B’)>

i,j€1

k—1 Ywgl? + 2 Ywg -V \V4 2)
> ( ></B\H| P+ /B\E 5 f+/B\E| 7l
z<k—1>/w|v<w3+f>|2>o,

which yields the desired monotonicity result. O
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4.9 Estimates of the Center of Mass

We now investigate the relation of GPTs with the centroid of B. Assume that
B is a two-dimensional disk with radius r; then, (2.21) yields

10(2) = Kpo(@) = — [ o(y)doly)

drr Jop

which gives that K3 (¢) = 0 for all ¢ € L3(0B). Thus, if f(y) = >, a;y" is

harmonic, then
- 1
S w(M = K)oy - Vi) (a) = g VI

Therefore, we have

1
ZaiMij:X/a yuy Vido(y /Vy -Vfdy.

Thus, if i = j = ey, p = 1,...,d, then M;; = \7!B|, and if i = e, and
Jj = 2ep, then M;; = 2A~ 1|B|x , where z* is the center of the ball. Here

{ep}d_, is an orthonormal basis of R?.

Suppose now that d = 3 and B = B,-(z*) is a ball of center * and radius
r. Then, by (2.22), Kj¢(z) = —5-Sp¢(z) for all z € IB.

Let f be a harmonic polynomial homogeneous of degree n with respect to
the center z*. Set

P(z) = SB(?BB)( ), z€RI\B.

By (4.24) we have

Y.
Z/BB SO ")y~ 2"V 5 () doy)

|J| p

S 0T ey - ey () doty) |
9B ! v

7= n?

In particular, ¢(x), x € R?\ B, is homogeneous of degree —n — 1 with respect

to x*.
)

By (2.27), we get
(1 . of
— +(:17) = <§I+/CB) (8_
L9f ! (8f ) (x), z€0B.

ov

¢
231/( z) - _S ov
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Therefore,

T —a*

1 10f
VOt = 3%

It then follows from the homogeneity of ¢ and f that (x—2*)-V¢ = —(n+1)¢,
and hence,

() on dB.

B r Of

0= ontiow

So far we have proved that, if f is a harmonic polynomial homogeneous of
degree n with respect to the center of the ball B, then

on 0B .

(] V= —Len (2] Voot
ICB <8V aB) ()= 2TSB (8’/ aB) (@) = 2(2n+1) ov (z), z€dB.
It then follows that
-1 (9f (k—1)(2n+1)0f
-1 (9T _(k=1@n+1)0f
S (8y aB> m+ntl ov O 9B . (4.53)

In particular, if f(z) = zp, p = 1,2, 3, then

e L
v over T o)

Thus by (4.53) we get

* \—1 8-f
(A - K) (5

k—1
) _3k-1DOf .
OB k+2 Ov
Therefore, if |i| = 1, then

3(k—1)
k2

M;; = / Vyl - Vyidy . (4.54)
B

Observe that, if j =2e, and ¢ =e,, p=1,...,d, then

/ Vy' - Vyidy = 2/ Ypdy = 2z,|B| .
B B
So far we have proved the following theorem.

Theorem 4.18 Suppose that B = B,.(x*) is a ball in RY d=2,3. Leti; := ¢
and j; :==2e;, L =1,...,d. Then

d(k—1)

M, =
B k+d—-1

Bl, 1=1,....d,

and
B 2d(k —1)

(Miljlv"'7Midjd)_ k+d—1

|B|x* .
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For a general bounded Lipschitz domain B, we have the following theorem.

Theorem 4.19 Let B be a bounded Lipschitz domain and x* the center of
mass of B. Let i :== e; and j; := 2e;, | = 1,...,d. Then C exists, which
depends only on the Lipschitz character of B such that

’Mmz _

'Llll

|k —1] .
< . 4.
<C T diam(B) (4.55)

Proof. Since
(M —=Kp) ") = A+ A = KR) ' K (m)
it follows from (2.44) that
AL = K5) " () = A Ml czamy < CIATHIA = K3) 7' KE (1)l L2 (a8
< CIN2IIKE()ll20m) < CIA?10B[M2 .

Note that
M, j, — 2x; My, = /aB(yl —2})? (M = Kp) " (v)(y) do(y) .

We also note that

(v — z7)*v(y) do(y) =0 .
oB

It then follows from the Cauchy—Schwarz inequality that

M = 207050 = | [ =002 O = K5) 7 04)(0) = X~ i) ()
< Cdiam(B)?|0B||\ 2.
Then (4.55) follows from (4.40). This completes the proof. ad

Theorem 4.19 says that, if either £ is close to 1 or the diameter of B is
small, then (M;, j,/2M;,,)i1=1,....d, Where j; = 2¢;, is a good approximation of
the centroid of B.

.....

4.10 Polarization Tensors of Multiple Inclusions

Our goal in this section is to investigate properties of polarization tensors
associated with multiple inclusions such as symmetry and positivity, which,
in the most natural way, generalize those already derived for a single inclusion
in the above sections. We also estimate their eigenvalues in terms of the total
volume of the inclusions and explicitly compute them in the multi-disk case.
These results are from [29)].

Let B, for s = 1,...,m, be a bounded Lipschitz domain in R?. Throughout
this section, we assume that:
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(H1) Positive constants Cy and Cy exist such that
C1 <diam B; < 0y, and O <dist(Bs,By) <Cy, s#5s".

(H2) The conductivity of the inclusion B for s = 1,...,m, is equal to some
positive constant kg # 1.

4.10.1 Definition

To begin, we prove the following theorem.

Theorem 4.20 Let H be a harmonic function in R? for d =2 or 3. Let u be
the solution of the transmission problem

V- x(2 B+ Y ks BS)VU_O in R
CENVERD WRTES s
u(z) — H(z) = O(|z[*~%) as |z| — 400 .
There are unique functions ¢ € L3(0By), l=1,...,m, such that
u(z) = H(@)+ Y Sp¢"(2). (4.57)
1=1
The potentials ¢V, 1 =1,...,m, satisfy
I(Sp, o) OH
_ k2 )e® — s -
NI =Ko =3 == s o, 8B,,  (4.58)

s#£l
where vV denotes the outward unit normal to B, and
ki +1
N\ = il
2(k; —1)

Proof. Tt is easy to see from (2.27) that u defined by (4.57) and (4.58) is the
solution of (4.56). Thus it is enough to show that the integral equation (4.58)
has a unique solution.

Let X := L3(0B1)x---x L3(dB,,). We prove that the operator T : X — X
defined by

T(pW, - ™) = To(pM -+ ™) + Ty (¢M) -, ™))
= (1= K56, (Ol = K5, )o™)

9(Sp. o) 9(Sp. o)
-2 ov(@® Z (M)

9B,

s#1 s#EmM
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is invertible. By Theorem 2.21, T} is invertible on X. On the other hand,
since the domains By are a fixed distance apart, it is easy to see that T3 is
a compact operator on X. Thus, by the Fredholm alternative, it suffices to
show that T is injective on X.

If T(¢W, - ¢(M) = 0, then u(x) = S /", Sp,dW(z), z € R? is the
solution of (4.56) with H = 0. By the uniqueness of the solution to (4.56), we

get u = 0. In particular, Squﬁ(l) is smooth across 0By, I = 1,. .., m. Therefore,
¢(l) — a(SBz(b(l)) _ 6(SBL¢(Z)) =0.
v o |
This completes the proof. O

With the above theorem, we can proceed to introduce the polarization
tensors of multiple inclusions.

Definition 4.21 Let i = (i1,...,iq),j = (j1,-..,74) € N be multi-indices.
Forl=1,...,m, let gbz(-l) be the solution of

(s)
560 3 (Sp, ;) 9z’
(Al] - ICBL)QSZ' - — W|831 ay l) |8Bl on aBl . (459)
Then the generalized polarization tensor M;; is defined to be

My=3 [ Poe)aots). (4.60)

0B
Ifi| = |j| = 1, we denote M;; bymypg, p,q=1,...,d. We call M = (mpq)2
the (first-order) polarization tensor.
4.10.2 Properties

Like the single inclusion case, the properties that we will present now will be
derived via some integral identities.

Theorem 4.22 Suppose that a; and b; are constants such that ), a;yt and
Zj bjy’ are harmonic polynomials. Then

Z CLibjMij = Z aibiji . (461)
4,3 4,3

Proof. Reasoning as in the proof of Theorem 4.10 we put f(y) := >_, a;y’,
g(y) == Zj by, oW = > ai@(-l), and ® = Zj quﬁg-l) to easily see that

Zazb M;; = Z/ g¢(l do and Zalb M;j; = Z fw(l) do

9B,



4.10 Polarization Tensors of Multiple Inclusions 109

We also put

Zsqus(l) and  ¥(x ZSB P (4.62)

=1

From the definition of QSEI), one can readily get

8(f+q§)' _ o +9)

ky

o v ' , mom, (4.63)

and the same relation for g + ¥ holds. From (4.59) we obtain

oSp o), 0Smo")| _ -, [0Sme)| _, 0(Sme)
8y(l) M 8y(l) _Zal 8y(l) M 6V(l)

%

=(k—1) Zaza 0 {x +ZS ¢(s)]

s#£l

= (kl ) (l) [.f + ZS ¢(S)] on BBl .
s#£l

Thus, it follows from (4.63) that

9(Sp,0")
v

9(Sp,0")
o

af+P)

) _
o = B0

’ = (k1) ’ on 9B, . (4.64)

Therefore, we get

Zazb M, _i_n:(kll)/a& 8({;@‘ do
_i(kln/a&( +W)a(fa+@))_d
_é(kl _ ”/BBFWJ@W
:é(m—l)/m( +w>a(fa+¢)’d
. é [ |2 ) e 2(55.0") u o
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Observe now that

m

Z/ wa(sBl
1=1 705

m

= — Z/ VSp D - VS, ¢V dx
RI\B;

=1

Z / Sp, ) 78355([)) do
oB

+

1
-=> / VSp ™) - VSp ¢V da
2 125 /RIBIUB,

and on the other hand,

m

Z/ Wa(s%' dJ_Z/ VS, ') - VSg,¢W dx
1=1 /9B -

" 1
=> / VSp W - VSp ¢ du + 5 / VSp. ' - VSp, ¢V dx .
=1 B, 2 B,UB;

s#l

Then we finally obtain

> aibiMi; =" (ki — 1){(g + 7). (f + P))s,
g =1 (4.65)

+> (Sp, ", Sp, ¢ )ga + = 5 Z<SB ), Sp, ¢ )ga
=1 sl

Here, the notation (u,v)p := fD Vu - Vv dz has been used. The symmetry
(4.61) follows immediately from (4.65) and the proof is complete. O

Theorem 4.23 Suppose that either k; —1 > 0 or k; — 1 < 0 for alll =
1,...,m. Let
1

Ky

K = Imax
1<i<m

For any a; such that Y, a;y" is harmonic,

2
Zalaj ij| = —Z|k 71|/ | (Zazyl)

In particular, if ky — 1 > 0 (resp. < 0) for all | = ,m, then M =
(mpq)? 1 is positive (resp. negative) definite and zfz a? =1, then

p=1"p

d
Nt

Z AplqMpq| = m—|—1 Z“‘?l —1[ [Byf .

p,q=1

dy . (4.66)
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Proof.  Suppose that either k; —1 > 0or ki —1 < Oforalll =1,...,m
Recall that the quadratic form @ p(u) is defined by Qp(u) := (u, u)p. It then
follows from (4.65) that

ZaiajMij = Z(kl - 1)Qp,(f+P) + Z Qg (Sp,0")

=1 =1

1
+5 2 (85,6, Sp ¢ )z (4.67)
s#l

Zkz*l Qp,(f +P) + Qra(P) ,
=1

where @ is defined in (4.62). On the other hand, because of (4.63), we get

of 0P od
(kl — 1)8y(l) = ay(l) . — klay(l) - on 8Bl, = 1,. Loame.
Thus, it follows from (4.64) that
(f +9)
iaiMi; =Y (ki —1) d
Za 4 ! Z : 6Bl 8u _ o

(ki = 1)Qp, (f +Zkl—1/ g@da

Ms

=1 aB, 9V

:zm:(kl—lQBl +Z/ — @da—Zkl/ 92 5o
1=1 oB, OV — " Jop, OV|_

=> (b —1)Qp,(f ZQW = (k= 1)Qp,(P) . (4.68)
=1 = =1

By equating (4.67) and (4.68), we have

(ki = 1)@p,(f + @) + Qra(P)
! . (4.69)

D (= 1)Qp,(f) =Y Qra(®) = > (ki = 1)Qp,(®) ,
=1 =1

=1

WMg

and consequently, one gets

> (k= 1)Qp,(f) > Z kiQp, (D (4.70)
=1 =1
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It also follows from (4.69) that
Qrs (@) = ——= > (k= 1) {QBZ )= Qa(f +9) - Qg (@)} @)
l:l

Substituting (4.71) into (4.67), we obtain

m
E aiajMij = —+
i,j

(ki —1)Qp,(f + )

3
ek

+
|
+ |+
:

I pgt

(=@ (1) - Qn@)] |
and hence
Sy > S - 1) n)-Qn@| . @)
But by (4.70), we get

Z (ki —1)Qp,(P) = Z (e~ 1)leBl ()
=1

<k Y kQp(®) ZszlQBz f)

and hence, (4.66) follows immediately from (4.72). This completes the
proof. O

Based on the definition (4.60), polarization tensors associated with multi-
ple disks and balls are explicitly computed in [29, 220]. We only give in the
next section these calculations in the two-dimensional case. It should also be
noted that Cheng and Greengard gave in Theorem 2.2 of their interesting
paper [91] a solution to the two- and three-disk conductivity problem based
on a method of images.

4.11 Explicit Formulae for the Polarization Tensor of
Multiple Disks

In this section, we explicitly compute the solution ¢ of the integral equation
(4.58) in the case where all domains B; are two-dimensional disks. These
calculations are from [29).

Let B; = By, (z;) be the disk with center z; and radius r; for [ =1,...,m.
Let R;, I =1,...,m, be the reflection with respect to the disk By; i.e.,
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r?(x — z)

Ri(z) := + 2.

2= af?
We also define the reflection of a function f by
(Rif)(x) = f(Ri(z)), ze€R?*® I=1,....m.
The following lemma will be useful later.

Lemma 4.24 For a function u harmonic in By, we have

Sp, ( 3)/"(3 }6Bz> (z) = *%Rzu(:ﬂ) + %U(zz), z € R*\B;. (4.73)

Proof. By (2.27), we have

0 ou
3,/(1)'5 (81/” }8B1> .

Since B is a disk and faBl % do = 0, one can get that Kp,
on 0B,. Therefore, we get

0 ou 1 Ou
2,0 5B <3V 0) }8Bl> '+(I) 2900 o5, (%)

ou
0 ’831) (x), z=€0dB.

(@)= 57 +55) (305

aum ‘aBl =0

and thus o )

u

(6V(l) ’i)Bl) (‘T) = _§Rlu($) +C
for some constant C. Since f@Bl ay—}‘l) do = 0 and hence Sp, (% }aBl)(x) —0
as || — 400, we have C' = (1/2) u(z;). This completes the proof. ad
Our main result in this section is the following theorem.
Theorem 4.25 Forl=1,...,m, let
S = {@ = (plv"' apn)an € vas € {15 7m} *P1 # laps 7éps+1} .

For ©® = (p1,...,pn) € 5, let

u 1
Ro = Rp,Rp, -+ Ry, and Ao =[] <2A ) .
Ps

s=1

Then, for a given harmonic function H, the solution of (4.58) is given by

1 0 1 0H
O LN 1% (pom __} I=1,. 4.74
(b /\l Z OaV(l)( e ) OB, + /\l 8V(l) 6317 ) , M, ( )
€S
provided that
min  dist(Bs, By) > (Vm —1—1) max rs. (4.75)
1<s#s'<m 1<s<m

The series in (4.74) converges absolutely.
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Proof. We first prove that the series in (4.74) converges absolutely on 0B;.
Observe that

IV(RoH)(z)| < |ReVH (x |H}DRS pes Ry ()] (4.76)

Assuming (4.75) and using

2
s x€R2\B,, s=1,...,m, (4.77)

DRs(z)| < 77—,
IDR,(x)| <

it follows from (4.76) that for z € 9B; we have

n 7‘2\ oo 2n 5 n
wrenel < At <4 () <4 (7o)
s=1 s

(4.78)
for some § < 1, where
c= 1SSI;1‘ISI/1§mdlSt(BS7BSI)7 Tmax = 1I§nSaé)§n Ts, and A = ||VH||L°O(UT:1E) .

Note that the number of those ©’s, which have n components, is (m — 1)™. It
can be deduced from (4.78) that for z € 9By,

> <A2(m )n - <C,

ecs; n=1

0

dogm

(RoH)(x

for some constant C' independent of .
We now prove that ¢(!) satisfies (4.58). Let us first observe the following:
Foreachl=1,...,m,

U{(s,@), (s) | @ess}_sl. (4.79)
s#l
Recalling that K ¢ = 0,1=1,...,m, and using (4.73), (4.74), and (4.79),

we arrive at

5 o))
Z > GO |6Bz Z@V(z (2/\ Z Ao R@H)+H]>

s#l €S,
0
=Y Ao (RoH)
v
SIS
OH
_ 1
= nolV — EYO) |8Bl ’
which is exactly the desired result. O

An immediate application of the above theorem is the derivation of the
explicit form of the first-order polarization tensor.
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Theorem 4.26 Suppose d = 2. The first-order polarization tensor (Mpq)p q=1,2

s given by
Z /1@ RO (p))(21) + Opq

Z |Bl|_
65,

provided that (4.75) is fulfilled.

y Dq= 132 ) (480)

Proof. Let H(z) =z, and gb,(gl) be the corresponding solution of (4.58). Then
by (4.74), we have

(b(l) _

ZA()RO(I’P))+H p:172al:17"'5m

/\l 31/“

It then follows from the divergence theorem and the mean value property of
harmonic functions that

|, o= 5. LZ% to [ augiRot@ydo + | a5k do ]
. [Z Ao [ = (Ro(ay) @) do + byl B
A €S, Bu 3:17q
|Bl Z AO RO (p))(21) + Opq
oc€s,
Thus we get the explicit expression (4.80) as desired. a

Let us now write formulae (4.74) and (4.80) in a more explicit way assum-
ing that there are only two disk-shaped inclusions. We note that in this case
the assumption (4.75) is trivially fulfilled. If m = 2, then Rg for © € S; takes
the form

Ro = (R2R1)°RaRY}  for some s =0,1,..., andn=0,1, (4.81)
and Rg for © € S5 becomes

Ro = (R1R2)°R1Ry for some s =0,1,..., and n=10,1. (4.82)
Here R) =1, p=1,2.
Corollary 4.27 If m = 2, then the solution (¢(1), $?)) of the integral equa-
tion (4.58) is given by

11X 1 o 1
(CO N =
¢ AL Z:: (41 X2) o) {<R2R1) ( 2A2R2)H“031’

@_ 15~ 1 1
’ g(%&) S {<RlR2) (I = 55 )H“

(4.83)

By
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Proof. 1t follows from (4.74), (4.81), and (4.82) that

1 1
 _(ReR)( - —Rs RoR\)H + H
X 2(4/\1/\2)5( 1) Do 2T Do 2 H + LB ’
LS 1

a /\2 _8u(2)
—+o0

_ (RR)S(f—lRJr ! RR)H+H
(AM Ag)s 2 2M\ AArg P .
Ls Y

™

By rearranging the summations, we get (4.83). |

Corollary 4.28 Let m = 2. Suppose that the centers of the disks By and Bs
are on the xi-axis. Then the polarization tensor myq is given by

mi2 = mo1 =0,
Bl | B2
my; = " + )\2

|B1| s 1
Sz:: 4)\1)\2 (F2 ) (2/\292

+ 4/\1)\2 RQ(gl)QQ) 1:[ (RQRl)S/ (RQ(gl)gz)] (Zl)

s'=0

|B2| s 1
SZ:: 4)\1)\2 (F1s) (2/\191

s—1

1 ’
+ le(gQ)gl) Sl;[Q(RlRQ)S (R1(92)g1)] (22) ,
_|Bi| | |Bo]
e A1 * Ag

|Bl| 1
(RaR1)* (= o=
Sz:: 4)\1)\2 )~ 55,9
s—1

Rmmaﬂwmfmmmﬂw>

L1
A L

|Bz| s 1
; 4>\1)\2 (R1k2) (_2—)\191

+ Ti)ﬂRl(gz)gl) 1:[ (Rle)s/(Rl(gQ)gl)] (z2)

s'=0
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where the functions g1 and go are defined by

2

gp(z) == z 7pzp|2, r€R*\B,,p=1,2.

Proof. By Theorem 4.26, (4.81), and (4.82), we have

|B1| [ s
Mg == > (@A)

X
1 s=0 4

i((R2Rl) (—2—)\2&

v 4A1AngRl>< ) ) + 8

1Ba| [ 0 L
5 2(4)\1)\2) o ((RiR2)*( 2/\1R1

+

T ) 0)) 22) b

Easy computations show that for z on the x;-axis,

DRy =g (1) p=1.2.

and
VE (@) =) (') (RO, p=1.2.

Therefore we get for H = xp,

V((RgRl)SRQ(H)> (z)
s—1
(RoR1)*gs(a) ] (RaRn)* (R2<gl>g2><x>] (01 ?) VH

s'=0

[T (R2R1)* (Ra(91)g2) ()

s'=0

V((RoRy)* RaBa () ) (x) =

One can get similar formulae for V((R1 R2)*R1(H)) and V((R1R2)°*R1R2(H)).
By substituting these formulae into the first equation of the proof, we obtain
Corollary 4.28. O

4.11.1 Representation by Equivalent Ellipses

Suppose d = 2, and let M = (mpq)2 g1 be the first-order polarization tensor
of the inclusions U™, B;. We define the overall conductivity k of B = U™ B,
by

kHZ'B'*ZkH | (434)
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and its center Z by

kF—1_& ke —1
2 =N By = da . 4.85
eI §:k+1A;$$ (4.85)

Note that, if k, is the same for all s, then k = k, and Z is the center of mass
of B.

In this section we represent and visualize the multiple inclusions U7™; B,
by means of an ellipse £ of center Z with the same polarization tensor. We
call £ the equivalent ellipse of UJL, B,.

At this point let us review a method to find an ellipse from a given first-
order polarization tensor. This method is due to Briihl, Hanke, and Vogelius
[73] and is based on Proposition 4.6. Let £ be an ellipse whose semi-axes are
on the z1- and z-axes and of length a and b, respectively. Let £ = RE’, where

= (> 0 —sind and 6 € [0, 7]. Let M be the polarization tensor of £. We
sinf cosf

want to recover a, b, and 6 from M knowing the conductivity k = k.
Recall that the polarization tensor M’ for £ takes the form

a+b
’_ o / a—+ kb
M= (k- 1) ol
b+ ka

and that of & is given by M = RM'RT. Suppose that the eigenvalues of M
are r1 and ko and corresponding eigenvectors of unit length are (ej1,e12)?
and (e, 622)T. Then it can be shown that

az”ﬁ, b:”ﬂ’ 0:arctan@,
Tq ™ €11

1 k—1/1 1 —k
_:___(_+_) and g= 2R

K1 — klig

where

We now show some numerical examples of equivalent ellipses. We repre-
sent the set of inclusions B = U{L, By by an equivalent ellipse of center z and
conductivity k. We assume that the inclusion By takes the following form:

0B, = { (ag + af cos(t) + a3 cos(2t), by + bS sin(t) + b3 Sin(2t)) ,0<t< 27r} .
In order to evaluate the first-order polarization tensor of multiple inclusions,

we solve the integral equation (2.65) with H(x) = x, to find gbff) forp=1,2
and s = 1,...,m, and then we calculate
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1 1 1

0 0 0
-0.5 -0.5 -0.5
-1 -1 -1
-1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1 -1 -0.5 0 0.5 1
(k,,k,)=(1.5,1.5) (k,.k,)=(1.5,3.0) (k,k,)=(1.5,15.0)
ab,at,ab by, bE by kil kK | a b 6 z
1.5][ 1.5 ]0.313]0.256]0.322[( -0.000, 0.400)
1.5

-0.3,0.2,0, 0.3,0.2,0{1.5{[2.077|0.307]|0.261]0.322| (0.129, 0.443)
0.3,0.2,0, 0.5,0.2,0 | 3
1.5((3.324]0.301{0.266{0.322| (0.188, 0.463)
15

Fig. 4.3. When the two disks have the same radius and the conductivity of the
one on the right-hand side is increasing, the equivalent ellipse moves toward the
right inclusion. In the table k and Z are the overall conductivity and center defined
by (4.84) and (4.85) and a, b, 6 are the semi-axes lengths and angle of orientation
measured in radians of the equivalent ellipse.

Z/ 2,0\ (z) do () .

Figures 4.3 and 4.4 show how the equivalent ellipse changes as the con-
ductivities and the sizes of the inclusions By vary. The solid line represents
the actual inclusions, and the dashed lines are the equivalent ellipses.

The above calculation extends to the three-dimensional case. Based on the
analytical expression (4.14), the parameters a,b, and ¢ of an ellipsoid B can
be recovered from the eigenvalues of its polarization tensor M (k, B).

4.12 Anisotropic Polarization Tensors

In this section we define and prove some important properties of the (general-
ized) anisotropic polarization tensors (APTs) associated with an anisotropic
inclusion embedded in an anisotropic background.

Let B be a bounded Lipschitz domain in R? d = 2,3. Suppose that the
conductivity of B is A and that of R? \ B is A, where A and A are constant
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2 2 2
1 1 1
of  TO of  OI( ) of O
-1 -1 -1
-2 -2 -2
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
(r1,r2)=(0.2,0.2) (r1,r2)=(0.2,0.4) (r1,r2)=(0.2,0.8)
kfi a67a§7a§7b67b§7bé E a b 0 z

-1,0.2,0, 0,0.2,0 ]|1.5]0.317]0.254]0](-0.700 , 0.000)
-0.4,0.2,0, 0,0.2,0
1.5[ -1,0.2,0, 0,0.2,0 ||1.5]0.4780.420|0] (-0.200, 0.000)
1.5 0,0.2,0,0,0.2,0
-1,0.2,0, 0,0.2,0 |[1.5]0.844]0.806]0] (0.694, 0.000)
0.8,0.2,0, 0,0.2,0

Fig. 4.4. When the conductivities of the two disks are the same and the radius of
the disk on the right-hand side is increasing, the equivalent ellipse moves toward the
right inclusion.

d x d positive-definite symmetric matrices with A # A. The matrix A — A is
assumed to be either positive-definite or negative-definite. The conductivity
profile of B is B
75 = xR\ B)A+x(B)A .
We now define APT, as follows.

Definition 4.29 For a multi-inder i € N with |i| > 1, let (fi,9:) €
L?(0B) x L*(0B) be the unique solution to

ngi - Sggi =z

2 . on OB . (4.86)
v-AVSSfil- —v-AVShgily = v - AV

For a pair of multi-indices i, j € N?, define the generalized anisotropic polar-

ization tensors associated with the domain B and anisotropic conductivities

A and A, or the conductivity profile yg, by

M;; = My;(A, A, B) =/ ! gi(x) do () .
OB

When i = e, and j = e, forp,q=1,---,d, where (e1,...,eq) is the standard
basis for R¢, denote M;; by M = (mpq)p,g=1,....d With
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Mpg = /BB Zqgp(x) do(z).

Here g, = g; for i =ep.

We note that the first-order APT was first introduced in [175] and it is
proved there that M is symmetric and positive (negative, resp.) definite if
A-—Ais positive (negative, resp.) definite. The generalized APTs enjoy the
same properties.

Before establishing these properties, we first demonstrate that the APTs
are a natural extension of the generalized polarization tensors for the isotropic
case.

For a multi-index i € N with |i| > 1, let

0; == (Sp fi)x(B) + (S5gi)x(R*\ B) .
Then 6; is the solution to the following transmission problem:
V- (AVH;) =0 inRI\ B,
V-(AV6;)=0 inB,
0;|- —6;| =2° ondB,
v-AVO;|_- —v-AVO|; =v-AVZ  on B,
0i(z) -0 as|z| > +oo ifd=3,

1
Oi(r) — ————=1n A*x/ 0;(y)do(y) — 0 as |z| = o0 if d=2.
) 5 Al [ 00 o) = 0 s o
(4.87)
It then follows from (2.85) and (4.86) that for any pair of multi-indices i, j,

Mij = / LL'jgi do
oB

= / (v AVShgi|l. —v - AVSHgi|_)do
oB

:/ wj(u-gVSjgfﬂ_—V-AV:Ci)do—/ u-AV:Ej(ngi—:vi)do
oB oB

= / (v (A— A)\Vz7)0;|- do .
oB

In particular, if A and A are isotropic, or A = I and A= kI, where I is the
identity matrix, then
do} ,
+

oxJ Ot - 00;
R -1 0. — -1 J JZ7t
My = (k )/BB 2 grdo = (k )wa 8y+/83x >

which is exactly (up to a multiplicative constant) the isotropic generalized
polarization tensor as defined in (4.10), since
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p (k—1)y; inRI\B,
"l (k=1 +2' in B,

where 1; is the solution of (4.6).
Next, we write a transformation formula for the first-order APT. We de-
note the first-order APT, M = (mpq)1<p,q<d, Which is associated with the

conductivity distribution v by M (A, A; B). Then the following lemma can
be proved by a simple change of variables.

Lemma 4.30 For any unitary transformation R, the following holds:
M(A, A; B) = RM(RTAR,RT AR; R"*(B))R"
where T' denotes the transpose.

Finally, we derive an explicit formula for the first-order APT M (I, ,Z; B)
due to Kang and Kim [176]. Define (f, g) € L?*(0B) x L?(0B) as the solution of

{ngng_x

L on 0B .
v-AVSAf|l- —v-VSpgl =v Vz

As in the derivation of formula (4.13), we write

M(I, A B) = /8 ag(a) do(o)

= / x(u -VSpg|l+ —v- VSBg|> (x)do(x)
oB
= / v - (Avs;;?ﬂ — V- vng|> (z) do(x) .
oB
Since V - (AVV,T) = 0, by integrating by parts, we see that

/ o - AVSAf|_(z) do(z) = / v V(Az)SAf(z)do()
oB oB
and hence, a straightforward calculation shows that

MUAB) = (A1) [ (=314 Kp)(g)e)doo) + (A~ DB

OB
Using (2.23), we obtain the formula below.

Proposition 4.31 If B is an ellipse whose semi-azes are on the x1-and x2-
azes and of length a and b, respectively, then its first-order APT M(I, A; B)
takes the form

M(I, 4: B) = | B| (1 +(A- 1)(%1 _ c>>_ (A-1),
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a—>b 10
022(a+b) (0—1)'

In particular, if B is a disk, then

where the matriz

M(I,A;B) =2|Bl|(A+1)""(A—1I). (4.88)

For an arbitrary ellipse whose semi-axes are not aligned with the coordi-
nate axes, one can use Lemma 4.30 to compute its first-order APT.

We are now ready to prove some important properties of the APT such as
symmetry and positivity. For the first-order APT these properties were ob-
tained in [175]. The estimates for positivity of generalized APTs established
in [28] give better results than the ones in [175].

With definition 2.43, we state and prove the following result.

Theorem 4.32 (Symmetry) Let I and J be finite sets of multi-indices, and
let {as|i € I} and {b;|j € J} be such that ", ; a;x" and Zjerjxj are A-

harmonic. Then
ZzaibjMij = Zzaib]‘M]‘i . (489)

i€l jeJ i€l jeJ

In particular, mpq = mgp, p,q=1,--- ,d.
Proof. Let

v () = Zaixi , va(x) = ij:rj ,

iel JjeJ
Ui(z) =Y aifi(z), dalx) = bif(x),
il jeJ
$1(x) =D aigi(w), dalx) =D bigi(x),
icl jeJ

where (f;, g;) is the solution to (4.86). Then, we get
Z Z a;bjM;; = / (Z biz’) ( Z aigi(z)) do = / va ()1 (x) do .
i€l jeJ 9B jeJ iel 9B

One can see from the linearity of the integral equation that (i, ¢p), p = 1,2,
is the solution to

{S§¢p - §§¢p =Up

S o A on OB . (4.90)
v-AVSgip|- —v- AVSEéply =v- AV,
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It then follows from (4.90) and the jump relations that

Z ZaibjMij = / (%) (V . AVS§¢1|+ — V- AV8§¢1|_)

icl jed 9B

:/ Vg (V~EVS§¢1|,—V~AVU1) —/ v2V~AVS§¢1|,
OB OB

_/ (Séwngg(bg)u-/TVSéwﬂ,—/ UQV-Avvlf/ Shdrw - AV,
0B OB OB

- / Shipa - AVSHY | f/ Shos (u AVSAé |4 +v- AVvl)
OB OB

f/ vav - AV f/ Sggblu - AVvs .
OB OB

Thus we arrive at
S aibiMy; = / AVSApy - VShpy + /  AVSAb: - VShde
icl jeJ B RNB

f/ AV, ~V’02—/ (5§¢QV.AVU1+S§¢1V.AWQ). (4.91)
B OB

Similarly, we get
Z Zaibiji = / AVVSngz . vsg'l/]l +/ 7AVS§(]52 . VSS(]Sl
icl jeJ B RNB

- / AV, - Vg — / (sg(gﬁw.Awﬁsg@u.Avvl). (4.92)
B OB

Since A and A are symmetric matrices, the proof is completed. O
The formula (4.91) says, in particular, that
3 aia; My = / AVSAy . vShy + / AVSAG - VSAe
ijel B RI\B

f/ AV’U~V’072/ Spov - AVudo (4.93)
B oB

where ¢ := 11 = 19, ¢ := Pp1 = ¢2, and v = v; = vy in the proof of Theorem

4.32. Define B
w— {Sgi/) - in B,

Sho inRY\ B. (4.94)
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It then follows from (4.93) that

Z a;a; M;; = / AV(w +v) - V(w +v) + / AVw - Vw
ijed B RI\B

—/AVU-VU—Q/ wv - AVv do
B oB

:/ WBVw-Vw+2/(E—A)Vw-Vv+/(E—A)VU-VU. (4.95)
Rd B B

Observe from (4.90) that w satisfies

. = i d
V- (vsV(w +_1)3) 0 inR?, (4.96)
w(z) = O(|z|*~%) as || — 4o0.
Since v - AVu|; = v - AVv|_ on 0B, it follows from (4.96) that
/ v5(Vw + x(B)(I — A~ A)Vv) - V f (4.97)
Rd

:/(/TVw+(E—A)Vv)~Vf+/ _AVw-Vf
B RI\B

= | (v AV o)l = v A+l ) o =0,

for all f € Wy(R?). Hence (4.97) yields that w is the minimizer of the func-
tional

Ip(f) = /R (VI X(B)I - AT A) Vo) (Vf+x(B)(I- A A) Vo), (4.98)

namely,

In(w)= _inf  In(f). (4.99)

Moreover, by substituting w in place of f in (4.97), we get

/ (A= A)Vw- Vo = —/ vgVw - Vuw , (4.100)
B Rd
and hence

I (w) = /R (Vi + X(B)(I = A~ A)T) - (Vw + x(B)(I — A~ A)Vo)
= / vgVw - Vw + 2/ vsVw- x(B)(I — AT A)Vv
Rd Rd
+ / (A= A)Vv- (I — A TA)Vu
B

= —/ vBVw - Vw +/ (A—A)Vo- (I - A4V . (4.101)
R¢ B
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It then follows from (4.95), (4.100), and (4.101) that

Z aza; M;; = f/RdVBVw'Ver/ (Z—A)VfLwVv

ijEeJ B
= Iz(w) +/ (A—A)Vv-A AV .
B
In conclusion, we obtain

aa;M;; = inf T +/ A—AVv-A1AVY . 4.102
Z Mg = _inf Ta(H)+ | (A=4) (4.102)

Theorem 4.33 Let {a;|i € J} be a set of coefficients such that v(z) =
Yics a;x' is A-harmonic. Then we obtain the following bounds:

/ (A= A)Vv- A TAVy < Z aza; M;; < / (A—A)Vv-Vu. (4.103)
B

ijeJ B

Proof. We obtain the first inequality since Ig(f) > 0 for all f € Wy(R?) and
the second one by applying f = 0. O

By taking v(z) = ¢ -z for £ € R?, we get the following corollary for the
first-order APT.

Corollary 4.34 Let M = (M;;)j;|=|j|=1 be the matriz of the first-order APT.
Then

|BI(A—A)s- ATAE < ME-E<|B|(A—A)6-¢, SeRY. (4.104)

In particular, M is positive (negative, resp.) definite ifg— A is positive (neg-
ative, resp.) definite.

As an immediate consequence of (4.103), we obtain the following estimates
for the isotropic case.

Corollary 4.35 Let A =~I and A= A1 for positive constants v and 5 with
v #7, and let {a;|i € J} be a set of coefficients such thatv =Y, a;x" is har-
monic, where J is a set of multi-indices. Then we get the following inequalities:

13-) /B Vol < 3 aia; My < (7 — ) /B Vol . (4.105)

i,j€J

In particular, if k is an eigenvalue of the polarization tensor M = (my;)i|=|;|=1,
then .
§(5*7)IB| <k <(-IBl. (4.106)

Taking v = 1 and 7 = k, we return once again to the estimate in Lemma
4.14.
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4.13 Further Results and Open Problems

In this chapter we have examined symmetry, positivity, isoperimetric inequal-
ities, and monotonicity properties of the GPTs along with their relationship
to the harmonic moments of the inclusion. It has also been observed that the
knowledge of all the GPTs uniquely determines the DtN map and, hence,
the shape and the conductivity of the inclusion. Many important questions
remain. In particular, it would be interesting to know how much information
one can get from the knowledge of a finite number of these GPTs. Of similar
importance would be the question of the quantification of the stability of the
inverses of the maps (k, B) — M;;(k, B) and (A, A, B) — M;;(A, A, B).

In the interesting work of Capdeboscq and Vogelius [81, 82, 83|, a (first-
order) polarization tensor concerning bounded measurable sets we of small
Lebesgue measure has been introduced. In the particular case for which
we = Yot €Bys+ 2z, where {z,} is a set of m distinct points, and each By € R4
is a bounded, Lipschitz domain containing the origin, their polarization re-
duces to the one studied in this chapter. As pointed out in [81], it may be
impossible to construct higher-order polarization tensors in the general setting
provided by Capdeboscq and Vogelius.






5

Full Asymptotic Formula for the Potentials

Introduction

In this chapter we derive full asymptotic expansions of the steady-state volt-
age potentials in the presence of a finite number of diametrically small in-
clusions with conductivities different from the background conductivity. The
derivations are rigorous and based on layer potential techniques and the de-
composition formulae (2.63) and (2.89) of the steady-state voltage potentials
into a harmonic part and a refraction part. The asymptotic expansions in
this chapter are valid for inclusions with Lipschitz boundaries and those with
extreme conductivities (zero or infinite conductivity).

One of the main results of this chapter is the full asymptotic expansion of
the solution u of

V- (x<Q\UD_s) + ksx(DS))Vuzo in 2,

s=1 s=1 51
w (5.1)
APY .

The leading-order term in this asymptotic formula, which expresses that the
conductivity inclusion can be modeled by a dipole has been derived by Cedio-
Fengya, Moskow, and Vogelius [84]; see also the prior work of Friedman and
Vogelius [132] for the case of perfectly conducting or insulating inclusions. A
very general representation formula for the boundary voltage perturbations
caused by the internal conductivity inclusions of small volume fraction has
been obtained by Capdeboscq and Vogelius [81].

Theorem 5.1 Suppose that the inclusion consists of a single component,
D = eB + z, and let u be the solution of (5.1). The following pointwise
asymptotic expansion on A2 holds for d = 2,3:
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n L i)
ilj!
n+2—|i|—|j|—d
X K<I + > edﬂ’—lgp) (alU(z))) M;;0IN (z, z)
p=1 i

} (5.2)

+O0(etm)

where the remainder O(e™™™) is dominated by Ce®"||g|| 290y for some C
independent of x € 0f2. Here U is the background solution; N(x,z) is the
Neumann function, that is, the solution to (2.49); M;;, i,j € N¢, are the gen-
eralized polarization tensors introduced in (4.4); and the matriz Q, is defined
in (5.18).

In particular, if n = d, then we simplify formula (5.2) to obtain:

d d—|i]+1 i . B
lilHlil+a-2 . Ny
————0'U(2)M;;0.N(z,z) + O(e**) . (5.3)

We have a similar expansion for the solutions of the Dirichlet problem
(Theorem 5.7).

In the expression (5.3), the remainder O(¢2?) is dominated by C’¢2?, where
the constant C” can be precisely quantified in terms of the Lipschitz character
of B and dist(D, 042); see [43, 13].

The constant C’ blows up if dist(D,d§2) — 0 or B has a “bad” Lipschitz
character; i.e., the constant C' in (2.43) goes to +oo (or, in view of Lemma
2.22, §(B) = mingepp{x,v,) — 0 if B is a star-shaped domain with respect
to the origin in two-dimensional space).

When B has a “bad” Lipschitz character we must use, in place of (5.3), the
asymptotic formula corresponding to a small thin inclusion, which has been
formally derived by Beretta, Mukherjee, and Vogelius in [65] and rigorously
justified by Beretta, Francini, and Vogelius in their recent paper [64]; see also
[63].

In the case where the small inclusion is nearly touching the boundary
(dist(D, 0£2) — 0) a more complicated asymptotic formula first established in
[13] should be used instead of (5.3). The dipole-type expansion (5.3) is valid
when the potential u within the inclusion D is nearly constant. On decreasing
dist(D, 012), this assumption begins to fail because higher-order multi-poles
become significant due to the interaction between D and 0f2. Chapter 6 will
provide some essential insight for understanding this interaction.

The derivation of the asymptotic expansions for any fixed number m of
well-separated inclusions (these are a fixed distance apart) follows by iter-
ation of the arguments that we will present for the case m = 1. In other
words, we may develop asymptotic formulae involving the difference between
the fields v and U on 0f2 with s inclusions and those with s — 1 inclusions,
s =m,...,1, and then at the end essentially form the sum of these m formulae
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(the reference fields change, but that may easily be remedied). The derivation
of each of the m formulae is virtually identical. Suppose D takes the form
D = U7 (esBs + z5), and the conductivity of the inclusion €;B; + z5 is ks,
s =1,...,m, then by iterating the formula (5.3) we can derive the following
expansion in the case when there are several well-separated inclusions:

d d=|il+1 |i|+|j|+d—2
€s

u(x) =Ulx) =Y >

s=1]il=1 |jl=1

Z'j' 81U(zs)Mij(kSaBs)agN(Ivzs)

(5.4)
+ O(e2) .

5.1 Energy Estimates

Let us begin with the following estimate of the trace of u —U on the boundary
012.

Proposition 5.2 If 92 and 0D are Lipschitz boundaries, then a positive
constant C' exists independent of €, k, and g such that, for € small enough,

C(k — 1) |lgll L2o02)e® ifk>1,
llu—Ullr200) < 1

C(3 = Dllgllzae’  fO<k<1.

Proof. We first observe that
Do(u—U)(z)=H(z), zcRI\Q, (5.5)

which follows immediately from the fact that Do (Ulan)(z) — Sa(g)(x) =0
for r € R4\ 0.

Recall that according to (2.43), a positive constant C exists that depends
only on the Lipschitz character of {2 such that

[fll2002) < CH(%IwLICQ)f YV feL30R). (5.6)

L2(802)

Employing this inequality, we write
1
lu=UlZ200) < C||(—§I +Ka)(u—U)|F200) -

It then follows from the jump formula (2.28) that

2
||u—U||%2(am < C lim Do(u—U)(x +tvg)| do(x),
t—0t Jon
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which gives with the help of (2.71) and (5.5) that

2

lu = Ull72(90) < C(k — 1)2/ do(z) .

o8

/ VyI'(x —y) - Vu(y) dy
D

Thus we get by the Cauchy—Schwarz inequality

i = U200 < Clk— D /D Vu(y)? dy) /a K /D IV, (@ —y)? dy) do(x)

(5.7)
If k > 1, then using the energy identity (2.82), we arrive at

o — Ullzzom < C(k — Dllgll 200 /8 K /D ¥, I — ) dy) do(z) .

But a positive constant C' exists depending only on |B| and dist(D, 012) such
that

/ ( / IV, (& — )| dy) do(z) < Cet |
02 JD

for € small enough. Inserting this into the above inequality immediately yields
the desired estimate for k& > 1.
If 0 < k < 1, then by using (2.83), we have

w2 " — 2 2
/D|v W) dy§2/D|V( 0)(w)l dy+2/D|VU<y>| dy

2 (14 - 0n0)) W= Py 2 [ VUG dy

2
= m”“ = Ulle2o)ll9ll200) -

IN

Here we have used the energy identity (2.83). Combining (5.7) with the above
estimate, we deduce that for 0 < k < 1 the desired estimate holds and the
proof of the proposition is then complete. O

As a direct consequence of Proposition 5.2 and its proof, we get the fol-
lowing corollary.

Corollary 5.3 Let 0 < k # 1 < +o00. A constant C(k) exists independent of
€ such that .,
IVl z2gpy < C(k) e .

Next we employ the Rellich identity stated in Lemma 2.19 to estimate the
L?-norm of the tangential derivative of u — U on the boundary 92 as € goes
to zero.

Lemma 5.4 Let T' be the tangent vector to 02 at xz. If {2 is a Lipschitz
domain, then a positive constant C exists depending only on the Lipschitz
character of {2 such that

< C”QHL?(QQ)G% . (5.8)
L2(80)
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Proof. Let

0. = {x € 2, dist(z,002) > <C — max |x|>e}

r€0B

and a be a smooth vector field such that the support of a lies in R?\ 2, and
(a,v) > ¢1 > 0 on 912 (here, ¢; depends only on the Lipschitz character of
012). Using the Rellich identity (2.35) with this a, we obtain

»/t;()<a, V>

since O(u — U)/dv = 0 on 92. Hence

»/t;()<a, V>

Combining the energy identity (2.82) together with Proposition 5.2 leads us
to the estimates

2

0
ﬁ(ufU)

:/Q72<VaV(ufU),V(ufU)>+(V'a)|V(ufU)|2,

2

<C | |Vu—-U)> (5.9)
2

=0

| V=0 < /;)Q(U“)g

< U = ullp200) 192 00)
< Cellgll72 (00 -

Therefore (5.9) implies that the estimate (5.8) holds. a

Proposition 5.5 If 042 is of class C%, then a positive constant C exists that
is independent of €,k, and g such that

llu = Ullz~@0) < Clk—1]|lgllL200)"

for € small enough.

Proof. Since 912 is of class C?, we have

)

1
= Ulliom < C[[(-57+ Ke)(u-0)

Lo (802)

where C' depends only on the C? character of £2 and therefore

llu = Ul|rep0) < C lim sup [Do(u—U)(z + tv,)| .

t—0T zcon
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Using (2.71), we readily get

llu = Ul|L~@0) < Clk — 1] sup
€02

L;@Fu—y»vwwd4

1

2

smkumm</Www@wP@)|wwmwy
€O D

Since
IVulr2(py < Ce¥?||g| L2002

by (2.82) and sup,cp0 ([, |Vy I (z—y)[* dy)'/? is bounded by Ce?/2, we obtain
the desired result. O

Next, the following estimates hold.

Proposition 5.6 (i) If 2 is a Lipschitz domain, then
|H = Ullr200) < Cllu—Ullr2000) < Clk = 1] |lgll2200)€* -
(i) If £2 is of class C%, then
|H — Ullp=(00) < Cllu—Ul|r=@a0) < Clk — 1| ||g]| 200" -
(iii) If £2 is of class C?, then
1H = Ullp<(a) < Clk = 1|19l 2002y¢” -
(iv) If 2 is of class C?, then
1 3d
[1H = Ullw2g) < Clk = 11 |lgll 2@y * -
(v) If 2 and D CC 2 are Lipschitz domains, then
IVH = VU|| 5y < Cllu = Ul|2(002) < Clk = 1|[|g]|2002)¢? ,
where C' depends on dist(0§2, D).
Proof. Parts (i) and (ii) follow from the fact that
1
H-U-= (§I+KQ)(U7U) on 01?2

together with the facts that

[IKovl|L200) < Cllvl|r290) if §2 is a Lipschitz domain,
IKavl|L=(00) < C'||v]|L=(on) if 2 is of class C*,
where the constants C' and C’ depend only on the Lipschitz and C? characters

of {2, respectively. Part (iii) is a direct application of the maximum principle
to the harmonic function H — U and (ii).
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To prove (iv) we write

0

IV = V)siey = [ 5o =0)0T =0)

0
< = Ullez a5, (H = U)llz200) -
Since, by using the fact from Theorem 2.24 that K : WZ(082) — W2(012) is
a bounded operator together with Lemma 5.4, we have

0 a
||$(H*U)||L2(an) < ClH-Ullwzano) < Cllu=Ullwzpa) < Ce?||gllL200) -
Therefore we get

3d
IV(H = U)l[Z2(0) < Clk = 1llgllZ200)€* -
Now, since V(H —U) = VDgq(u — U), we obtain

IVH = VUl gy < sup [ [V.T (e = )P doty) u = Ullzzcon
zeD JOf2

and consequently (v) holds, where the constant C' depends on dist(942, D).
This finishes the proof of the proposition. O

5.2 Asymptotic Expansion

As stated in the above theorem, we restrict our derivation to the case of a
single inclusion (m = 1). We only give the details when considering the dif-
ference between the fields corresponding to one and zero inclusions. In order
to further simplify notation we assume that the single inclusion D has the
form D = eB + z, where z € {2 and B is a bounded Lipschitz domain in
R? containing the origin. Here and throughout this book, eB denotes the set
{ex|x € B}. Suppose that the conductivity of D is a positive constant k # 1.
Let A := (k+1)/(2(k — 1)) as before. Then by (2.73) and (2.65), the solution
u of (2.61) takes the form

0H

u(z) = U(x) — Np(M — Kp)t (E

)(w), x €01,
oD

where U is the background potential given in (2.62).
Define .
H,(x):= Z
|i]=0

Here we use the multi-index notation i = (i1,...,iq) € N% Then we have
from (2.66) that

| —

SO H) ()@ - 2

~
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ov ov

< sup [VH(z) — VH,(x)[|0D[/2
L2(8D) x€dD

< [[Hllgns+rmlz — z["|0D[*/?
< C|lgllL200)€"[0D]Y? .

H@H 0H,,

Note that
if/ hdo =0, then / (M —Kp) thdo=0. (5.10)
oD oD
If [, hdo =0, then we have for z € 912 that
Mo Ky )] = | [ [N = N[ 01 = k)0 dot)
D

< Ce|0DI""? ||kl 2op) -

Since AH = AH,, = 0 in D, it then follows that

oOH 0H,
sup |[Np(M — K5 _1(— - n >:1:‘
IGGI;Z o b) v lsp o |sp (@)
0H 0OH, "
< Ce|loD|'/? 2 9 SOHQHL?(an)EdJr .
v V llL2(0p)

Therefore, we have

0H,
ov

u(z) = U(x) — Np(A — K5) ™ (

)(z)+0(ed+n), zedn, (5.11)
oD

d+n

where the O(e?*") term is dominated by C||g]|2(90)e? ™ for some C' depend-

ing only on co. Note that

0H,
ov

o)

(z) = zn:(a"H)(@(M*/C’b)_l Ve V(w=2)" ) ().
Jo= 32 (qrevte=or)

oD

Since D = eB+z, one can prove by using the change of variables y = (z — z) /e
and the expression of K}, defined by (2.29) that

A —K5) (uw V(- zy) (2) = il (AT = K3) ! <uy -vg/) (%(x - z)) .

Put
bi(z) == (M — Kp)! (Vy : Vyl) (x), x€0B. (5.12)
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Then we get
Np(M - Kp) 7! (% aD) (z) (5.13)
|Zl l’ | - 9D N(z, y)(bi(fil(y —z))do(y)
_ 2 l' 2 | NG ey + 2)ouly) doy)

We now have from (2.56) and (5.13)

Np(AI —IC*D)1<% )(w)
Z:: A Jelil+d—2 Z IIN(z, 2) /68 v ¢i(y)do(y) .

l3l= 0’

Observe that since H is a harmonic function in {2 we may compute

> O AW = 4, (X 2@ H)E | =0,

lil=t lil=t
and therefore, by Green’s formula, it follows that
/ > |al (') -vydo(y) =0.
OB ;1= zZ
Thus, in view of (5.10) and (5.12), the following identity holds:
S L@ ) [ bilyhdol) =0 Vi1,

jil=t oB

Recalling now from Lemma 2.30 the fact that

n—|i|+1
1 ., . .
Ed_2N($,€y t2)= ed—2 Z 76|J|82N(w,z)y3 + O(6d+n—\z|)
ljl=0
for all i,1 < |i] < n, and the definition of GPTs, we obtain the following
pointwise asymptotic formula. For x € 942,

g CHEMEN @)
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Observing that the formula (5.14) still contains 9°H factors, we see that
the remaining task is to convert (5.14) to a formula given solely by U and its
derivatives.

As a simplest case, let us now take n = 1 to find the leading-order term in
the asymptotic expansion of u|gn as € — 0. According to (v) in Proposition
5.6 we have

VH(2) - VU(2)] < Cellgll 200, (5.15)

and therefore, we deduce from (5.14) that

u@) =U) - > (0'U)(z)Mij" N(z,2) + O(e™), zean,

li|=1,]j]=1

which is, in view of (4.10), exactly the formula derived in [132] and [84] when
D has a C'*T®-boundary for some a > 0.

We now return to (5.14). Recalling that by Green’s formula U = —Sq(g)+
Do(Ulan) in £2, substitution of (5.14) into (2.64) immediately yields that, for
any x € {2,

Ll o TTRE VIR , .
— > Z-;! (0" H)(2) Miy Do (N, 2))(z) + Ofet+my . F19)

lil=1|j]=1

n (5.16) the remainder O(e?*") is uniform in the C"-norm on any compact
subset of {2 for any n, and therefore

n—li|+1
)+ Z =2 N IO H) (2) Py = (0'U)(2) + O(¢*t™) (5.17)
li|l=1 l7l=1

for all | € N? with |I| < n, where

1 .
Pij = i!—j!MijaiDn(aiN('vz))

Define the operator

n n—|i+1
. d—2 E E i| 47
PE : (’Ul)leNd,MSn = (Ul +€ €l|+]’l}i,Pijl> .
lil=1 |j|=1 leNY,[1]<n

Observe that
Po=IT+eRi+-- -+ IR, 1.

Defining the matrices Q,,p=1,...,n—1, by

T+ eRi+- 4+ R, )T =T4+e"Q1 4+ 47710,

+ o) (5.18)
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for small €, we finally obtain that

((0"H)(2))iena il <n = (I +2 6d+p_1gp) (O'U)(2))iena jij<n + O™,
p=1
(5.19)
which yields the main result of this chapter stated in Theorem 5.1.
We also have a complete asymptotic expansion of the solutions of the
Dirichlet problem.

Theorem 5.7 Suppose that the inclusion consists of a single component, and
let v be the solution of (5.1) with the Neumann condition replaced by the
Dirichlet condition vlpn = f. Let V' be the solution of AV = 0 in {2 with
Ve = f. The following pointwise asymptotic expansion on 9f2 holds for
d=2,3:

v av n i a il+3]
5, @) = o-(@) =D N
lil=1 |j|=1
n+2—li|-|j|~d 5
X K<1+ > ed+p_1Qp>(8lV(z))> Mwéza Gz, z)
p=1
+O0(em)
(5.20)

d+n) is dominated by C’ed+"||f||Wz£ (o) for some C

where the remainder O(e

2
independent of x € 012. Here G(x, z) is the Dirichlet Green’s function; M;;,
i,j € N, are the GPTs; and Q, is the operator defined in (5.18), where Pij
is defined, in this case, by

1 l Yy

Theorem 5.7 can be proved in exactly the same manner as Theorem 5.1.
We begin with Theorem 2.34. Then the same arguments give us

r=z

n n—|i+1
i \+|J|

v(@) =V(z) =2y N T H)(2)M;;02G(x, 2) + O(e¥™) .

lil=1 |j|=1

From this we can get (5.20) as before.

Before concluding this section, we shall make a remark. The following for-
mulae (5.21) and (5.22) are not exactly asymptotic formulae since the function
H still depends on €. However, since these formulae are simple and useful for
solving the inverse problem in Chapter 7, we make a record of them as a
theorem.
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Theorem 5.8 We have

n i elitlil
H(2)M;;0°T'(z — )
|=

u(@) = 2 |Z > -

= (5.21)

+0(eM)

where © € 012 and the O(e™™) term is dominated by C|g||r2(90)€™™ for
some C depending only on co, and H is given in (2.64). Moreover,

n n— H+1
=30 Y R H () My D(a—2) +O( ) (5.22)
lil=1 |j|=1 k

for allz e R4\ 2.

Proof. Beginning with the representation formula (2.63), one can show in
the same way as in the derivation of (5.11) that

0H,

u(z) = H(z) + Sp(\ — Kj)™* (W .

)(x) + 0>y, 2z can,

for x € 9f2. Then the rest is parallel to the previous arguments.
The formula (5.22) can be derived using (2.67). O

5.3 Derivation of the Asymptotic Formula for Closely
Spaced Small Inclusions

An asymptotic formula similar to (5.2) was obtained for closely spaced inclu-
sions in [29]. In this section we present the formula and its derivation in brief.
Let D denote a set of m closely spaced inclusions inside {2:

D=Ul Dy :=U" (eBs + 2) ,

where z € {2, € > 0 is small and By, for s =1,...,m, is a bounded Lipschitz
domain in R%. We suppose in addition to (H1) and (H2) in Sect. 4.10 that the
set D is well separated from the boundary 942, i.e., dist(D,92) > ¢y > 0.

Let g € L3(942). The voltage potential in the presence of the set D of
conductivity inclusions is denoted by u. It is the solution to

( .Q\UD JerSX )VU—O in 2,

:g,/ u=0.
o0 an

The background voltage potential is denoted by U as before.
Based on the arguments given in Theorem 2.31, the following theorem was
proved in [207].

o (5.23)

v
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Theorem 5.9 The solution u of the problem (5.23) can be represented as
u(e) = H(z)+»_ Sp. v (@), ze€n, (5.24)
s=1
where the harmonic function H is given by
H(z) = =Sa(g)(x) + Do(f)(x), xR, f:=uloe,
and ) € LE(ODs), s = 1,--- ,m, satisfies the integral equation

I(Sp,p V) oH
—ICE Yls) = AT =
(sl =KD, )¢ ; ENO) lop. = o) lop, on 9D .

Moreover, ¥ n € N, a constant C,, = C(n, {2, dist(D, 012)) exists independent
of |D| and the conductivities ks, s = 1,...,m, such that

[Hllen ) < Cullglizzo0) -
One can also prove the following theorem.

Theorem 5.10 The solution u to (5.23) can be represented as
u(w) =U(x) =Y NppW(z), =€,
s=1

where ), s =1,...,m, is defined by (2.65).

Following the arguments presented in Sect. 5.2, we only outline the deriva-
tion of an asymptotic expansion of u leaving the details to the reader.
For x € 912, by using the change of variables y = (z — z)/¢, we may write

> Np, g (z) =€ty / N(z,ey + 200 (ey + 2)doly) . (5.25)
s=1 s=1 0Bs

We expand the Neumann function N as in (2.56)

+oo
N(z,ey+z) = Z ,l'e‘j‘agN(x,z)yj : (5.26)
li1=0 "

We then use the uniqueness of the solution to the integral equation (4.59) and
the expansion of the harmonic function H,

+oo
H(w) = H(z)+ S %(WH)(z)(x —2), zeD,
li=1



142 5 Full Asymptotic Formula for the Potentials

to show that

o flil-1
WO ey +2)= Y =@ H)(2)6\ (), y B, (5.27)

lil=1

where ¢§s) is the solution to (4.59).
Substituting (5.26) and (5.27) into (5.25), we obtain

T B2 ilHild- 2

ZND V(@) =D Y ——=—(0"H)(2)N(z, 2)

li|=11j]=0
168 (y) do(y) -
Z/@Bw (v) do(y)

If j =0, then faBS yjqﬁgs) (y)do(y) =0 for s =1,...,m, and hence, we get
£00 100 fil+|jl+d— 2

S0 = 3 57

li]=11]j]=1

gt "H)(2)0IN (z,2)M; , (5.28)

where M;; is the generalized polarization tensor defined in (4.60).

We now convert the formula (5.28) to one given solely by U and its deriva-
tives, without H. Using formula (5.17), we can show analogously to (v) in
Proposition 5.6 that

|0°H (2) — 0'U(2)| < Ce%||gll 12002y forie N7,
where C is independent of € and ¢, and obtain the following theorem.

Theorem 5.11 The following pointwise asymptotic expansion holds uni-
formly in x € 082 for d =2 or 3:

U)(z)(?gN(:C,z)Mij + O(e2d) ,

where the remainder O(e*?) is dominated by C€*?||g|| 1200 for some constant
C independent of x € 012.

5.4 Derivation of the Asymptotic Formula for
Anisotropic Inclusions

In this section, we use the same notation as above. For a given g € L3(912),
let u be the solution to the Neumann problem
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AV V(Z(I)VU =0 in 2 s
v-AVu

bo D (5.29)

/ u(z)do(z) =0,
a0

where the conductivity distribution v, = x(£2 \ D)A+x(D)A and D = eB+z.
The background potential U is the steady-state voltage potential in the
absence of the conductivity inclusion, i.e., the solution to

V-AVU =0 in 2,
v-AVU

=g,
o (5.30)

/ U(z)do(z) =0.
a0

Let N4(x,y), = € 012, y € £2, be the Neumann function for V - AV on £2;
that is,
V- AVNA(z,y) = -5, in 2,
_ 1
o0 0027

/ N4z, y) do(z) = 0,
a0

and M;;(A, A, B) are the APTs. Following the same lines as in the derivation
of (5.20), we can prove the following asymptotic expansion of the solution u
to (5.29) on 0£2; see [175].

v- AVNA(z,y)

Theorem 5.12 For x € 012,

d Al i) -2
u(z) = U(x)—e? Z

lil=1 |j]=1

T U(2)Mi; (A, A, B)oIN*(z, 2)+O0(e2) ,

where the remainder O(€2?) is dominated by Ce*? for some constant C inde-
pendent of x € 082 and z.

5.5 Further Results and Open Problems

First-order asymptotic formulae for eigenvalues of the Laplacian in domains
with a small circular inclusion that is either perfectly conducting or perfectly
insulating were derived in [259] and [260]. In [35], inclusions of arbitrary shape
and of arbitrary conductivity contrast are considered. Note that letting the
conductivity contrast of the inclusion tend to zero or infinity in our asymp-
totic expansion in [35] we do not arrive at Ozawa’s formulae. This is an effect
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of non-commuting limits. The main reason behind this phenomenon is that
the problem is a singularly perturbed one.

Following the integral approach developed in this chapter, full asymptotic
expansions of solutions to Helmholtz and wave equations can be derived [25]
as well as the heat equation du — V- (1 4+ (k — 1)x(D))Vu = 0. See [18].

The leading-order term in the asymptotic formula for the Helmholtz equa-
tion has been derived by Vogelius and Volkov in [299] (see also [39] where the
second-order term in the asymptotic expansions of solutions to the Helmholtz
equation is obtained). Their (variational) proof is radically different from the
one presented here. Results similar to those presented in this chapter have been
obtained in the context of the full (time-harmonic) Maxwell’s equations in [45].

Finally, we mention that, in their interesting paper [60], Ben Hassen and
Bonnetier considered a composite medium made of a periodic array of inclu-
sions embedded in a homogeneous background material and compared the po-
tential in this medium with the potential in a perturbed medium where a few
inclusions have been misplaced. Away from the periodicity defect, they proved
that the correction at first order of the perturbed potential can be expressed
via a polarization tensor, which generalizes the one introduced in this book to
periodic background media. These results could be useful in numerical analysis
of the inverse conductivity problem in a highly heterogeneous medium.



6

Near-Boundary Conductivity Inclusions

Introduction

The voltage potentials change significantly when a conductivity inclusion D
inside a conductor {2 is brought close to the boundary 0f2. As shown in
the previous chapter, if the inclusion D is small, then it can be modeled by
a dipole. This approximation is valid when the field within the inclusion is
nearly constant and the inclusion is not too close to the boundary. However, on
decreasing the inclusion—boundary separation, the assumption that the field
within the inclusion is nearly constant begins to fail because the inclusion—
boundary interaction becomes significant.

The purpose of this chapter is to have a clearer picture of the inclusion—
boundary interaction to making a reasonable extrapolation from the dipole
approximation of a small inclusion inside a conductor to its signature when
it is brought close to the boundary of the conductor.

This problem is of practical interest in many areas such as surface defect
detection in the semiconductor industry and optical particle sizing. Many the-
oretical models have been developed, and many experimental measurements
have been carried out in recent years, see [312].

We shall rigorously establish a new approximation that is valid when the
inclusion is small and at a distance comparable with its diameter apart from
the boundary of the conductor. Since the formula carries information about
the location, the conductivity, and the volume of the inclusion, it can be
efficiently exploited for imaging inclusions close to the boundary of the back-
ground conductor. In fact, since the boundary perturbation amplitude has a
relative peak near the inclusion, the peak clearly manifests the presence of the
inclusion. However, it is not trivial how this peak depends on the inclusion
shape and its depth.

The outline of the chapter is as follows. The first section sets out optimal
gradient estimates for solutions to the isotropic conductivity problem in the
following two situations: when two circular conductivity inclusions are very
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close but not touching and when a circular inclusion is very close to the bound-
ary of the domain where the inclusion is contained. These estimates imply that
the gradient of the voltage potential stays bounded, and an asymptotic expan-
sion of the solution can be derived when a small inclusion is brought close to
the boundary of the conductor. The second section establishes an asymptotic
expansion of the steady-state voltage potentials in the presence of a diametri-
cally small conductivity inclusion that is nearly touching the boundary. The
asymptotic formula extends those already derived in Chapter 5 for a small
inclusion far away from the boundary of the background conductor and is
expected to lead to very effective algorithms, which are aimed at determining
the location and certain properties of the shape of a small inclusion that is
nearly touching the boundary based on boundary measurements. Viability of
the asymptotic formula is documented by a numerical example. Throughout
this chapter, we follow the notation of Chapter 2.

6.1 Optimal Gradient Estimates

Suppose that (2, which is a disk of radius p, contains an inclusion B, which
is a disk of radius r. Suppose that the conductivity of {2 is 1 and that of B is
k # 1. For a given g € C*(912), a > 0, let u be the solution to the transmission
problem (2.61).

The first question we consider is whether Vu can be arbitrarily large as
the inclusion B get closer to the boundary 0f2. We are especially interested in
the case of extreme conductivities k = 400 (a perfect conductor) or k = 0 (an
insulated inclusion). This difficult question arises in the study of composite
media; see [51].

If0 < C; < k < Cy < + for some constants Cy and Cs, a uniform
upper bound on the gradient of u in a much more general setting has been
derived by Li and Vogelius in [218]. Here we provide very precise estimates
for [|Vul| () for arbitrary conductivities.

According to Theorem 4.20, the solution u to (2.61) for a given Neumann
data g can be represented as

u(z) = Do(f)(z) - Se(9)(x) + Sp(d)(2), =€, fi=uly,, (6.1)

where ¢ € L2(0B) satisfies the integral equation

(M~ K§)6 = (Do) ~ Solg) on 9B

v
with A = (k4 1)/(2(k — 1)). Since B is a disk, it follows from (2.21) that
K%¢ =0 on 0B and hence

0

T v

Ao = —(Da(f) — Salg)) on 9B (6.2)
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On the other hand, since f = uloo, Do(f)|- = (31 + Ko)f and 2 is a disk,

we have

%f =—Sn(9) +Sp(¢) on 2. (6.3)

It then follows from (6.2) and (6.3) that f and ¢ are the solutions of the
following system of integral equations:

1
5/ —Spp=S8ag ondl,

a4 2Pef) _ _98a0) - o
(9VB (9VB

Let 21 be the point on 0B closest to 2 and z2 be the point on 92 closest
to OB, and let Rp and Ry, be reflections with respect to 0B and 042, respec-
tively. One can easily see that Rg Ry, and R Rp have unique fixed points in
R?\ 2 and in B, respectively. Let us denote them by p; and p,. Let J; be
the line segment between p; and x; and J> that between ps and xs.

The functions f and ¢ are given by explicit series analogous to those in
Corollary 4.27, which converge absolutely and uniformly. Precise estimates of
these explicit series lead us to the following theorem [31].

Theorem 6.1 Let

€ := dist(B,012), r*:= , o= —— (= =),

and let u be the solution to (2.61).

(i) If k < 1, then a constant Cy exists independent of k, r, €, and g such that
for € small enough,

Cq zlé1§ [(VSa(9)(x), Te(x1))]
140+ 4r*y/e

< [Vuly(z1)]

and
C1 inf |(VSa(9)(x) To(wa)

140 +4r*\/e

Here Tp and T, denote the positively oriented unit tangent vector fields
on OB and 052, respectively.

(i) For any k # 1, a constant Cs exists independent of k, r, and € such that
for € small enough,

< [Vul-(22)] -

Callglle=(a0)

AV oo < ——X—MmM——.
[VullLoe(2) < 1— o] + /e
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If z is the center of {2 and if g(x) := a- v, on 92 for some constant vector

a, then Sp(g) = —1a - x + constant, and hence we can achieve

(VSa(9)(x), Tp(z1)) # 0 and (VSq(f)(x), To(w2)) # 0  for any

by choosing a appropriately.
Theorem 6.1 shows that, in the case of the Neumann problem, if the in-
clusion is insulated (k = 0 and hence o = —1), then

C C!
r*\l/g < | Vullpe o) < r*\Q/E ;
for some constants Cf and C%. Thus Vu blows up at the rate of 1/4/€ as long as
the magnitude of r is much larger than that of €. It also shows that the gradient
blows up at the points 21 and xo. If 7 is of the same order as €, then r* ~ 1/,/e
and hence Vu does not blow up. In fact, it stays bounded and an asymptotic
expansion of the solution as € — 0 will be derived in the next section.

Note that for the Dirichlet problem the situation is reversed: Vu blows up
for a perfect conductor (k = +00); see [31].

Another interesting situation is when two circular conductivity inclusions
are very close but not touching. To describe this second situation, let B; and
Bs be two circular inclusions contained in a matrix, which we assume to be
the free space R2. For s = 1,2, we suppose that the conductivity ks of the
inclusion By is a constant different from the constant conductivity of the ma-
trix, which is assumed to be 1 for convenience. The conductivity ks of the
inclusion may be 0 or +o00. The conductivity problem considered in this case
is the following transmission problem for a given entire harmonic function H:

V- (1+ (ks — 1)x(Bs) )Vu=0 in R?,
w(z) — H(z) = O(|z|~Y) as |z| — +o0.

The gradient Vu of the solution u to (6.4) represents the perturbation of the
field VH in the presence of inclusions By and By. We are interested in the
behavior of the gradient of the solution to the equation (6.4) as the distance
between B; and By goes to zero. Optimal bounds on Vu can be proved. To
state them, let us recall the notation used in Sect. 4.11. For s = 1,2, let
By = B, (zs), the disk centered at z, and of radius rs. Let Rs, s = 1,2, be
the reflection with respect to 0Bs; i.e.,

r2(z — z5)
Rs(x) ::m+zs, 321,2

It is easy to see that the combined reflections R; Ry and Ry R; have unique
fixed points. Let I be the line segment between these two fixed points. Let
Zs, $ = 1,2, be the point on 0B; closest to the other disk.
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We also let

Tmin = Min(r1,72), Fmax = max(ry,re), .= \/(2r1r2)/(r1 +1ra) .
Finally let

kg +1 1
A= —2 0 12 and 7= .
20— 1) ° e T A

Based on Corollary 4.27, the following result for the behavior of the gra-
dient is obtained in [32, 31].

Theorem 6.2 Let € := dist(By, B2), and let v and T, s = 1,2, be the
unit normal and tangential vector fields to OBy, respectively. Let u be the
solution of (6.4).

(i) If € is sufficiently small, there is a constant Cy independent of ki, ka, 71,
ro, and € such that

it [(VH (@)1 2.)

< s =12, 6.5
e < VUl s (6.5)
provided that ki, ko > 1, and
Cy inf [(VH(2), T (,))|
< |Vuls(@)l, s=12,  (6.6)

L=7 4 (re/rmin) Ve

provided that k1, ko < 1.
(ii) Let £2 be a bounded set containing By and Ba. Then there is a constant
Cy independent of k1, ko, 11, T2, €, and {2 such that

C2||VH| ()
Vul o) < )
| Iz () = 1- |7—| + (74*/741018»()\/E

(6.7)

Note that, if H(x) = a - « for some constant vector a, which is the most
interesting case, then

(VH (2),v® (2s)) = (a, ") (as)) ,

and hence it does not vanish if we choose a appropriately.

Theorem 6.2 quantifies the behavior of Vu in terms of the conductivities
of the inclusions, their radii, and the distance between them. For example, if
k1 and ko degenerate to +o0o or zero, then 7 = 1 and hence (6.5) and (6.7)
read as follows:

&

C/
(7«/Tmin)VE ~ Vulzs)l, s=1,2, |[Vulr=(o)

= e O
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for some constants C{ and C%, which shows that Vu blows up at the rate of
1/4/€ as the inclusions get closer. It further shows that the gradient blows up
at x5 which is the point on 9B, closest to the other disk.

The proofs of the above optimal estimates make use of quite explicit but
non-trivial expansion formulae, which are analogous to those derived in Corol-
lary 4.27. They are achieved by using a significantly different method from
[69], [218], and [76].

6.2 Asymptotic Expansions

Suppose that D = eB+z, where z € {2 is such that dist(z, 0(2) = de. Here B is
a bounded domain in R? containing the origin with a connected C?-boundary
and the constant § > max,epp |z|. Let u denote the voltage potential in the
presence of the conductivity inclusion D, that is, the solution to (2.61). Recall
that the background voltage potential U is the unique solution to (2.62).

In this case, a more complicated asymptotic formula first established in [13]
should be used instead of (5.20). The dipole-type expansion (5.20) is valid only
when the potential v within the inclusion D is nearly constant. On decreasing
dist(D, 8£2), this assumption begins to fail because the interaction between D
and 012 becomes significant. The approximation in [13], which is valid when
the inclusion is at a distance comparable with its diameter apart from the
boundary, provides some essential insight for understanding this interaction.
Moreover, since it carries information about the location, the conductivity,
and the volume of the inclusion, it can be efficiently exploited for imaging
near-boundary inclusions.

6.2.1 Main Results

To mathematically set our expansion in this case, let zg be the normal projec-
tion of z onto 9f2. With the notation of Chapter 4, the following asymptotic
formula holds.

Theorem 6.3 Suppose that g € C1(902) and §2 is of class C2. Then the fol-
lowing asymptotic expansion holds uniformly on 012:

(= U)@) = =eVU o) ( | N(@,z+ep)(M = Kp) ' (v) do(y))

OB
+0(¥?) .
Moreover, if |x — zo| > O(€), then
(u—U)(z) = —€*VU(2) - MV N (z, 29)
+0(e7?)

where M = [, y(M — K) ™ (v) do(y) is the first-order polarization tensor.
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Since [, N(x, z4€y) (M —K5) ' (v) do(y) = O(1) for z near z, Theorem
6.3 shows that (u — U)(x) = O(e) near zp, whereas (u — U)(x) = O(€?) for x
far away from zp. Thus, v — U has a relative peak near zj.

6.2.2 Proof of Theorem 6.3

Since
VH =VU +VDg(u—-U) in 2,

we obtain from (2.73) that for x € 042,

(u—U)(z) + - N(z,y)(M = Kp) ™ (v - VDo (u — U))(y) do(y)

_ /aD Nz, y) M = Kb) =L - VU (y) do(y) (6.9)

This is a representation formula for the perturbations u — U on 0f2.
For v € L*>(012), let

To(z) := N(z,y) M — K3) " H(v - VDou)(y) do(y), =€ d2. (6.10)
oD
Since (A — K3) (v - VDo) has mean value zero, we get
N(z,y) = N(z,2)

Tv(z) = - . (N - Ky) " Hev - VDo) (y) do(y) . (6.11)

We view (6.9) as an integral equation
I+T)Y(u—-U)=F onof?, (6.12)

where the definition of F' is obvious. We now investigate the invertibility of
I+ T in C°092).

Lemma 6.4 Suppose that 012 is of class C2. Then there is a constant C in-
dependent of € such that

1Tv][L002) < CllvllL>~ (o) » (6.13)
for any v € L*°(012).
Proof. Let v € L*°(042). Using (6.11), we get
1 1/p
([ e - NP o)
€ \Jop
X (M = Kp) ™ (ev - VDou) | La(ap) »

where 1/p+1/¢ =1, p,q > 1. We observe that for each y € 9D
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1

< N — oo
[VDgou(y)| < Cdist(y,&()) vl Lo 00) »

and hence

(AL = Kp)~ (v - VDo)l Laap) < llev - VDul La(ap)

(6.14)
S CEl/q”’UHLoo(an) .

On the other hand, since (2 is a C? domain, —(1/2) I + Ky, is invertible on
L°°(042), and hence on L(912) for all 2 < g < +o00. Therefore we get from
(2.53)

Lsw ([ NG - NP o) v

€ z€on

< (/
<= sup
€ zecon oD

<% sp ( /6 M=y - e~ z>|pda<y>) "

1 P 1/p
(= 51+ Ka) (Vo) = N2 (o) do)

€ recon
Thus we get
1/p
— sup ( N(a:,z)|pda(y)>
xeaﬂ
C 1/p
<% ( / =PIV =y )P doly)) < O,
€ zeon

where y* denotes some point between y and z. This together with (6.14) yields
(6.13). m|

Lemma 6.5 If 002 is of class C?, then the operator I + T is invertible on
CY(092).

Proof. Since 942 is of class C2, T is a compact operator on C°(942). Thus by
Fredholm’s alternative it suffices to prove the injectivity of I + T.
Suppose that (I +T)v =0 on 9f2. Then

1 1
(751+ Kao)v+ (f§I+ Kao)Tv=0 ondf.

It then follows from (2.53) and (2.28) that

—v(z)+Dov(x)

+/ I'(x—y) M —K) H(v-VDov)(y)do(y) =0, x €.
- oD

Let H := Dgv in (2. Then v on 92 can be extended to 2 by
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v(x) = H(z) + Sp(M — Kp) " '(v-VH)(z), €.

Hence v is a solution of the transmission problem V- (1+ (k—1)xp)Vv = 0.
Then by (2.63) and the uniqueness of the representation (2.64), we get

H(@) = Do(w)@) ~ Sa(50)@). =€ 2,

which yields

)
39(8—3)(95) =0, z€0.

Thus we get dv/0v = 0 on 912 and hence v = constant in £2. Since [, vdo =
— fan Tvdo = 0, we conclude that v = 0. This completes the proof.

So far we have proved that
u(z) —U(x) =T +T) YF)(z), =€, (6.15)

To derive an asymptotic expansion of u — U on 32, we now investigate the
asymptotic behavior of the operator T as € — 0.

Lemma 6.6 Suppose that 012 is of class C? and D = eB + z as before. Let
20 be the normal projection of z onto d82. For f € C°(012), let

s5(Q)i= swp_17(w) = I (6.16)
Then,
sup [eVDo(f)(z)] < Csy(Ve) + Vel fll=(a0) , (6.17)

xedD

where C is independent of € and f.

Proof. Without loss of generality we may assume that || f|| L9y = 1. Taking
the gradient of Dg(f), we get

9Dq(f) () = 1 {(171 —y1)* = (v2 — 9o)°
Oz 21 Jogo |z —y|*

vi(y)

L 2@ =) (e — yQ)VQ(y)}f(y)dU(y)

|z — yl*
Da(f), . 1 (22 —y2)* = (z1 —n)?
Oxa (@) = 27 Joo { |z —yl* v2(y)
1 2o |xy1_)(jj —),, )| Fw)do(y) |

for x € OD. Thus (6.17) is a direct consequence of the following lemma.
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Lemma 6.7 Define

€

where v, is the outward normal to 852 at zy. Let h € C°(982). Then for each
x € 0D

2 [ A ghdoty) — wlahtzo)| < Clon(vD) + (VD IHlz=(o)
T Joo v —yl (6.19)

J=12

’l/ ez — y1_)(x22 - y2)h(y)do’(y)’ < C(sn(Ve) + (V) L=(o0) »
T Joo |z —yl (6.20)

as € — 0.

Proof. By rotation and translation if necessary, we may assume that zp = 0
and v,, = (0,—1) so that z = (0, d¢). Then there is 79 > 0 such that

201G 0) = {(20) 0> ol } 1 0),

where C,,, (0) is the cube centered at 0 with side length 29 and ¢ is a C? func-
tion near 0 such that ¢(0) = 0 and V¢(0) = 0. Choose i = /€ < 1, and let

1 elx; —yi)? 1 1
e I N BN AT YA
T Jon T —yl T Joonc,(0) T Joan\C,(0)

It is easy to see that

€
|IQ(:L')| < Cﬁ”h”[‘m(ag), r €D . (621)

Suppose j = 1. For € 9D, write x = z+ ¢(v1, v2), where |(v1,v2)| < C <
0. Then I (z) takes the form

1/ 6|y/*€v1|2 / /
eli(z) = — dy
0 =2 ) s T — el + e+ evs — o) FEYY)

where g(y') := h(o(y'))\/1 + [Vo(y')|2. Since |o(y')| < C|y'|? for some C, we

get



6.2 Asymptotic Expansions 155

1
[ly" = evr[? + |de + eva — o(y")P]?
1

")2—2(det+ev N2
(1 = evn]? + (Be + eva)?)? [1 + SVl
1

= 7 —eoP + Ge v eonE |
It then follows that

1/ €|y/76v1|2 / /
eli(x) = — g(y)dy + O(e) .
=5 eve Ty — e 1 26 oY) ”

L+O0(ly)* +¢)] .

After a change of variables ¢y’ — evy = €(§ + v2)t, I1(x) takes the form

1 1 t?
eli(x) = — ———g(e(d +v9)t +evy)dt + Ofe) .
@ = 53 [ PR e CORSEENL YT

Since

/°° 2 dtfﬂ
oo ([t +1)27 27

it is now easy to show that

el(x) — 2 1

Tw)g(o)‘ < C sup |g(t) — g(0)] . (6.22)

[tI<n

Observe that
1 € (@)
= =w
200 +v2)  2(z0 — ) - vy

in the original coordinates. By (6.21) and (6.22) with n = /¢, we get (6.19)
when j = 1.

Estimate (6.19) when j = 2 can proved in exactly the same way using the
fact that [*°_1/(|t|* + 1)*dt = m/2. Estimate (6.20) can also be proved in

the exactly same way using the identity [*_¢/(|t|> +1)2dt = 0. O

Lemma 6.6 shows that for f € C°(02)
ITfll =00y < Ce TP eVDo f | Lacan)
< C(sy(Ve) + VOl fllL=a0)

where 1/p+1/¢=1, p,q > 1.
Moreover, one can show in a similar way that, if x is far away from zg, then

Tf(2)] < Ce(sy(Ve) + Vel flL=(an) - (6.24)

We now investigate the asymptotic behavior of F' as ¢ — 0. We suppose
from now on that g € C1(9£2) and (2 is of class C? so that U € C%*(£2). We
first observe that

(6.23)
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|1 F|| o 002) < Ce|| VU] (0D -

This can be proved in a similar way as before.
Since U € C3(92),
VU|3D = VU(Z()) + 0(6) ,

which gives after a change of variables

F(z) = =eVU(z0)-( | N(@,z4e) M~ Kp) ™ (v) do(y)) +O(e?) , (6.25)

OB
if x is close to zp. Moreover, if z is far away from zg or |z — zg| > O(€), then

N(z,z+ey) N\ — K) "' (v) do(y)
oB

- /8 V(x4 ) = NG N = K5)™ () dor)
= eV N(z,2)M + O(e?)
= €eVN(z,20)M + O(¢?) ,

where M = [, y(A — K3)~'(v)do(y) is the polarization tensor. Thus, in
this case, we obtain

F(x) = —*VU(20) - MVN(z,20) + O(e*) if |[x — 20| > O(e) . (6.26)
We claim that
sr(Ve) = O(Ve). (6.27)

In fact, since 2 is a C? domain, |V,N(z,y)| < Clz — y|=! for z € 92 and
y € §2. Therefore,

|F'(z) = F(20)] S/ IN(20,y) = N(z,y)l| (M = Kp)~ (v - VU)(y)| do(y)

oD
1/p
< ([ W) - NP ao) 100 K5) 0 90 oy

< Ce VP VU | Loy
< CIVU|z=@p)lz — 20| -

We then obtain from (6.23) and (6.24) that

F(x) =

{0(53/2) if |z — 20| = O(e) , (6.28)

O(€/?) if |z — 20| > O(e) .

Combining (6.15), (6.25), (6.26), and (6.28), we finally obtain Theorem 6.3.
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6.2.3 A Numerical Example

Let us now document the viability of our results in Theorem 6.3 by numerical

examples. Consider a unit disk in R? with background conductivity 1 con-

taining a single disk-shaped imperfection of small radius € and conductivity

k. The imperfection is centered at z = (1 — d¢,0) on the axis y = 0 at a

distance (0 —1)e from the boundary where the constant § > 1. Let zo = (1,0).
Since

/ vy do(y) = 0 and N(z,y)do(z) =0, fory € 2,
oD a0

then using property (2.21) we have

. 1
(AL =Kp) " (1)(y) = v,V y € 002
and
N(z,y) = —2I'(z — y) modulo constants,V z € 002,y € £2.

See formula (2.58).
From Theorem 6.3 it then follows that

(i)
(u—U)(z) ~ fﬂ_;w(zo).(/

Injz — 2z —ey|yy, da(y)) ,
0B

for x € 012.

(= D)) ~ — 2 917(z) - L2

A |2 — 202

( if |z — 2| > O(e).
i)
(u—"U)(z0) =~ —WLAVU(ZO)-(/BB In|dév,, —ylvy da(y)) .

We now present numerical simulations from [13] using these asymptotic
expansions. In these experiments, we examine numerically the transmission
problem (2.61) in cylindrical coordinates (r,8) with Neumann boundary data
9(1,0) = cosf + sinf. The analytical solution of the homogeneous problem
(2.62) is then given by U(r,0) = r(cos 6 + sin0). Therefore, (u — U)(zp) can
be approximated as follows:

(u—U)(20)
2
~ —%/ In (((5 — cos0)? + sin? 9) (cos @+ sinf) df . (6.29)
™ 0

The first set of computations (see Figure 6.1) shows the dependence of
the perturbation of the boundary conductivity (u—U)l|,, as a function of
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the distance variable § for different values of ¢ and for a fixed imperfection
conductivity of k = 2. The next three figures (Figure 6.2) show the results for
a larger value of the conductivity, & = 10.

We observe that the minimal value (near §# = 0) is constant, and this is
clearer as the distance & decreases. We can conclude that the perturbation
amplitude is asymptotically first order in e.

We can also plot these same results for k& = 10 fixed as a function of §
with € = 0.1; see Figure 6.3 (a). We clearly observe the dependence of the
amplitude and sharpness of the peak as a function of the distance.

The results of the above computations are summarized in Tables 6.1 and
6.2 where the maximal value of |u — U| on the boundary 942 is given as a
function of the three parameters k, §, and e.

To check the influence of the angular position of the perturbation, a com-
putation with z = (0.5, 0.5) was performed. In Figure 6.4 we observe that the
perturbation is indeed centered at § = /4. We conclude that the angular po-
sition of the imperfection corresponds to the position of the perturbation peak.

Next, we compare in Table 6.3 the values of (u — U)(zp) computed from
the asymptotic formula (6.29) with those computed by a direct simulation as
in Tables 6.1 and 6.2.

Finally, we consider a homogeneous disk with a perfectly conducting circu-
lar imperfection. The boundary condition on the perimeter of the imperfection
is homogeneous Dirichlet, u = 0. The results as a function of ¢ are shown in
Figure 6.3 (b). As in the cases above,

(i) the peak of the perturbation corresponds to the angular position of the
imperfection;

(ii) as the imperfection approaches the boundary, the peak’s amplitude tends
to a finite limit.

Fig. 6.1. k = 2 and € varying with (a) § = 1.5, (b) § = 2, and (c) § = 3. Colors:
blue € = 0.2; green ¢ = 0.15; red ¢ = 0.1; and cyan € = 0.05.
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—£=0.20
—e=0.15
—£=0.10

£=0.05

L

0.05,

Fig. 6.2. k = 10 and ¢ varying with (a) § = 1.5, (b) § = 2, and (c) § = 3. Colors:
blue € = 0.2; green ¢ = 0.15; red € = 0.1; and cyan € = 0.05.

0.04 04
0.02 B2 05
0 =N
-0.02 | 0.6
[
5-004 1 // 07
2-0.06 Hf % \
008 L/ 08 ik
g
0.1 }I“ 0.9 i
012 I V
-0.14 | B
-0.16 1.1
-3 2 1 0 1 2 3 4 3 2 4 0 1 2 3 4
8 8
(a) (b)

Fig. 6.3. ¢ = 0.1 and varying distance § with (a) k = 10, (b) k = +o00. Colors: blue
6—1=5;green § —1=2.5;red 6 — 1 =1.25; and cyan § — 1 = 1.01.

| | 0=15 [ =20 | 6=30 |
e = 0.20[0.119 (0.60)0.097 (0.49)[0.075 (0.38)
e = 0.15[0.086 (0.57)]0.069 (0.46)[0.051 (0.34)
¢ = 0.10]0.055 (0.55)[0.044 (0.44)]0.031 (0.31)
e = 0.05[0.027 (0.54)[0.021 (0.42)[0.014 (0.28)

Table 6.1. maxsq |u — U| and maxaq |u — U| /e (in bold) for k = 2.

| 6=15 [ 0=20 | §=30 |
e = 0.20]0.270 (1.35)]0.227 (1.14)[0.180 (0.90)
¢ = 0.15[0.196 (1.30)[0.162 (1.07)]0.123 (0.82)
¢ = 0.10]0.126 (1.26)0.103 (1.03)[0.075 (0.75)
e = 0.05]0.061 (1.22)]0.049 (1.00)[0.035 (0.69)

Table 6.2. maxsq |u — U| and maxaq |u — U| /e (in bold) for k = 10.
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| 6 =30 |6 =4.0 |6 =5.0

e = 0.05[[0.0118 (0.236) 0.0093 (0.185) 0.0076 (0.152)
0.0116 (0.232) 0.0085 (0.171) 0.0068 (0.135)

e = 0.02[[0.0046 (0.228) 0.0035 (0.173) 0.0028 (0.140)
0.0046 (0.232) 0.0034 (0.171) 0.0027 (0.135)

e = 0.01{[0.0023 (0.230) 0.0017 (0.170) 0.0014 (0.135)
0.0023 (0.232) 0.0017 (0.171) 0.0014 (0.135)

Table 6.3. Comparison of (u — U)(z0) computed numerically (upper lines) and
(u — U)(z0) computed from the asymptotic formula (6.29) (lower lines) for k = 2.
Bold values are (u — U)(z0)/e.

0.01

-0.01
-0.02
-0.03
-0.04:
-0.05
-0.06
-0.07
-0.08
-0.094

u-U

Fig. 6.4. Boundary perturbations for z = (0.5, 0.5).

6.3 Further Results and Open Problems

One very interesting problem is to extend Theorem 6.2 to the three-dimen-
sional case. We think that an estimate of the gradient of the voltage potential
when two spheres of not necessary equal radii approaching one another can be
obtained using a bispherical coordinate system that fits the given geometry.
The bispherical coordinate system is a rotational system with two coordinate
surfaces generated by rotating a complete circle and a circular arc, and a
third one that describes a meridean plane. The surfaces of the two spheres are
depicted from two different values of the coordinate variable describing the
complete spheres, whereas the far field is limited to a small neighborhood of

the origin within the parametric space of the second and third variables. See
[239] and [86].
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Introduction

Taking advantage of the smallness of the inclusions, Cedio-Fengya, Moskow,
and Vogelius [84] used the leading-order term in the asymptotic expansion of
u to find the locations z;, s = 1,...,m, of the inclusions and certain proper-
ties of the domains Bg, s = 1,..., m (relative size, orientation). The approach
proposed in [84] is based on a least-squares algorithm. Ammari, Moskow, and
Vogelius [42] also used this leading-order term to design a direct reconstruc-
tion method based on a variational formulation. The idea in [42] is to form
the integral of the “measured boundary data” against harmonic test func-
tions and choose the input current g so as to obtain an expression involving
the inverse Fourier transform of distributions supported at the locations zs,
s=1,...,m. Applying a direct Fourier transform to this data then pins down
the locations. This approach is similar to the method developed by Calderén
[78] in his proof of uniqueness of the linearized conductivity problem and
later by Sylvester and Uhlmann in their important work [285] on uniqueness
in the three-dimensional inverse conductivity problem. The main disadvan-
tage of this algorithm is the fact that it uses current sources of exponential
type. This important practical issue, which we do not attempt to address, still
needs to be resolved. A more realistic real-time algorithm for determining the
locations of the inclusions has been developed by Kwon, Seo, and Yoon [208].
This fast, stable, and efficient algorithm is based on the observation of the
pattern of a simple weighted combination of an input current g of the form
g = a - v for some constant vector a and the corresponding output voltage.
In all of these algorithms, the locations zs, s = 1,...,m, of the inclusions
are determined with an error O(e), and little about the domains B can be
reconstructed. Furthermore, to practically implement these algorithms, one
needs the magnitude of the inclusions to be very small.

In this chapter we apply the accurate asymptotic formula (5.2) for the
purpose of identifying the location and certain properties of the shape of
the conductivity inclusions. By improving the algorithm of Kwon, Seo, and
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Yoon [208], we first design two real-time algorithms with good resolution and
accuracy. We then describe the least-squares algorithm and the variational
algorithm introduced in [42] and review the interesting approach proposed by
Briihl, Hanke, and Vogelius [73]. Their method is in the spirit of the linear sam-
pling method of Colton and Kirsch [100]. Furthermore, we present the simple
pole method first developed in [52]. After that, we give Lipschitz-continuous
dependence estimates for the reconstruction problem. These estimates, estab-
lished by Friedman and Vogelius [132], bound the difference in the location
and relative size of two sets of inclusions by the difference in the boundary
voltage potentials corresponding to a fixed current distribution. We also pro-
vide upper and lower bounds on the moments of the unknown inclusions. We
conclude the chapter by presenting efficient direct algorithms for reconstruct-
ing small anisotropic inclusions. We refer to [196, 200, 279, 283, 112, 284, 74,
71, 72, 156, 160, 161, 214, 227, 152, 70] for other numerical methods aimed at
solving the inverse conductivity problem in different settings.

7.1 Preliminary

The methods of finding inclusions are based on the asymptotic expansion for-
mula (5.4). However, the formula (5.4) is expressed in terms of the Neumann
function N(z, z), which depends on the domain 2. There is a trick to over-
coming this difficulty. For g € L3(042), define the harmonic function H|[g](z),
r € R\ 02, by

Hlg)(z) := ~So(g)(z) + Da(uloe)(z) , =R\ 2, (7.1)

where u is the solution of (5.23). Since —Sn(g9)(x) + Do(Ulsn)(x) = 0 for
r € R\ 2, we have

Hlg|(z) = Do (ulon — Ulon)(x) - (7.2)

Then by substituting (5.4) into (7.2) and using a simple formula Dg(N(- —
2))(x) = ['(z — 2) for z € 2 and x € R?\ (2, which is a direct consequence of
(2.53), we get

m d d—]i+1 lil+lil+d=2 .
Hlgl(z) ==Y TazU(zs)Mij(lﬂs,Bs)ﬁgf(m — 25)
s=1li|=1 |j|=1 h
+O(62d)

(7.3)
The first-order approximation, which will be mainly used for the recon-
struction, takes a particularly simple form:

Hgl(x) = =Y €lVU(2)M ks, Bs)V.I'(z — 2,) + O(e**) (7.4)

s=1
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for all z € R?\ (2. Note that, if |x| — 400, we have

m d+1
Hll(o) = = S VUM BIV.Do - o)+ 0T ) - (15)

s=1

Observe that V,I'(z — z,) = O(|z|~9*1) as |z| — +oo.

If the inclusion has a symmetry, then the error term in (7.4) with m =1
can be replaced with O(¢%*?), because the correction of order two is zero, as
a consequence of Lemma 4.4. The following example illustrates this result.

Let d = 2, and consider a single inclusion D = ¢B + z in 2 C R?. We plot
the quantity

I;leaé(hl |Hlg](z) + VU (2)MV . I'(z — 2)|
as a function of Ine, where S is a C2-closed surface enclosing the domain
2 [46]. The graphics in Figure 7.2 demonstrate that the expression in (7.4)
(with d = 2) is of order O(e*) for symmetric inclusions and of order O(e?) for
non-symmetric ones.

08 08
06 0.6
04 04 Q
02 O 02
-0.2 -0.2|
0.4 04
-0.6 -0.6|
-0.8 -0.8|
B 1

- 08 06 04 -0.2 0 02 04 06 08 1 4 08 06 04 02 0 02 04 06 08 1

Fig. 7.1. Symmetric inclusion (a); non-symmetric inclusion (b).

7.2 Projection Algorithm — Reconstruction of a
Single Inclusion

The projection algorithm was developed by Ammari and Seo in [43]. To bring
out the main ideas of this algorithm, we only consider the case where D has
one component of the form eB + z. Based on Theorem 5.1 and two more ob-
servations we rigorously reconstruct, with good resolution and accuracy, the
location, the size, and the polarization tensors from the observation in the
near field (z near 912) and the far field (z far from 92) of the pattern H(z),
which is computed directly from the current-voltage pairs.
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25 2 15 - 05 0 % = ES K] 05 0

Fig. 7.2. Remainder of order O(¢*) for (a); remainder of order O(¢?) for (b).

The mathematical analysis provided in this section indicates that the pro-
jection algorithm has good resolution and accuracy.

As we said before, this algorithm makes use of constant current sources.
For any unit vector a € R%, d = 2,3, let H[a - v] denote the function H in
(2.64) corresponding to the Neumann data

B
g@)ig(a'y):a'%, yeon.

The expression D = €B + z requires some care because it can be expressed
in infinitely many different ways. For a unique representation, we need to se-
lect a canonical domain B that is a representative domain of the set of all
D = eB + z. Assume for the sake of simplicity that k& > 1. Let 7, be the set
of all strictly star-shaped domains B satisfying

/:vd:v:O, Mk, B)| =1,
B

where det(M) is the determinant of the matrix M and M (k, B) is the polariza-
tion tensor of Pdélya—Szegs associated with the domain B and the conductivity
k= (2\+1)/(2X\ —1). Then, by using the essential fact from Chapter 4 that
M (k, B) is a symmetric positive-definite matrix and so, its determinant can-
not vanish, it is not hard to see that, if €; B1 +21 = €3 B2+ 22, where By and Bs
belong to 7, then z1 = 29,€1 = €2, and B; = Bs. Note that if 0 < k£ < 1 then
M(k, B) is a symmetric negative definite matrix. Throughout this chapter,
we assume that B € 7.

The first step for the reconstruction procedure is to compute € and M (k, B)
up to an error of order €<.

Theorem 7.1 (Size estimation) Let S be a C? closed surface (or curve in
R?) enclosing the domain 2. Then for any vectors a and a* we have
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/SW(:E) cxdo(x /Ha v|(x)a® - vy do(x)
= —a* - (e?!M(k, B)a)

(7.6)

Proof. Let §2' denote the domain inside S; that is, 962’ = S. Since S C R\ (2,

it follows from (2.67) that for any vector a, H[a - v] = —Sp¢ on S, where
o0H
=M - Kp) N+
6= (- Kp) (G|

Thus the left side of (7.6) is in fact equal to
0
_ / 9 (Spé()) a* - wdo(x / Spé(@) a*-vedo(z).  (7.7)
S 81/

Using the fact that ASp¢ = 0 in R?\ 9D and the divergence theorem on
2\ D, we can see that the term in (7.7) equals

[ dsptey
oD ov

Then by the jump relation (2.27), it is equal to

- /BD a* -z ¢(z) do(z) .

Setting h(y) = L Hla v](z + ey), we have by a change of variables

a* - xdo(z) + Spo(x)a* - vy do(x) .

/ 0 -y Bly) doly) = e / 0 -y (A — K3) " Vily) do(y) -
oD 0B

The estimate (v) in Proposition 5.6 provides the expansion

/ 0"y (M= K) " o(y) dor(y) = / 0ty (M —K) " (v-a) do(y)+ O(e?) |
OB oB

which leads us to the identity (7.6). a

Now, let us explain how to compute € and M (k, B) up to an error of order

€? using Theorem 7.1.

Let A be the d x d matrix defined by A = vBBT, where the pg-component
of B is equal to

/SW@)% vdo(z /Hep V|(2)eq - v do() .

Here B” is the transpose of the matrix B and {e,}2_, is the standard basis
of R?. Define
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* __ d? * L 1
e = YA, M*:= —(e*)dA'

According to Theorem 7.1, we immediately see that
e = €e(1 4+ O(e?)) and M* = M(k, B) + O(¢?) . (7.8)

Note that slightly different size estimations can be obtained by making
use of Lemma 4.14 and Theorem 4.16; see [82, 83]. It can be shown that

1 k
71 % < |[D[(1+O(|D])) < 71

where (app)p=1,....a are the diagonal elements of A, and

.....

(Te(A=)

LT pja oo < (@ - 14 TR

d—1+4k—17

It can also be easily seen that all of these size estimations, even for moder-
ate size volume, represent an improvement over the one given in Lemma 3.1.

Because of the normalization |M(k, B)| = 1, the knowledge of M (k, B)
does not determine k. Equivalently, it is not possible to determine € and k
simultaneously from the knowledge of the lowest-order term in the asymptotic
expansion of the pattern H.

Observe that by construction the real matrix M* is symmetric positive-
definite. Let 0 < k1 < ... < Kkqg—1 < Kq be the eigenvalues of M (k, B). Using
once again the fact that M (k, B) is a symmetric positive-definite matrix it
follows that there is a constant C' depending only on the Lipschitz character of
B such that C' < k, < 1/C, and therefore, for € small enough, the eigenvalues

{Iiip) gzl of M* satisfy the same estimates.

Having recovered (approximately) the polarization tensor of Pdlya—Szegd
M(k, B), we now compute an orthonormal basis of eigenvectors afkl), e, a'?d
of M*. We will use these eigenvectors for recovering the location z. Let X, be

a line parallel to a? such that

. 1
dist (QQ,ZP):O(W>, pzl,,d

For any x € X, it is readily seen from (5.22) and (7.8) that for background
potentials U, given by

1
Up(w) = o o = o | o - ydo(®) . p=1....d

or equivalently for the currents g = CL,(kp) V), the followin, asymptotic expan-
g g
sion holds:

*\d 2d
H[a&p)~u](x):fn(p) (€7) (x—z)~a£p)+0( ¢

Y wglr — 2|4

) (7.9)

|z — z]d-1
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for all x € X, where P

vector a(p )

In fact, this is the far-field expansion of the pattern H [a&p ) -v], from which
we shall find the location z with an error of order O(e?). To get some insight,
let us neglect the asymptotically small remainder O(e??) in the asymptotic
expansion (7.9).

Our second important observation is that, since M™* is symmetric pos-
itive and the set of eigenvectors (agl), .. .,asﬁd)) forms an orthonormal ba-
sis of RY, we will find exactly d points 2£ € 2pp = 1,...,d, so that

H[a!” - )(zF) = 0. Finally, the point z, = Zzzl(zf -a'P)y S}”) is very close to

is the eigenvalue of M™ associated with the eigen-

2z, namely |z, — z| = O(e?).

Theorem 7.2 (Detection of the location) Let alV, ... d\? denote the mu-
tually orthonormal eigenvectors of the symmetric matrm: M . For any p =

,d, let H[aip) -v] be the function H in (2.64) corresponding to the Neu-

mann data g = aip) v and let X, be a line with the direction ai ) so that

dist (002, 5,) = O(1/(e*)4=1). Then 2f € X, exists so that Hlax . v](2F) = 0.
d o
(2% - a”)a

Moreover, the point z, = Ep:l 2 - &p) satisfies the following estimate:

|z, — 2| < Ce? | (7.10)

where the constant C' is independent of € and z.

Proof.  From (7.9) it follows that a positive constant C' exists, independent
of x, z, and € such that

e ) (2 = 2)

H[aff’) v](x) > o =2 (ni v =] a4 Ced) forall z € X, ,
d

() € @ —=2) )
Hla” -v](x) < R P (H* 72| cay’ —Ce ) for all x € X, .
For x € ¥, satisfying

(x —2) . ip) < 7_6(1,
|z — 2| n&p)

we have H[aﬁp) -v](x) > 0. On the other hand, for z € X, satisfying

@w=2) o €
|,T — z| (P) ’

we similarly have H [aip ). v](z) < 0. Therefore, the zero point z, satisfies

|(z*—z)~aip)|§C’ed, forp=1,...,d,
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which implies that (7.10) holds, since {a(p )}d:1 forms an orthonormal basis
of R%. O

Finally, to find additional geometric features of the domain B and its con-
ductivity k, we use higher order terms in the asymptotic expansion of H,
which follows from a combination of the estimate (v) in Proposition 5.6 and
the expansion (5.22):

Hla.- ZZ

li|=1j|=1

clil+lil+d—2
ad’T(x — 2)M;; +O(e2%) . (7.11)

Since z, €, and the polarization tensor M are now recovered with an error
O(e?), the reconstruction of the higher order polarization tensors M;; for
|i| =1 and 2 < |j] < d, could easily been done by inverting an appropriate
linear system arising from (7.11). Then we could determine the conductivity
k from the knowledge of M;;, for 1 <|i|,|j| < d.

The main results in this section are summarized in the following recon-
struction procedure.

Projection Algorithm
For any unit vector a, let H[a-v] be the function H in (2.64) corresponding to
the Neumann data g(y) = a-vy,y € 912. Let {e,}?_, denote the standard or-

thonormal basis of R%. Let S be a C2-closed surface (or curve in R?) enclosing
the domain 2.

Step 1 Compute Hle, - v](z) for z € S to calculate the matrix A = VBBT,
where the pg-component of B is equal to

L%(x)eq vdo(x /Hep v|(z)eq - vy do()

and BT is the transpose of the matrix B. Then

1
e = L/JA] = e(1 + O(e?)) and M* := ( *)dA = M(k,B) + O(¢?) .
€
Step 2 Compute an orthonormal basis {a(p ) g_ of eigenvectors of the sym-

metric positive-definite matrix M*.
Step 3 Consider X, to be a line with the direction a'? so that dist (002,%,) =
O(1/(e)%1) and 2% € X, so that H[a!") - v](F) = 0. Then the point
Zy = 22:1(2* (p)) () gatisfies the estimate |ze — 2| = O(e?).

Step 4 Recover the higher order polarization tensors M;;, for |¢| = 1 and
2 < |j] < d, by solving an appropriate linear system arising from (7.11)
and then determine the conductivity £ from the knowledge of M;;, for
1< il [j] < d.
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Fig. 7.3. Detection of the location and the polarization tensor of a small inclusion
by the projection algorithm.

7.3 Quadratic Algorithm — Detection of Closely Spaced
Inclusions

Recall that the projection algorithm uses only linear solutions. In this section,
we design another algorithm using quadratic solutions. We apply this algo-
rithm for the purpose of reconstructing the first-order polarization tensor and
the center of closely spaced small inclusions from a finite number of boundary
measurements.

Assume for the sake of simplicity that d = 2. Based on estimates (7.4) and
(7.5), we have the following reconstruction procedure.

Quadratic Algorithm

Step 1 For g, = 0z, /0v, p = 1,2, measure u|sg.
Step 2 Compute the first-order polarization tensor e2M = € (mpq)iq:l for
D by
2 o .
€ Mpq = tl1+moo 2mtH [gp)(teq) -

Step 3 Compute hy, = lim;_, o 27t H [g3](te,) for g3 = %,p =1,2. Then
the center is estimated by solving

z = (hl,hg)(€2M)_1 .

Step 4 Let the overall conductivity k = +o0 if the polarization tensor M
is positive-definite. Otherwise assume k& = 0. Use results from Subsect.
4.11.1 to obtain the shape of the equivalent ellipse.

In order to collect data ulgp, in Step 1, we solve the direct problem (5.29)
as follows. Using the formula (5.24) and the jump relations (2.27) and (2.28),
we have, for s = 1,...,m, the following equations:

1 m
qu= Kou—Sag + sz:; Sp, ¥ on 802,

. . A(Sp,p V) OH
NI — K ') — Z a;(s) ’aDS =5 lop, o0 oD, .
l#s
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We solve the integral equation using the collocation method [204] and obtain
u|ag on A2 for given data g.

A few words of explanation are required for Step 4. In order to determine
the overall conductivity, it is necessary to know for every single inclusion both
its individual conductivity ks and size |Bs|, s = 1,...,m. That is impossible;
thus we assume a priori that k is either 400 or 0 depending on the sign of
the detected polarization tensor. Therefore it is natural that the quadratic
algorithm gives better information when the conductivity contrast between
the background and the inclusions is high. We illustrate in Figure 7.4 the vi-
ability of this algorithm. Rigorous justification of its validity follows from the
arguments we just went through for the projection algorithm.

- 34 - s
-10 -5 0 5 10 3.6667 6.6667 -10 -5 0 5 10 8.4 5.4

=
@
LNy P
4

- E - -
-0 5 0 5 10 21 11 -0 -5 0 5 10 08167 41167

< STIN DA Do \/ 5?

s 3
0 5 10 3475 7575 R ) 5 10 41667 6.9667

Fig. 7.4. Reconstruction of closely spaced small inclusions. The dashed line is the
equivalent ellipse, and the dash-dot line is the detected ellipse. The numerical values
are given in Table 7.1.

We conclude this section with a comment on stability. In general, the
measured voltage potential contains unavoidable observation noise, so that
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ks ad,at,ab, by, b, bh k a b 0 z

k a b 0 z
100  5.5,0.2,0,5.2,0.2,0 60.079]0.511]0.468] 0.000 | (4.838, 4.900)
100| 5.5, 0.2, 0, 4.6, 0.2, 0 +00 [0.502(0.461|0.000 | (4.856, 4.899)
50 45,04, 0, 4.9, 0.4, 0
1.5 -74,02,0,-4,0.2,0 1.5 ]0.474[0.190{ 0.000 |(-6.844, -4.000)
1.5 -6.4, 0.5, 0, -4, 0.1, 0 +o0 [0.146(0.123] 0.000 |(-6.875, -4.000)

100 0.1, 0.2, 0,0, 0.2, 0
100|  -0.3, 0.2, 0, -0.4, 0.2, 0 3.88 |0.511[0.315| 0.785 |(-0.236, -0.336)
15| -0.7,0.2,0,-0.8, 0.2, 0 400 [0.355/0.267| 0.785 | (-0.233, -0.333)
15|  -1.1,0.2, 0,-1.2, 0.2, 0
5 2.9,04,0,-27,01,0 ||18.655/0.491|0.365] 0.443 ] (2.494, -3.375)
100|2.5, 0.25, 0.2, -3.3, 0.25, 0.05|| 400 |0.458|0.351| 0.443 | (2.434, -3.321)
50| 2.0, 0.2, 0,-4.0, 0.2, 0

5 | 4.5, 0.15, 0.2, -3, 0.25, 0.05

5 5.2, 0.1, 0, -3, 0.4, 0 5 10.507/0.419|-0.000] (5.502, -3.000)
5| 5.8,0.15, 0.2, -3, 0.25,0.05 || +oo |0.401]0.353|-0.000| (5.436, -3.000)
5 6.6, 0.2, 0, -3, 0.2, 0

100 6.0, 0.25, 0.2, 4.6, 0.25, 0.05 | 100 |0.549]0.331]-0.089] (5.728, 4.772)
100| 5.5, 0.4, 0, 5.2, 0.1, 0 400 {0.540[0.329|-0.089| (5.712, 4.817)

100|  5.2,0.2,0,4.7, 0.2, 0

Table 7.1. Table for Figure 7.4. Here k,Z are the overall conductivity and center
defined by (4.84) and (4.85). @, b, and @ are semi-axis lengths and the angle of
orientation of the equivalent ellipse while a, b, and 6 are those of detected ellipse
assuming k = +o0. The point z is the detected center.

we have to answer the stability question. Fortunately, the projection and
quadratic algorithms are totally based on the observation of the pattern of
H; thus, if

H™*[g)(z) := ~Sq(g)(z) + Do (u™) forz € RT\ 12,

where ©™¢*® is the measured voltage on the boundary, then we have the fol-
lowing stability estimate

g—r(:v —y) (u™* —u)(y) do(y)
80 Oy

[H™[g)(z) — Hlg|(x)] <

< O [u™ —ul|r200) 5

where C' is a constant depending only on the distance from x to df2. Thus
we conclude that the projection and quadratic algorithms are not sensitive to
the observation noise.

We now present another method using finitely many measurements, as-
suming that all inclusions are disks.



172 7 Impedance Imaging of Conductivity Inclusions

7.4 Simple Pole Method

This method is due to Kang and Lee [177]. It was first developed in [52].
Suppose that the inclusion is of the form D = U7-, D, and each D; is a disk,
or Dy = €;B, where B is a unit disk. In this case the polarization tensor M)
associated with B is given by

2(ks — 1)
M) (= M(k,,B)) =21
( (ks, B)) a1 D

where T is the identity matrix. Therefore, in this case we obtain from (7.4) that

~ ks +1 |z — 25]?
Thus, we get
, B 5 _
H[Vl](iv)‘HH[Vz](!E)—Zzia +0(€), ze€C\ 2,
s=1 S

where 35 := €2(ks — 1)/(ks + 1) and s = (25)1 +i(2s)2. Note that H[vs] is a
harmonic conjugate of H[1].

Therefore our inclusion detection problem reduces to the problem of find-
ing the simple poles « and the residues (s from the knowledge of a mero-
morphic function f(z) = >.1", Bs/(z — as) on a circle |z| = R enclosing all
the poles.

It turns out that there is a nice way to locate the simple poles. By the
Cauchy integral formula, we have

1

21 |z|=R

2" f(2)dz = Zﬁsag .
s=1

The method of identification of simple poles is based on the following simple
observations.

Lemma 7.3 Suppose that the sequence {c,} takes the form ¢, = Z:;l Bsaz,

n=0,1,.... Ifly,...,lx satisfies the generating equation
Cnam Flicnim—1+ - +lpnc, =0, n=0,1,....m—1, (7.12)
then aq, g, -,y are solutions of
2+l e+ 1, =0 (7.13)

The converse is also true. Furthermore, if (7.12) holds, then it holds for all n.
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Lemma 7.4 Let ¢, be as in the Lemma 7.3, and let

Co €1 Cn—i
Cc1 Co - Cn,
D,, = det
Cn—1Cp - " Copn—2
Then
Bifo B | [(ai — aj)* if n=m,
0 ifn>m.

Lemmas 7.3 and 7.4 suggest that, if we know the number m of simple
poles, then we first solve the system of equations (7.12) to find Iy,..., .
We then solve the equation (7.13) to find the poles a, ..., a,,. Once we find
Qag,...,Qmny, it is a simple matter to find (1,..., ;. The most serious diffi-
culty in finding poles comes from the fact that we do not know their number
aforehand. In order to determine this number, we use the formula (7.14). That
is, we start with a bound N of the number of poles and compute the deter-
minants in (7.14) for n = N, N — 1,..., until it becomes non-zero. The first
number for which the determinant is non-zero is the number of simple poles
we seek to determine.

Of course, these computations are performed within a given tolerance. The
result of a numerical test in a simple situation is given in [177].

We note that the problem of reconstructing multiple thin inclusions can be
reduced to a problem of finding simple poles for which the simple pole method
may be applied; see a recent paper by Ammari, Beretta, and Francini[14].

7.5 Least-Squares Algorithm

In this section we consider m inclusions Dg,s = 1,...,m, each of the form
D, = €,Bs+ z; where each B € Ty_. Here A\; = (ks +1)/(2(ks—1)). Let S be
a C%-closed surface (or curve in R?) enclosing the domain 2. The least-squares
algorithm is based on the minimization of a discrete L2-norm of the residual

d il +|jl+d—2
€s

m d
Hlgl(@)+ Y > Z ———(0'U)(2:) 01T (& — 2) M

ilj!

on S. Here M;; = M;;(ks, Bs). We select L equidistant points, x1,...,zr, on
S, and we seek to determine the unknown parameters of the inclusions D, as
the solution to the non-linear least-squares problem

d [i|+]7]+d—2
€s

L m d
minz Hig)(z:) —I—Z Z Z
1=1

s=1i|=1j|=1

A (0°U) (26)09 T (y — 25) M5
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We minimize over {m, zs, €5, ks, Bs} when all parameters are unknown; how-
ever, there may be considerable non-uniqueness of the minimizer in this gen-
eral case. If the inclusions are assumed to be of the form z; + €;Q B, for a
common known domain B, but unknown locations z; and rotations @, then
if e; and kg are known, the least-squares algorithm can be applied to success-
fully determine the number m of inclusions, the locations z; and the rotations
Qs, as demonstrated by numerical examples in [84].

7.6 Variational Algorithm

This algorithm is based on the original idea of Calderén [78], which was, by
the way of a low amplitude perturbation formula, to reduce the reconstruction
problem to the calculations of an inverse Fourier transform. It may require
quite a number of boundary measurements, but if these are readily available,
then the approach is simple and the implementation is fast.

For arbitrary n € R%, one assumes that one is in possession of the boundary
data for the voltage potential u, whose corresponding background potential is
given by U(y) = ez("'“" )Y (boundary current g, (y) = ( +int) -, eitnrtin)y
on 912), where nt € R is orthogonal to n with |n| = |nt|.

If S is a C?-closed surface (or curve in R?) enclosing the domain (2, then
analogously to (7.6), one can easily prove that

E(n) = éif” nl (1) €T do(y)
- Z'/1'1’[9n](y)vy-(77—2'77L)e“’7‘”’”““’dO'(y) (7.15)

=S el int) - M (g~ in ) O |

s=1

where € = sup, €; and M* = M (ks, Bs).

Recall that the function e*7% (up to a multiplicative constant) is ex-
actly the Fourier transform of the Dirac function §_s,, (a point mass located
at —2z,). Multiplication by powers of 7 in the Fourier space corresponds to
differentiation of the Dirac function. The function £(n) is therefore (approx-
imately) the Fourier transform of a linear combination of derivatives of point

masses; i.e.,
m
E~) €L
— €sLis0_2z, ,
s=1

where L, is a second-order constant coefficient differential operator, whose
coefficients depend on the polarization tensor of Pélya-Szegé M*, and & rep-
resents the inverse Fourier transform of £(n).

The variational algorithm then consists in sampling the values of £(n) at
some discrete set of points and then calculating the corresponding discrete



7.6 Variational Algorithm 175

inverse Fourier transform. After a re-scaling (by —1/2) the support of this
inverse Fourier transform yields the location of the inclusions. Once the loca-
tions are known, one may calculate the polarization tensors of Pdlya—Szego
by solving the appropriate linear system arising from (7.15).

To estimate the number of the sampling points needed for an accurate
discrete Fourier inversion of &£(n), we remind the reader of the main as-
sertion of the so-called Shannon’s sampling theorem [108]: A function f
is completely specified (by a very explicit formula) by the sampled values
{f(co +mn/h)},i>° . if and only if the support of the Fourier transform of
f is contained inside [—h, h]. For the variational algorithm this suggests two
things: (1) If the inclusions are contained inside a square of side 2h, then we
need to sample £(n) at a uniform, infinite, rectangular grid of mesh-size 7w /h
to obtain an accurate reconstruction; (2) if we only sample the points in this
grid for which the absolute values of the coordinates are less than K, then the
resulting discrete inverse Fourier transform will recover the location of the in-
clusions with a resolution of § = /K. In summary, we need (conservatively)
of the order (2h)?/§% sampled values of £(n) to reconstruct, with a resolution
4, a collection of inclusions that lie inside a square of side 2h. The reader is
referred to [301] for a review of the fundamental mechanism behind the FFT
method for inverting the quantity in (7.15).

The following numerical examples from [42] clearly demonstrate the via-
bility of the variational approach.

Fig. 7.5. Five inclusions: (a) 30 x 30 sample points, (b) 20 x 20 sample points.

We take the domain (2 to be the square [—10,10] x [—10,10], and we in-
sert five inclusions in the shape of balls, with the sth-ball positioned at the
point (s, s). We take each M*® to be 10 x I and ¢ = 0.1. We sample £(7) on
the square [—3,3] x [—3,3] with a uniform 30 x 30 grid in (a) (900 sample
points) and 20 x 20 grid in (b) (400 sample points). We are thus following
the recipe from above, with h = 10 and K = 3. We should expect recovery of
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the locations of all inclusions, with a resolution é = /3. The discrete inverse
Fourier transform yields the gray-level (intensity) plot shown in Figure 7.5.
In Figure 7.5(a) we can see that the five balls are still distinctly visible.

In order to simulate errors in the boundary measurements, as well as in the
different approximations, we add on the order of 10% of random noise to the
values of £(n). We see from Figure 7.6 that the reconstruction is quite stable.

‘ >

& )

Fig. 7.6. Five inclusions with 10% noise (a) 30 x 30 sample points, (b) 20 x 20
sample points.

7.7 Linear Sampling Method

We now describe the interesting approach proposed by Briihl, Hanke, and
Vogelius in their recent paper [73]. This approach is related to the linear sam-
pling method of Colton and Kirsch [100] (see also [192] and [71]) and allows
one to reconstruct small inclusions by taking measurements only on some por-
tion of 02. It also has some similarities to the MUItiple Signal Classification
(MUSIC)-type algorithm developed by Devaney [110, 213] for estimating the
locations of a number of point-like scatterers. We refer to Cheney [87] and
Kirsch [193] for detailed discussions of the connection between the MUSIC
algorithm and the linear sampling method.

Let Ow be a subset of 92 with positive measure, and define LZ(0w)
to be the subspace of functions in L?(0w) with zero integral over dw. Let
D = U, (eBs + z5) be a collection of small inclusions with conductivities
0<ks#1<+4o00,s=1,...,m, and satisfying

|26 — 27| >2c0 >0 Vs#s and dist(zs,002) >2co>0 Vs. (7.16)
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For a function g € L3(0w), we can solve the problems

V-(l—l—(k—l)x(D))Vu:O in 2,

@:g on Jdw ,

gu (7.17)

520 on 002\ Ow ,

u(z)do(z) =0,
ow
and

AU =0 in 2,
?)_Z:g on Jw ,
ou (7.18)
E_O on 02\ Ow ,
/ Uz)do(z) = 0 .
Ow

Define the partial Neumann-to-Dirichlet map on L(0w) by Ap(g) = u|w- Let
Ap be the partial Neumann-to-Dirichlet map on L3(dw) for the case in which
no conductivity inclusions are present. We seek to use Ap — Ay to determine
D. In this connection we first establish the following.

Lemma 7.5 The operator Ap — Ay : L3(0w) — L3(0w) is compact, self-
adjoint, positive (respectively, negative) semi-definite, if 0 < ks < 1 (respec-
tively 1 < ks < +o0) for all s=1,...,m.

Proof. Let g € L(Ow), and let u and U denote the solutions of (7.17) and
(7.18). An easy application of Green’s formula gives

u(x) = Dolulon) + (k— 1) /D Vu(y) - VI (z —y) dy - /6 9(y)T(z — y) do(y)

and

U(2) = Do(Uon) - /6 o) —y)doly), =€,

Subtracting these two equations and letting x go to 0f2 yields
1
(§I—K9)(U—U) = (k—l)/ Vu(y) -VI(x—y)dy, =z€df.
D
By using (2.28) and Lemma 2.29 together with the fact that

/ (u—=U)(y)do(y) =0,
Ow
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the above equation implies that
(Ap — Ag)g(z) = (1 — k)/ Vu(y) - VN(z,y)dy+ C for z € dw
D

where the constant C' is given by

C=(k- 1)/ / Vu(y) - VN(z,y)dydo(x) .
ow J D
By using (2.82) and (2.83), we can prove that
lu = Ull2 0wy < C|IVaullz2(py < C'llgll2 0w »

for some positive constant C’ independent of g, which indicates that Ap — Ag
is bounded. Indeed, from the smoothness of [, Vu(y) - VN(x,y) dyla., we
conclude that Ap — Ag : L3(0w) — L3(0w) is compact. Thus, in order to
prove that Ap — Ag is self-adjoint, it suffices to show that it is symmetric.
Consider h € L%(dw) and v and V to be the solutions of (7.17) and (7.18), re-
spectively, corresponding to the Neumann data h. Using integration by parts,
we can establish the following identity:

m

/aw(AD_AO)<g)h: —/QV(u—U).V(U—V)+S_1(1_/€S)/€BS+ZS Vau - Vo

= /Q <1 + i(ks —1)x(eBs + Zs)) Vw-0U)-V(-V)

+Z(1—ks)/ VU -VV .
s=1 €

Bs+zs

It results in, as desired, that Ap — Ay : L3(0w) — LE(0w) is self-adjoint,
positive (respectively, negative) semi-definite, if 0 < ks < 1 (respectively,
1<ks<+4oc0)forall s=1,...,m. O

Next, let N be the solution to

A N(z,2z) = —6, in £,

‘9_N| __1

Ovg '@ |ow|’

ON (7.19)
T%’an\aw =0,

N(z,z)do(z) =0 forze 2.
Ow
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Similarly to (5.4), we can prove without any new difficulties that
(Ap — Ao)(yg fedZVU 2s)M (ks, B)V.N(z, 25) + O(e*1)

uniformly on dw, where the remainder O(¢%*1) is bounded by Ce?*! in the
operator norm of £(LZ(0w), L(dw)) and U is the background solution, that
is, the solution of (7.18). Here £L(L3(0w), L3(0w)) is the set of linear bounded
operators on L3(dw). Define the operator T': L3(0w) — LZ(dw) by

ZVU 2e)M (ks, B)VN(-, z5) . (7.20)

Since U depends linearly on g, T is linear. Corresponding to Lemma 7.5, the
following result can be obtained.

Lemma 7.6 The operator T : L(0w) — L%(dw) is compact, self-adjoint,
positive (respectively, negative) semi-definite, if 0 < ks < 1 (respectively,
1<ks<+4+o0) foralls=1,...,m

Proof. We first observe that T is a finite-dimensional operator, and hence,
it is compact. Moreover, to prove that T is self-adjoint it suffices to show
that it is symmetric. Let g and h be in L3(0w) and denote U and V as the
background solutions corresponding, respectively, to g and h. We have

~ v
/aw ZVU 2) M (ky, By )/Bw VoN(z, 2.) 5 (x) do(z)

~ oV
_— Z VU (zs)M (ks, By) . V.N(z, ,zs)E (z)do(x) .

But since Vmﬁ = —VZ]V, we have AwVZ]\N/' = V.0:—. and therefore

vzﬁ(x,zs)‘z—‘:(x) do(z) = VV(z) .
a2

Consequently,

| T == 3 VUG Mk BTV ()

From the symmetry and the positive definiteness of the matrices M (ks, Bs)
established in Theorem 4.11, we infer that T is self-adjoint, positive (respec-
tively, negative) semi-definite, if 0 < ks < 1 (respectively, 1 < ks < +00) for
alls=1,...,m. O

Introduce now the linear operator G : LZ(dw) — RZX™ defined by
Gg=(VU(z1),...,VU(2m)) . (7.21)
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Endowing R4*™ with the standard Euclidean inner product,
b) = Zas by fora=(ar,...,am),b=(b1,...,bn),as bs € R?,

we then obtain

(Gg,a) Zas VU (2 —/w<;as VN“S> (z)do(z) |

for arbitrary a = (ay,...,a,) € R¥*™,
Therefore, the adjoint G* : R¥*™ — [2(dw) is given by

Gra = i as- VN(-, z) . (7.22)

s=1

A characterization of the range of the operator T is obtained in the fol-
lowing lemma due to Briihl, Hanke, and Vogelius [73].

Lemma 7.7 (i) G* is injective;
(i) G is surjective;

(iil) T = G* MG, where

Ma = (M(kl,Bl)al,...,M(km,Bm)am>, a=(at,...,am) € RIxm .

(iv) Range(T) = span {ep VN( 2s), p=1,...,d; s = 1,...,m}, where
{ep}i_, is the standard basis of R?.

Proof. Suppose that G*a = 0; then the function w(z) = > ; as - N(z, )
solves the Cauchy problem Aw = 0 in 2\ U™ {z},w = dw/0v = 0 on
Ow, and from the uniqueness of the solution to this problem, we deduce that
w = 0. The dipole singularity of N(z,zs) at zs implies that as = 0, and thus,
assertion (i) holds. Assertion (ii) follows from (i) and the well-known relation
between the ranges and the null spaces of adjoint finite-dimensional operators:
Range(G) = Ker(G*)*. Using (7.20), (7.21), and (7.22), it is easy to see that
(iii) holds. Now according to (iii), we write Range(T)) = Range(G*MG) =
Range(G*), since M and G are surjective. This yields (iv). ad

Now we present the main tool for the identification of the locations z;.
The following theorem is also due to Briihl, Hanke, and Vogelius [73].

Theorem 7.1. Let e € R?\ {0}. A point z € 2 belongs to the set {z, : s =

1,...,m} if and only if e - V, N ‘6 € Range (T).



7.7 Linear Sampling Method 181

Proof. Assume that g, . =e- VZ]V(', z)’
of (iv), g... may be represented as

5. € Range (7). As a consequence

gze(T) = Zas . Vz]\Nf(x,zs) for x € Jw .

s=1

But then by the uniqueness of a solution to the Cauchy problem, it follows that

Zas “V.N(z,2) =e-V.N(z,z) forallze 2\ (U™ {z}U{z}).

s=1

This is only possible if z € {25 : s = 1,...,m}, and so we have established
the necessity of this condition. The sufficiency follows immediately from (iv)
in Lemma 7.7. m|

The finite-dimensional self-adjoint operator 1" can be decomposed as

dm

T= Z/\p”pvzv llvpllz2(0w) =1,
p=1
say with |A1] > [X2| > ... > |Aam| > 0. Let P, : Lg(Ow) — span {v1,...,vp},
p=1,...,dm, be the orthogonal projector P, = 22:1 VgV
From Theorem 7.1 it follows that

b
ze{zs:is=1,....m} iff (I—Pyn)(e-V.N(-2)|ow) =0,
or equivalently, if we define the angle 6(z) € [0, 7/2) by

|Pam (e - V2N (-, 2) 0w 22 (0w)
(I = Pam)(e - VoN(-, 2)[ow)l| 22 (o)

cotf(z) =

)

then we have
z€{zs:8=1,...,m} iff cotfh(z)=+o0.

On the other hand, since Ap — Ag is a self-adjoint and compact operator
on LZ(Ow), it admits, by the spectral theorem, the spectral decomposition

+oo
Ap = Ao =k (05)" s IIvpllzaom = 1
p=1
with [k§] > [k§] > ... > |kG,,| > ... > 0.Let PS : L§(0w) — span {v§,...,v5},
p=1,2,..., be the orthogonal projector Py = Zzl vg (vg)*. Standard argu-

ments from perturbation theory for linear operators [186] give (after appro-
priate enumeration of Kp,p=1,... ,dm)
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Ky = elhy, + 0> forp=1,2,..., (7.23)

where we have set x, =0 for p > dm, and
Py = Py +O(e) forp>dm, (7.24)

provided that one makes appropriate choices of eigenvectors vy, and vy, p =
1,...,dm.

Now in view of (7.23), the number m of inclusions may be estimated by
looking for a gap in the set of eigenvalues of Ap — Ag. In order to recover the
locations zs,s = 1,...,m, one can estimate, using (7.24), the cot 6(z) by

[1P5 (e VN (- 2))ow)ll 2 o)

cot 0,(2) = — .
3 (I = PS)(e - VN (- 2)|ow)l| L2 (0w)

If one plots cot 84, (2) as a function of z, we may see large values for z that
are close to the positions z,;. The viability of this direct approach has been
documented by several numerical examples in [73]. In particular, its ability to
efficiently locate a high number of inclusions has been clearly demonstrated.

When comparing the different methods that have been designed for imag-
ing small inclusions, it is fair to point out that the variational method and the
sampling linear approach use “many boundary measurements.” In contrast,
the projection algorithm, the quadratic algorithm, and the least-squares al-
gorithm only rely on “single measurements,” and not surprisingly, they are
more limited in their abilities to effectively locate a higher number of small
inclusions.

7.8 Lipschitz-Continuous Dependence and Moment
Estimations

7.8.1 Lipschitz-Continuous Dependence

We now prove a Lipschitz-continuous dependence of the location and relative
size of two sets of inclusions on the difference in the boundary voltage poten-
tials corresponding to a fixed current distribution. This explains the practical
success of various numerical algorithms to detect the location and size of un-
known small inclusions.
Consider two arbitrary collections of inclusions
D = UL (epsB + 2,) and D' = UL, (ep, B+ 2) ,

which both satisfy (7.16). The parameter e determines the common length
scale of the inclusions and the parameters ps,0 < c¢g < ps < Cp, for some con-
stant Cj, determine their relative sizes. We suppose that all inclusions have
the same known conductivity 0 < k& # 1 < +o00. Let u and «’ denote the
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corresponding voltage potentials [with fixed boundary current g € L3(02)].
It is crucial to assume that VU (x) # 0,V z € 2, where U is the background
solution. Introduce H[g] = —Sng + Dou and H'[g] = —Sqg + Dou'.

By iterating the asymptotic formula (7.3), we arrive at the following ex-
pansions:

"L K (epy) il _
Higl(x) == > > T 00 (@ — 2) My (. B)
s=1i|=1]j|]=1 -
+ 0(e*?) |
A AL (epl)lilHiHd-2 .
o) = - Y0 >0 3 P )0 e — )My (k. B
s=1 i|=1j|]=1 -
+ O(e*)

(7.25)

The following theorem, due to Friedman and Vogelius [132], shows that

for small € the locations of the inclusions z and their relative sizes ps depend

Lipschitz-continuously on e ¢||H[g] — H'[g]||~(s) for any C*-closed surface
(or curve in R?) S enclosing the domain (2.

Theorem 7.8 Let S be a C*-closed surface (or curve in R?) enclosing the
domain (2. Constants 0 < €g,00, and C exist such that, if ¢ < ey and
e | Hlg] = H'[g)l|z(s) < do, then

(i) m =m’, and, after appropriate reordering,

(i) [0 — 21] + ps — 0| < c(e-dnmg] g sy + )

The constants €y, 09 and C depend on cg, Cy, §2,S, B,k but are otherwise in-
dependent of the two sets of inclusions.

Proof. From (7.25) we get

’

= (H[g] (z) H'[g]<x>> - [Z@;)d(av)(z;)@r(z )Mk, B)

=S OV )0~ )M (. B)] +0(0).

s=1

for all x € S. Suppose now the assertion m = m’ is not true. Then a function
of the form F(z) = Z;”;l 0.I(x —2L) o, — >, 0. (x — 2,) - s exists,
with o, # 0 and oy # 0, such that F(z) = 0 for all x € S. To see that o/,
as well as ay are not zero, we use the fact that VU never vanishes and that
the polarization tensor M (k, B) is invertible. Let {2’ denote the region outside
S. From the uniqueness of a solution to AF =0in ',F =0on S, F(z) =
O(|z|~4+1) as |z| — +oo, it follows that F/0v = 0 on S. But F is also
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harmonic in R? \ ({zs} U {2.}). From the uniqueness of a solution to the
Cauchy problem for the Laplacian, we then conclude that F' = 0 in R¢. This
contradicts contradicts the fact that m # m/’.
When it comes to proving (ii) assume for the sake of simplicity that U(z) =
— (1/19]92) [, U (corresponding to the boundary current g = v;). Then

m

i (Hlw) - wld)) = Y |6 0.0 - )

s=1

(7.26)
(0 0.z zs>] (M (k. B)): +O(c) .

for all z € S, where (M (k, B)); is the first column of the matrix M (k, B). A
simple calculation shows that, for some pg and Zj,

Z { P 0. T (x — 21) — (ps)*0.T(x — zs)} (M(k, B))1

=>. [ (7)1 0T (= 20) + pl(z] — 25) - 02T (w — Z_s)] (M(k, B))1
s=1

-y (| 410 - 01])
s=1

X Z {daps 73)8710. T (z — 2) 4 plozs - 0*I'(z —z_s)} (M(k,B))1,
s=1

where ,
Op. = (Pl = ps)

s <|zs e p;|>

and

b (4 =)
s — .
o (PEFRTAA)
Suppose the estimate (ii) is not true. Then perturbations dps and 0z, ex-

ist with > |0ps| + |0zs] = 1, points zs (= 2z, = Z;), and parameters
pe(= p, = 72) 0 that

m

G(z) = Z |:d(9ps (Ps)d_laz[‘(x —2s) + psazs 83F($ - 28)] (M(k, B))1 =

s=1

for all z € S. Just as was the case with F', the function G has a vanishing
normal derivative on S and it is harmonic except at the points {z;} and {z.}.
Therefore, by the unique continuation property of harmonic functions, G = 0
and thus, dps = 0z; = 0,5 = 1,...m. This, however, would be a contradiction
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to the fact that Y " | [0ps|+]0zs| = 1. We therefore conclude that the desired
Lipschitz-continuous dependence estimate holds. O

The factor e~ in front of ||H [g] — H'[g]|| .= (s) is the best possible option; it
follows immediately from (7.25) that even |z, — 25| and |ps — p’,| are of order 1;
then || H [g]—H'[g]|| > (s) is of order €%. The use of the L>®-norm of H|[g]—H’[g]
on S is not essential; in fact other norms, such as the L'-norm, can be used.

In the two-dimensional case, the results in Theorem 7.8 have some sim-
ilarity to the results about the location of poles for meromorphic functions
found in [233]. The idea is quite simple. Suppose d = 2; then (7.26) reads

(o) - 1)) =~ 5= YA E= are ),

|z — 2|2

+% Z(PS)Q%(M(k,Bm +0(e) .

Identifying R? with C as in the simple pole method yields

/
m

(o) - ) = (3125 -3 ) <000

for all z € S, where the constants oy = —(1/2m)p2((M (k, B))11+i(M (k, B))12)
and o, = —(1/2m)(p.)?((M(k, B))11+i(M(k, B))12) are of order 1. Therefore,

i = (H[g] () H’[g](a:>>

vie [0 (Hllw) - Bl ) do) + 00

for some complex constant a € S.
Here

[ (61 - m6) ) dot)

is a harmonic conjugate to H[g](x) — H'[g](x), and it satisfies

for some constant C' independent of e. Since the poles {z;} and {z}} are well
separated and the pole residues {ps} and {p.} are well bounded from zero, it
follows from [233, Theorem 1] that parts (i) and (ii) in Theorem 7.8 hold.

< C||Hlg] — H'[g]l|L>=(s) »
L= (S)

/: a% (H[g] (y) — H'[g] (y)> do(y)

7.8.2 Moment Estimations

Consider a collection of inclusions D = UJL, (B, + z,), which satisfy (7.16).
Our goal is to obtain upper and lower bounds on the moments of the unknown
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inclusions Bs. Observe that Ziii\:l 0'U(zs)z* is a harmonic polynomial. Let
S be a C%-closed surface (or curve in R?) enclosing the domain (2. From

d |é]+1j]+d—2

Z Z Z T(aiU)(ZS)agF(x* 2s) M7 + O(e*?) on S,

where g = OU /Ov and M}; = M;j(ks, Bs), we compute by Green’s formula

[ (3mtav - ldlg) do

(lil+lil+d—2

m d d
=20, >~ IUEIMGPUG) +0() .

s=11i|=1 |j|=1

Then, as a direct consequence of Theorem 4.13, the following moment
estimations hold. Note that, in general, they are only meaningful if the con-
ductivities {ks}7-; and the locations {z5}7-; are known.

Theorem 7.9 We have

0 il .
2-d B il 1
| [ (yav-—rialg)ao <D 1)/35‘““21 OV ()| dr
and
2—d

> 1——/ |V( 2 6—| s)wi)}zdm.

/(88VH[]U Hig] )da

7.9 Detection of Anisotropic Inclusions

Efficient direct algorithms for reconstructing small anisotropic inclusions have

been developed by Kang, Kim, and Kim in [175]. To bring out the main ideas

of these algorithms we only consider the case where D has one component

of the form D = €B + z. For a given g € L2(02), let u be the solution to

the Neumann problem (5.29). The background potential U is the steady-state

voltage potential in the absence of the conductivity inclusion, i.e., the solution
0 (5.30). We now define a function H4[g] for g € LZ(082) by

Hg)(x) = =85(9)(2) + Dy(ulon) (), = eRN\Q. (7.27)

By Theorem 5.12, the following asymptotic expansion of H4[g] outside £2
holds; see [175].
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Theorem 7.10 For xz € R?\ £,

oL T - 2 , B (2d
HAg)(z) = —e Z Z — U (2)M;; 000 (w—z)+0(|x|d o).
jil=1 |jl=1
(7.28)

Suppose now that ¢ = v - Aa for a constant vector a € R?. Therefore,
U(z) = a -z and the formula (7.28) takes the form

5] — 2d
HA =y Z S (2)Mydi I (z — 2) + O(———) . (7.29)
lil=115]=1 ' 2
Then by explicitly computing 87 I'*(x — z), we can show that
1 A(x — 2) el €e2d
HA = — dpaA, = .
o)) = oo e MAL ) £ O() + O ) (780

where wg = 27 if d = 2, and wg = 47 if d = 3, and M = (M,,) is the
first-order APT.
For a general Neumann data g, we have

HAg](z) = i<VU( ), €t MA, M%LO( ¢ )4+ O0(—— et ). (7.31)
wd |As(z — 2)|¢ || |z|d—1

Since A ) 4
(r—2) A _d
A=)~ fap O

we obtain from (7.30) and (7.31) the following far-field relations [175].

Theorem 7.11 For g € L3(012), let U be the solution of (5.30). Then, for
|z = O(e™),

wal At T HA ) () = (VU (2), M A, |j*j|> Loy, (132)
If g =v - Aa, then for |z| = O(e~4)
wal At HALG)(2) = {a, ' MA, |j FIRCC BN )

We note that (7.32) is a general far-field relation, whereas (7.33) is a formula
with better precision.

Using (7.30), (7.32), and (7.33), we can detect the APT, the order of mag-
nitude of D, and z.

Detection of APT: Now let a = e, or equivalently, g = v - Ae,,, and choose
by = O(e~%) so that
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Ab
A*|A bq|:eq, p,g=1,...,d. (7.34)
*0q
It then follows from (7.33) that
€ Mpq = wal Ay HA[g] (bg) + O(e*) . (7.35)

Since € is not known a priori, in actual computations we first find unit vectors
by satisfying (7.34) and then compute wq|tA.by|?"tHA[g](th,) as t — +o0.
Since the first-order APT is invariant under translation as we can easily check,
€?M is the first-order APT for the domain D.

Detection of Order of Magnitude: Having determined €M, we proceed
to find the order of magnitude € and the center z. Using Corollary 4.35, we
can determine the order of magnitude of D. Let « be the smallest (in absolute
value) eigenvalue of €?M. Then, €?|B| ~ |x|.

Detection of Center—Method 1: Let vy, ¢ = 1,--- ,d, be orthonormal
eigenvectors of the symmetric matrix A,(e?M)A, with the corresponding
cigenvalue kg, and aq := A, v and gq := v - Aag. Let z(t) := tag + O(e )ag,
where a- is a vector perpendicular to a,. Then |z(t)| = O(e~!) and hence, by
(7.30), we get

Ky laglt —aq- 2

A = — 62d . .

Find the unique zero, and call it t,, of H*[g,](z(t)) as a function of ¢ for
q=1,---,d. Let Z = t1a1 + - - - + tqaq. This Z is the center. In fact, by the
same argument as in [43], we can prove that [Z — z| = O(e?).

Detection of Center—Method 2: Let by, ¢ = 1,--- ,d, be the unit vector
defined by (7.34). Then, from (7.32), we get

waltAuby| T L HA[g)(thy) = (VU (2), €2 Mey) + O(e?t1) (7.37)

Let ¢ = v - AVU, where U is a second-order homogeneous harmonic poly-
nomial. By computing wg|tA.b,|* " HA[g](tb,) as t — +oo, we recover
(VU(2),€e*Meg), ¢ = 1,--- ,d. From this we now recover VU(z), and hence
the center z modulo O(e).

The precision of this method is O(e), which is worse than Method 1. How-
ever, numerical experiments in the next section show that this method per-
forms better when there is noise in the data.

Computational Experiments: We now present results of numerical exper-
iments from [175]. In the following, {2 is assumed to be the disk centered at
(0,0) with radius r = 2, and the background conductivity A = I. We also
assume that D = eB + z, where B is the unit disk centered at (0,0). We
note that, in the anisotropic case, D being a disk does not provide a special
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advantage. Moreover, in the process of solving the inverse problem, we do not
use any a priori knowledge of D being a disk.

Let u be the solution of (5.29). In order to collect the data u|sgp, we solve
the direct problem (5.29) as follows: u is represented by

ww) = | D2u@) — Sha(@) + S56(x) i 2\ D,
Sg?/)@) inD,

where ulap, ¢, and 1 satisfy the following relations:

u:’DéuL—SégL—i—83¢ on 02,

Dpu—Shg+She|, =Sho|  onaD,
9 A 9 ca 9 ca 9 i
5, Do = 5-Sag+ $SD¢}+ = a—;SD(b}_ on 8D .

We solve this integral equation using the collocation method [204] and obtain
u|an on 912 for given data g. We also add some noise to the computed data.
Adding p% noise means that we have

p
u(l+ 100 rand(1))

as the measured Dirichlet data. Here rand(1) is the random number in |—1, 1].
Reconstruction Algorithm 1:

Step 1 Obtain Dirichlet data u on 942 for a given Neumann data g, = v- Ae,,
q=1,2.

Step 2 For p,q = 1,2, calculate . 1121 thHA[gp](teq) to obtain the matrix

——+o00
e2M.

Step 3 Find orthonormal eigenvectors vi,ve and corresponding eigenvalues
K1, ko of €2M. Let x be the minimum of |1], |k2|. The order of magnitude
of Dis e =+/k|B|71.

Step 4 Let g; = v+ Avj and z4(t) = tvg + %vj‘, g = 1, 2. Find the zero, say ¢4,
of HA[g;](a:q(t)) =y ~61HA[g] (2q(t)) +vg - BQHA[QQ](I'q(t)) as a function
of t. We obtain the center Z = t1v1 + tovs.

Reconstruction Algorithm 2: Step 4 in the above algorithm is replaced
with

Step 4’ For g = v-AV(z172), compute h, = lim;_, o wot HA[g](te,), ¢ = 1, 2.
€2M12 62M22

€2M11 62M12
random noise in this step as well.

-1
Then (z1, 22) = (h1, ha) ) . We add the same amount of
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The following computational experiments from [175] clearly demonstrate
the viability of the reconstruction algorithms. The first experiment is when
A— Ais positive-definite; the second one is when A — A is not positive-definite;
the third one is to investigate the role of the condition number of A — A in
the reconstruction process.

(a) 0% noise (b) 2% noise (c) 5% noise
2 2 2
— actual
method 1
1 — method 2 1 1
>0
1 O
-2

Fig. 7.7. First example.

z r |[noise(%)| T Z1 2 —7Z1
Z2 z— Z2
0 0.2204((—0.9994, —0.9994) [8.1154e-004
(—0.9994, —0.9994)|8.4362e-004
2 0.2101{(—0.3681, —0.9038) 0.6391
(—1,-1)[0.2 (—0.9445, —1.2519)|  0.2580
5 0.2463[(—0.4936, —0.7715) 0.5556
(—0.6787, —0.9790)|  0.3220

Table 7.2. Results of the first example. Here r and 7 are the actual and computed
radii, and z, Z1 and Z2 are the actual and the computed radii by Algorithms 1 and
2, respectively.

102
25

+0.2B. Note that A — A is positive-definite. Figure 7.7 shows the results
when there is 0%, 2%, and 5% random noise. Figure 7.8 is the result when

A= (110 ;) and D = (0,1) + 0.2B.

These results show that both Algorithms 1 and 2 detect the order of mag-
nitude of the inclusion fairly well even in the presence of noise. However,
Algorithm 2 performs better than Algorithm 1 in detecting the center when

Experiment 1: Let A= ( ) and the actual inclusion, D = (—1,-1)
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(a) 0% noise (b) 2% noise (c) 5% noise
2 2 2
1 1 & 1 Q
>0 >0 >0
4 actual 1 1
method 1
— method 2
) -2 -2
-2 -1 0 x 1 2 -2 -1 0 x 1 2 -2 -1 0 x 1 2

Fig. 7.8. Second example.

z | r ||noise(%)| T z—Z1
z— Z2
0 0.1557{(—0.0000, 0.9999)(1.2316e-004
(—0.00007 0.9998) 1.6690e-004
2 0.1417 (—0.1421, 1.1468) 0.2043
(0,1)[0.2 (0.0288,1.0771) |  0.0823
5 0.1689 (—0.34997 1.1841) 0.3954
(0.10367 0.7906) 0.2336

INIRN
0=

Table 7.3. Results of the second example.

(a) 0% noise b) 2% noise 5% noise

2 2 2

| 1 / \ 1 / \
> 0 @ > 0 > 0

_41| — actual _ _

! method 1 ! !

— - method 2
-2 -2 -2
-2 -1 0 x 1 2 - -1 0 x 1 2 -2 -1 0 x 1 2

Fig. 7.9. Third example.

there is noise. A probable cause for this result is that the zeros of the functions

n (7.36), which are already small in magnitude, are very sensitive to the noise.
Figure 7.9 shows that the location of the unknown inclusions does not

affect the performance of the algorithms as long as they are away from 0f2.

Experiment 2: This experiment is to see whether the algorithms work in the
~ . . . . = 2
case where A— A is not positive- or negative-definite. Let A = (0 9) and D =
2
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z r ||noise(%)| T Z1 z2—7Z1
Z2 z— Z2
0 0.1559| (—0.2000, 0.1000) [1.2081e-005
(—0.2000, 0.1000) |1.6354e-005
2 0.1798](—0.2342, —0.0643)| 0.1678
(—0.2,0.1)[0.2 (—0.2108,0.1830) | 0.0837
5 0.1785] (—0.2120, 0.5493) 0.4495
(—0.2405, 0.2464) 0.1519

Table 7.4. Results of the third example.

(1,0)+0.2B. Figure 7.10 shows the result. The algorithm seems to be working
equally well for this case. It would be interesting to prove that the reconstruc-
tion formulae hold even when A — A is not positive- or negative-definite. In
this example as well, Algorithm 2 performs better in detecting the center.

Experiment 3: This experiment tests how the condition number of A—A af-

fects the precision of the algorithm. Suppose A = I. We first take A= (T 0)

02
and observe how the relative error |z — Z|/e? changes as T increases. We then
~ 1 . .
take A = (TE)L ?_) and make the same observations. Figure 7.11 compares

changes of relative errors in these two cases where 7 = 10,102, 10%, 10°, 1()?. It
exhibits a clear difference: In the first case when the condition number of A—A
increases as T increases, the relative error is increasing, whereas in the second
case when the condition number does not change, the error is stabilized. The
second case is somewhat similar to the isotropic case and this kind of result
is expected; see [181] or [23]. It is known that long and thin inclusions, or
crack-like inclusions (inclusions of high Lipschitz character), are hard to de-
tect; see, for example, [43]. This experiment suggests that in addition to this
geometric obstruction, in the anisotropic case there is another obstruction of
high condition number of A — A.

Numerical results show that the second reconstruction algorithm performs
better in the presence of noise. They also show that the reconstruction pro-
cedure works well even when A — A is not positive-or negative-definite, and
that the error of reconstruction increases as the condition number of A— A in-
creases. It would be interesting to investigate these points in a mathematically
rigorous way.

7.10 Further Results and Open Problems

Following our approach throughout this chapter, we have designed efficient
and robust algorithms for solving the inverse problem for the Helmholtz equa-
tion [19, 20]. We have developed two algorithms that use plane wave sources for
identifying small electromagnetic or acoustic inclusions. The first algorithm,
like the variational method in Sect. 7.6, reduces the reconstruction problem
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(a) 0% noise

(b) 2% noise

193

(c) 5% noise

2 2 2
1 1 1
> 0 O > 0 @) > 0 @
— actual
-1 method 1 - -1
— - method 2
-2 -2 -2
-2 -1 0 x 1 2 -2 -1 0 x 1 -2 -1 0 x 1 2
Fig. 7.10. Fourth example.
z | r ||noise(%)| T Z1 z—Z1
Z2 z— Z2
0 0.1739((0.9447, —0.0000)| 0.0553
(1.0002, —0.0000)|1.8443e-004
2 0.1586| (1.4031,0.1347) 0.4250
(1,0)]0.2 (1.0186, —0.0427)|  0.0465
5 0.1436(0.3048, —0.0702)| 0.6987
(0.9891, 0.1656) 0.1660
Table 7.5. Results of the fourth example.
25 @ 25 ©)
20 20
o, 15 o, 15
510 510
5 5
T 107 10 105 10° 0 107 _10* 105 10°

Fig. 7.11. The graphs show how the quantities |z — Z|/e? change as T goes to +oo.

(a) The condition number of A — A is 7 and the relative error increases. (b) The

condition number of A — A is 1 and the relative error does not increase.

of the small inclusions to the calculation of an inverse Fourier transform. The
second one is a MUSIC type of algorithm.

The methods presented in this chapter enable detection of the locations
and the first-order polarization tensors from the boundary measurements. It
is the detected polarization tensor that yields information about the size (and
orientation) of the inclusion. However, the information from the first-order
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polarization tensor is a mixture of the conductivity and the volume. It is im-
possible to extract the conductivity from the first-order polarization tensor. A
small inclusion with high conductivity and larger inclusion with lower conduc-
tivity can have the same first-order polarization tensor. It would be interesting
and important to extract information about the material property, such as
conductivity and anisotropy, of the inclusion from boundary measurements.
It is likely that higher order polarization tensors yield such information.
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Effective Properties of Electrical Composites

Introduction

The determination of the effective or macroscopic property of a two-phase
medium is one of the classic problems in physics. Many distinguished scien-
tists have extensively studied this question for generations, and they, no doubt,
deserve for their contributions to be mentioned. The most famous scientists
include Maxwell, Rayleigh, Lorentz, Debye, and Einstein, to name but a few.

To begin with, let us define rigorously what we understand by the concept
of effective property. Consider £2 C R?, a bounded domain with a connected
Lipschitz boundary 942, filled with some composite material that consists of
a matrix of constant isotropic conductivity g > 0 and presents inside the
following periodic spatial distribution: an array of periodically spaced cells,
each of them wrapping a small isotropic conductivity inclusion that has con-
stant conductivity o > 0, of the form ¢'*#B for some § > 0. Here B denotes
a bounded Lipschitz domain in R? containing the origin, and |B| is assumed
to be equal to 1. The periodic array has period e. For short, we refer to the
material as a periodic dilute composite. As € — 0, the volume fraction of the
inclusions is f = €40.

Let Y =] — 1/2,1/2[¢ denote the unit cell and denote p = 5. We set the
periodic function

v =0ox(Y \ D) +ox(D),

where D = pB.

For a small parameter €, v.(z) := v(x/€¢) makes a highly oscillating con-
ductivity and represents the material property of the composite. Figure 8.1
shows a geometry of a composite.

Consider the conductivity problem

V- -vVu.=0 in 2 (8.1)

with an appropriate boundary condition on df2. The theory of homogeniza-
tion tells us that the solution u. converges weakly to a function ug in W12($2)
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Fig. 8.1. Periodic composite material in R?. Inclusion D = pB, distance between
inclusions e, and the volume fraction f = p?. Conductivity of inclusion equals o,
and conductivity of background equals 0.

and a constant (anisotropic) conductivity v* exists such that
V- 4*Vuy=0 in 2. (8.2)

The replacement of the original equation (8.1) by (8.2) is a valid approxima-
tion in a certain limit [61].

The coefficient «v* is called an effective conductivity or a homogenized coef-
ficient. It represents the overall macroscopic material property of the periodic
composite material; see [173]. For a more intuitive approach, see [236]. See
also [94] and [11] for applications to structural optimization.

In general, effective conductivities cannot be computed exactly except for
a few configurations. We consider the problem of determining the effective
property of the composite when the volume fraction f = |D| goes to zero. In
other words, the inclusions have much less volume than the matrix. This kind
of material is called a dilute material. Many approximations for the effective
properties of composites are based on the solution for dilute materials.

When the inclusion D is a disk or sphere, then the effective electrical con-
ductivity, v*, of the composite medium is given by the well-known Maxwell—
Garnett formula® [277]:

d(oc — o9)
(0 —09) + dog

(0 —00)?
((c = 09) + doy)

7 = oo[L+ +df? 5|40, (83)
where d = 2,3 is the space dimension.

This formula has been generalized in many directions: to include higher
power terms of the volume fraction f for spherical inclusions [171, 277, 311]; to

include other shapes of the inclusion such as ellipses [310, 115, 134, 225, 114,

! Several different pairs of names are attached to this formula; see [236].
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173, 140, 245, 81, 276, 215]; and to include the case when f = O(1); see the
book by Milton [236] and the one by Torquato [291] and the references therein.

This chapter begins with the derivation of an asymptotic expansion of the
effective electrical conductivity of an isotropic composite medium for arbi-
trary shaped inclusions. The approach is valid for inclusions with Lipschitz
boundaries and high contrast mixtures, and it enables us to compute higher-
order terms in the asymptotic expansion of the effective conductivity. After
that, with the help of the material developed in Chapter 2, we extend this
derivation to anisotropic composites.

Our asymptotic expansions in this chapter have important implications for
imaging composites. They show what information can be reconstructed from
boundary measurements and how well. It is not surprising that the volume
fractions and the GPTs form the only microstructural information that can
be reconstructed from boundary measurements. The volume fraction is the
simplest but most important piece of microstructural information. The GPT's
involve microstructural information beyond that contained in the volume frac-
tions (material contrast, inclusion shape, and orientation). Indeed, if arbitrary
shaped inclusions orient according to a certain probability distribution, then
our expansions show that only the moments of the orientational distribution
functions of the inclusions can be recovered from (experimental) measure-
ments of the effective conductivity of the composite. We refer to Hashin and
Monteiro [147] and Torquato [292] for related interesting problems in imaging
composites.

8.1 Computation of Effective Conductivity

In this section, we shall explain a scheme for deriving an asymptotic expan-
sion of the effective property of the dilute composite material. This result
is from [38]. Our approach can be viewed as a generalization of an elegant
method that was first used for problems of the current form by Hasimoto
[148, 261]. Hasimoto’s method was designed to construct higher order terms
in (8.3) when the inclusion is a sphere. It has been implemented numerically
yielding results that are valid for fairly large volume fraction f [278].

The effective conductivity matrix v* = ('y;q)p,qzl_,___ﬁd of (2 is defined by
(see for instance [173, 236])

o= [ GoxY \ D)+ ox(D) Ty V.
where u,, for p=1,...,d, is the unique solution to the cell problem

V- (oox(Y\ D) +0ox(D))Vu, =0 inY,

up — xp periodic (in each direction) with period 1, (8.4)

/up:O.
Y
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Using Green’s formula we can rewrite v* in the following form:

. Ouy
prq oy q aV ( )

The matrix v* depends on € as a parameter and cannot be written explicitly.
According to Theorem 2.41, the solution to (8.4) can be written as

up(z) =2 + Cp +Gp(M — Bp) ' (v,)(x) inY, p=1,...,d,

where A is given by
o+ o0g

2(c —09)
For the sake of simplicity, we set for p=1,...,d,
Bp(y) = (\ = Bp) " (1,)(y) fory € 0D | (8.7)

Thus we get from (8.5)

)\:

0
g =00 [+ €+ G (0) 5 o + G ) o

Because of the periodicity of Gpg,, we get

4 B
/aY %gDQﬁq do = /BY veGpop do = /BY gD(bq(y)%ngbp(y) do=0,

and hence we have
* 0
Yoa = 00 [0+ [ w5 G00p(y) doly)] - (8.8)
Yy v
The periodicity of Gp¢, and the divergence theorem applied on Y \ D yield
[ wigpGoswdo = [ usiGos,l o~ [ uGoon)d
8quaVDpy 0 = 8quaVDp+y g 8Dquy g
0
:/ yq¢p(y)d0+/ yqa—gmbp}_(y)dg
oD oD v

- / vuGpby(y) do
oD

:/ yq¢p(y) do .
oD

Up(y) = dppy) fory € IB.
Then by (8.8), we obtain

Let

v =ooll + fP], (8.9)
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where f = |D| = p? is the volume fraction of D and P := (P,,) is given by

qu = ABqup(y)dU(y)a b,q = 17"'7d' (810)

In order to derive an asymptotic expansion of v*, we now expand P in
terms of p. In view of (2.94), the integral equation (8.7) can be rewritten as

(M = K)yle) = [ S Rato =)o, (0) do(s) = vyfo). a € 0D

which, by an obvious change of variables, yields

O Ralple — ))in(y) do(y) = vp(x) . (8.11)

B ayw

(AT — K3 ) (a) — /a

for z € 0B.
By virtue of (2.95), we get

v VRi(pla —y)) = ~5v- (@ = y) +0(p")

uniformly in x,y € 0B. Since faB ¥p(y) do(y) = 0, we now have

d
(T =Ky (o) = G | i) dot) +00™2) = (@), w08

Therefore, we obtain

d

d
wp _ (/\I _ ]C*B)*l(yp) + % Z(/\I — /C*B)fl(l/l) . /68 yﬂ/)p(y) dO'(y) (8.12)

=1
+ O(pd+2) )

Let Jp =M —K5) (), p=1,...,d. Then my, = faB qup do(y), ete.
By iterating the formula (8.12), we get

d

d
Gt S0 [ i) dols) + 0™ on 0B

=1

It then follows from the definition (8.10) of P that

U

d
Ppq =mpq + % Zmlqmpl +O( d+2)
=1

and then we obtain from (8.9) the following theorem.
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Theorem 8.1 We have

v = oo [T+ FM(I - gM)-l] +o(f2), (8.13)

where M is the Polya—Szegd polarization tensor associated with the scaled in-
clusion B and the conductivity k = oo(2\ + 1)/(2X\ — 1). Here X is given by

(8.6).

Formula (8.13) relates Theorem 4.16 with the theory of bounds in ho-
mogenization. See Milton [236] and Torquato [291] for detailed derivations of
bounds in homogenization.

In the case of spherical inclusions, the Pélya—Szegd polarization tensor M
is known exactly:

d(oc — 0p)
o — oo+ dog
and therefore, (8.13) yields the well-known Maxwell-Garnett formula (8.3).

Let £ be an ellipse whose semi-axes are on the x1- and xo-axes and of length
a and b, respectively. If B = ‘?:L'R(G)S, where R(0) = Z?I?z Cz:;a , 0 €
[0, 7], and |E| = wab is the volume of £, then using Lemma 4.5 and Theorem
8.1, we obtain that the effective conductivity of the composite is given by

M=mI,m= |B|, (8.14)

. oL
V=90 I+(O'0 1)7Tab
a+b
(a4 Zb)— L(Z —1)(a+b) .
XR(Q) oo 2000 a+b RT(Q):|

(Za+b)—L(Z —1)(a+Db)
+O(f7)
where R denotes the transpose of R.

This formula can be used to solve the inverse problem of determining the
volume fraction f, the conductivity contrast o/o¢, the semi-lengths a and b,
or the orientation # of the inclusions from measurements of the effective con-
ductivity of the composite. Indeed, if the elliptical inclusions orient according
to a probability distribution ¥ (), then the effective conductivity

2w
=+ (=D [T R
a+b
0
(a+Zb) = $(% ~1(a+b)
0 a+b
(Za+b)—L(Z —1)(a+Db)
xRE(0)w(0)do| +O(f?) ,
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which shows that only the second moments of the orientational distribution
functions of the inclusions ¥(#) can be recovered. See [307]. Using Lemma 4.5
and Theorem 8.1, this result can be trivially extended to arbitrary shaped
inclusions.

The method presented above basically enables us to derive all the higher
order terms of the asymptotic expansion of the effective conductivity. The
construction of these terms depends only on the ability to continue the Taylor
expansion (2.95).

For the sake of simplicity, we restrict ourselves to the two-dimensional case
to derive in the same way the following theorem.

Theorem 8.2 Suppose d = 2. The effective conductivity v* has an asymp-
totic expansion as the volume fraction f — 0:

f

v = o0 [1 M= 5M) + FPAl 4O | (8.15)

where A is given by

qu = E Cll’Mlqul’, p,q = 1, 2.
[L[4]1|=4
[1]>0,[t/|>0

Proof. Using the (higher-order) Taylor expansion
Ro(@) = Ra(0) — (3 + 23) + RS (@) + O(fa) (3.16)
given in (2.98), we get
v VRy(ple —y)) = 5w (2~ y) + P - VeBP (@ — ) + O(7)  (8.17)
uniformly in z,y € 0B. Write

4 ’
Ré )(w —y) = Z crxlyt .
+117]=4
Then, for each fixed I, ), ¢yt is harmonic since

1y,
ZC”/JTZ = mayl! (Ré )(I - y))|y:0 :
l

It follows from (8.11) that for p = 1,2

(A= Kiiyla) = v [ iy (w) doty)

Y (v val) L)Byl’wp<y>do<y>+0<p6>—up<x>, v € 0B.

|+]1]|=4
(8.18)
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Since [, 1, do = 0 for p = 1,2, we get
2

= O =K5)™ ) + B S5O0 =K5) 700 | ) doty)

=

—

, (8.19)
0t 3 O Kp) V) [y ) daty) + 00"

[+ 1| =4 9B
|t/]|>0

Let {/;l = (M — K3)"Yv - Val), and if | = e,, let Jp = {/;l, p = 1,2. Then
(8.19) takes the form

2

wp"f'%zwl/ ylwp ) ( )

(8.20)
ot S et [ w)dets) + OF) on 0B,
11+t =4
11]>0
In particular, we get _
1/]1) = wp + O(p2) : (8'21)

Substituting (8.21) into (8.20), we obtain

2

’;Zwl/a () do(y)

40t S el [ G o) + 0" on 0B,

[1 4]V =4
|t/|>0

It then follows from the definitions (8.10) of P and (4.4) of the generalized
polarization tensors that

2 2
Fra = 1pg + % D Pumig ot Y ewMigMyr +0(0%) .
=1 [U+117]=4
|1]>0,]l|>0

Let A be the 2 x 2 matrix defined by

Apg= Y. cwMyMy, pg=1,2. (8.22)
[+t |=4
|1|>0,]l"|>0

We then get
2

P:M+%PM+p4A+O(p6),
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and hence
p?
P=M(I- 51\4)*1 +ptA+0(p°%) ,

which proves the theorem. O

Let us consider a special but interesting case: the case where B is a disk.
If we fix I’ so that |I'| =1 or 2, then E|l\:4—\l’\ ¢yt is a harmonic polynomial
of degree 2 or 3, and hence we get from Proposition 4.7 that

Z Cll/Mlp =0.

[1=2

A= Z Mlq Z Cll’Mpl’ .

l1|=1 |U/|=3

Therefore

By Proposition 4.7 again, we can show that A = 0. Therefore, we get
2
v = 0o {I + 21— %M)‘lM} +0(Y). (8.23)

If B is a disk, we can even go further to obtain the full asymptotic ex-
pansion for the effective conductivity. Given an integer m, let R(%) be the
polynomial defined in (2.98). Write

m m

2 ’
ZRé S)(x —y) = Z Z sz/fl?lyl :
s=2 s=2 |l|4+|l'|=2s

Then for each fixed I, 2“‘:254” ezt is harmonie.
The same argument as before and (8.11) yield that, for p = 1,2,

2
(A= Kio(o) = v [ iyl doty

m

=20 Y an(v-va) / Yy (y) do(y) + O(p* ™) = v (a) |
s=2 |I|+[V]=2s 9B
and hence

g
b= byt 30 | wipwaot)
(8.24)

m

Y ad /Myl’wp(y)da(y)+0<p2<’"+1>>.

s=2  |I|+|]=2s

Let Py := [, y'p(y) do(y). We then get from (8.24)
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9 2 " m "
+ % D Puti+Y 0" Y cw Pt
=1 s5=2

\l\:/Zsfl
m o (8.25)
+Zp2s Z Cll’{/;l/ yl’¢p(y) da(y) +O(p2(m+1)) ]
5=2 [+t | =25 oB
[>1
In particular,
- p2 2 _ - & N
bpt T Pathi + 35 Y cawPud +0(Y) . (826)
=1 5=2 [l]=2s—1

|17 ]=1

Since [, Y'Y (y)do(y) = 0 if |I| = 1 and |I/| > 1 by Proposition 4.7, we
obtain by substituting (8.26) into (8.25)

2

2 m
Vp = 1/’10 % ZPpﬂ/)l + ZPQS Z e Porpt + O(p®) .

=1 s=2 |1]=2s—1
[]=1

By iterating this argument we see that

_ 0 2 » m _
=1, + % Puthi +> 0™ > cw Pyt + 0(p*m )
=1 5=2 l1]=25—1
|t ]=1

It then follows from the definitions (8.10) of P and (4.4) of the generalized
polarization tensors that

2

2 m
Fro = g+ o S Py + 320 30 b [ i@ dota)

=1 s=2 |l|=2s—1
[]=1

~

+O0(p*m V).

. l . .
Observe that, since Zm:%_l ¢y’ is harmonic,

Z Cll’/ xqw dU ): Z Clrmiyg = 0.

|l|=2s—1 [l|=2s—1
Therefore we finally have
L &
Pog =mpg + ) ZP Mg + O( 2(m+1)) ,

1=1
or equivalently,

2

P=MI- ”2 M)~ + O(p*m D)y .

In conclusion, we get the following theorem.
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Theorem 8.1. If B is a disk, then the effective conductivity v* has an asymp-
totic expansion as p — 0: For any integer m,
p?
7' = o1+ M1 = ST + 0(p) ™) (8.27)

where M is the polarization tensor.

Using (8.14) we can rewrite (8.27) as

g—0q
¥ =o00|l+ 1— Uttzodo }I'i_ o(f™*1), (8.28)
O1T00

for any m where f = p?.

8.2 Anisotropic Composites

The asymptotic expansion formula (8.15) has been generalized in [28] to in-
clude anisotropic materials but only in the two-dimensional case. Suppose d =
2, and let the periodic anisotropic conductivity in the unit cell Y be defined by

v=Ax(Y \ D) + Ax(D) ,

where A and A are constant 2 x 2 positive-definite symmetric matrices with
A # A. Here Y and D are defined similarly to the isotropic case.

For a small parameter ¢, we consider the problem of determining the ef-
fective anisotropic properties of the composite with anisotropic conductivity
v(z/€) as € — 0.

Write

A—<Zlc)), a,c>0and ac—b*>>0.

The following result is proved in [28].
Theorem 8.3 Suupose d = 2. Let K be the matriz defined by (2.111). Then
we have an asymptotic formula for the effective conductivity
-1
o :A+fM(If2fKM) +O(f%, (8.29)
where M = (Mpq)1<p,g<2 15 the first-order APT corresponding to the conduc-
tivity distribution v = Ax(R?\ B) + Ax(B).

To prove Theorem 8.3, we first note that the effective conductivity v* =
(Vpq)p.g=1,2 can be written as
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Vog = / upt - AVu, do
oY
= / (yg +cq + gggq)’/ AV (yp + gggp) do
oY
= / yqv - AVy,do + / yav - AVGhg,do . (8.30)
oY oY

The last equality in the above holds because of the periodicity of G&g,. After
that, we prove the following lemma.

Lemma 8.4 If D = pB, then for p,q=1,2,
/ YqV - Avgggp do = p2/ Ygtp(y) do (8.31)
oY OB

where Pp(y) = gp(py), y € B.

Proof. By Green’s formula
[ [oar AVGBa,) - Ghgptulw - AVy,| do =0
a(Y\D)

and hence we get from the jump relation (2.128) and the change of variable
Yy—pry,

/ YqV - Avgggp do :/ YqV - Avgggp|+do _/ v Aqugégp do
Y oD oD

:/ yq(gp—i—u-AVgSgpL) do—/ yqu-AVQf‘)gpLdo
oD aD
:/ Yagp(y) do(y)

oD

=0’ /8  agp(py) do(y)

This completes the proof. O

With the help of the above lemma and (8.30), we now prove Theorem 8.3.
By (8.31), (8.30) now takes the form

v =A+p*H , (8.32)

where
&ﬁéﬁmwmxm=m. (8.33)
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Thanks to (2.126), (2.133) becomes

Shfy— Shap — Rpgy = @
{ Do DIp DIp p on 0D |

v /NlVSépr —v-AVSHgyl+ —v- AVRAg, = v - AVaz,
(8.34)
Making the change of variables y — py and letting ¢,(y) = fp(py) and
Yp(y) = gp(py), the system of equations above becomes

Shdy — iy, — /6 R ol = )y 0) doty) =
V'EVSBA(bpl— _V'Avsgz/’p“ on 9B .

—p/ Ve - AV R p(z — y))p(y) do(y) = v - AVz,
0B

(8.35)
Since R4 is smooth, we get from the Taylor expansion for a given m € N,

R*(x) = R*(0) + Ry (2) + B} (2) (8.36)
where .
RA@) = Y ra'and BA(z) = O(2*™+D) .
2<i|<2m
Moreover, since V'AVE;,‘; = 0in Y by Lemma 2.42, a constant C' independent
of x and m exists such that
O|I|2m+2

EA(z) < — 2L
| m($)| = (2m+2)!r2m+3

forallz €D, (8.37)

where r = dist(D, dY"). Notice that the terms of odd degrees vanish because
of the periodicity of GE“ (x). Suppose that

R (z—y) = Z ai;r'y’ . (8.38)
li|+5]<2m

Here we use i, j for multi-indices. Since faB Ypdo =0, we get

/ RA(p(x — y))bp(y) do(y)
OB

=3 Y ayd / Yy do + C + O(p2m )
OB

=1 lil+j]=21
lil,131>0

where the constant C is

m

C= P2 ai-/ Y, do .
Z " Jo” "

=1 |i|=2
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We also get

p / Ve - AV, RA(p(x — 1))y (y) do(y)

oB
m

_ 2

=20
=1

> el AVE) [y, dot O(P)

lil+15]=21 9B
lil,131>0

Observe from (8.37) that the O(p?(™+1) term is bounded by

Cp2(m+1) §2m+2

- 8.39
(2m + 2)lr2m+3 ( )

for some constant C where ¢ is the diameter of B. Let
Hi, = / Y, do . (8.40)
OB
Define T : L?(0B) x L*(0B) — W£(0B) x L*(dB) by
T<f)_ . Spf-Spy .
7 v AVSAf|- —v- AVShHyl+

It then follows from (8.35) that
lil+]3]=2t

¢p> o . 21
g (wp 20
[i],15]>0

(¢ 2(m+1)y _ Zp
(O>+O(p )= v-AVz, )’
and hence

Op\ e x
()= (,. )

m

21 - -1 ! 1 (C 2(m4+1)
+ZP Z a;j HpiT (V,sz)‘f'T (O)+O(P( )

=1 lil+]5]=21
[i],131>0

7
Z @i Hp; <V~AV$¢>

Notice that we use the fact that the second entry of 7! (g) is zero, which

was proved in Lemma 2.37. Let

51' e z'
({/;l)_T 1<V'AV$i) '
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Then we have

Yo =0+ 307 S aiHydhi + O (8.41)
I=1  lil+li|l=2
lil,151>0

Since T~ is bounded, the O(p*(™*1) term in (8.41) is also bounded by the
quantity in (8.39) with a different constant C. Observe that (¢;, ;) is the solu-
tion to (4.86), and hence, anistropic polarization tensor (APT) M;; is given by

Mij Z/ l’jwi do .
oB

Substituting (8.41) in (8.33) yields

Hpq=mypq+ ) 0" Y aijHyMig+ O(p""Y) (8.42)
L iy
510

where O(p?(™+1)) is bounded by the quantity in (8.39) with a different con-
stant C'. Notice that this formula includes Hp; in its expression.
In order to remove Hp; in (8.42), we can use the following formula:

m

Hpyj =My +> p™ Y aisHpMy + 00 ), 1< || <2m—1,

=1 li]+]s|=21
lil,1s]1>0

(8.43)
which can be obtained by substituting (8.41) in (8.40). Since p is small, one
can solve (8.43) for H,,; in terms of M;; and by (8.42) H,, can be expressed
solely by M;;.

Suppose that m = 1 and let f := p? = |D|, the volume fraction of the
inclusion. According to (2.110), Ry(xz) = —x - Kx. Hence

Ri(z—y)=—x-Kae+2x-Ky—y-Ky.
Therefore, in this case, (8.42) reads as follows:

2
Hpg =mpg+ f Z astHpymgg + O(f2) )

s,l=1
where 2K = (ag). In other words,
H=M+2fHKM + O(f?),

and hence .
H= M(IfoKM) +O(f?), (8.44)

which yields the desired result. O
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In particular, if A is diagonal, then K is given by (2.123) and hence we
obtain

—1
7= A+ (1~ gA’l(I LA AB)M) HO(P),  (845)
where c¢(A) is the number defined by (2.124) and E = (é 01>. If Ais

isotropic, or A = o1, then ¢(A) = 0 and the above formula becomes (8.15).
Note that, if A is diagonal, then we obtain

7= A+ (1~ gfrl(f +e(A)E)M)

1+0(f3) ,

where ¢(A) is the number defined by

4 a a c c
A= ——— | — +ab |4/ ) —— —cO i/ —
«(4) Vet (A) (24 e (2\/:) 24~ ¢ (2\/;» ’
10 .. .
and F = 0 _1>. If A is isotropic, or A = o¢l, then ¢(A) = 0 and the above
formula becomes

'y*:cronLfM(If;c )_1+O(f3)a

200
and coincides with (8.13) since the first-order APT is equal to opx the first-
order GPT.

8.3 Further Results and Open Problems

Since the construction of a full asymptotic expansion of the effective conduc-
tivity depends on the ability to continue the Taylor expansion of the periodic
Green’s function, it would be interesting to find an accurate way for doing this.

The formulae (8.15) and (8.29) will be extended to elastic composites. A
general scheme to derive accurate asymptotic expansions of the elastic effective
properties of dilute composite materials in terms of the elastic moment tensor
and the volume fraction occupied by the elastic inclusions will be presented
in Chapter 13. The formula is valid for general shaped Lipschitz inclusions
with arbitrary phase moduli. Moreover, it exhibits an interesting feature of
the effective elasticity tensor of composite materials: the presence of a distor-
tion factor. The derivation of this formula is much more difficult than the one
presented here for the effective conductivity because of the tensorial nature
of the periodic Green’s functions of the Lamé system.
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Transmission Problem for Elastostatics

Introduction

In the preceding chapters, we considered isotropic and anisotropic conduc-
tivity problems. Now we turn to the system of elastostatics. After reviewing
some well-known results on the solvability and layer potentials for the Lamé
system, mostly from [104] and [121], we proceed to prove a representation
formula for solutions of the Lamé system, which will be our main tool in later
chapters. Next, we derive a complex representation of displacement fields. In
the final section of this chapter, we construct a periodic Green’s function for
the Lamé system in the two-dimensional case and study the periodic trans-
mission problem. We will use the results in this final section when we consider
the effective properties of composite elastic materials.

9.1 Layer Potentials for the Lamé System

Let D be a bounded Lipschitz domain in R¢, d = 2,3, and (), ¢) be the Lamé
constants for D satisfying

w>0 and dA+2u>0.

See Kupradze [206]. The elastostatic system corresponding to the Lamé con-
stants A, p is defined by

L= pAu+ (A+p)VV-u.

The corresponding conormal derivative Ou/dv on 9D is defined to be

? = ANV -u)N + pu(Vu+Vu’')N ondD, (9.1)
1%

where N is the outward unit normal to 0D and the superscript 7' denotes the
transpose of a matrix.
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Notice that the conormal derivative has a direct physical meaning:

u
— = traction on 9D .
ov

The vector u is the displacement field of the elastic medium having the Lamé
coefficients A and p, and (Vu + Vu?)/2 is the strain tensor.

Let us state a simple, but important, relation. The identity (9.2) is referred
to as the divergence theorem.

Lemma 9.1 Ifue W'2(D) and Ly ,u =0 in D, then for all v.e WH2(D),

8_u o — ‘u )+ Evu ul) (Vv vT) dx
/[mv M /D)\(V )V )+ 2 (Vut V) (Vv 9V, (92)

where for d x d matrices a = (aij) and b= (b;), a-b= 3, ai;bi;.

Proof. By the definition (9.1) of the conormal derivative, we get

/V.a—udo':/ MV -u)v-N+pv- (Vu+ Vul)Ndo
oD aD

= / AV - ((V-u)v) + pV - (Vu+ Vul)v)dze .
D
Since
T 1 T T
V-((VquVu )v) :V(V~u)~v+Au~v+§(Vu+Vu ) (Vv+ Vv,

we obtain (9.2) and the proof is complete. a

We give now a fundamental solution to the Lamé system L) ,, in R,

Lemma 9.2 A fundamental solution T' = (I';;){,_, to the Lamé system L ,
s given by

A 61’3’ B Tilj

—_—— ifd=3
A x| 4mw |3 ’
FZJ(.’,E) = | | _|B|.Z'(EJ x;éO,
—d;;1 - = fd=2,
2r nel 27 |x|? if
where 1/1 1 1/1 1
2(u+2u+)\) o 2<u 2u+)\> (03)

The function T is known as the Kelvin matriz of fundamental solutions.
Proof. We seek a solution T' = (I3;)¢ ,_; of

PAT + A+ p)VV -T = 6ol; in R, (9.4)

where I is the d x d identity matrix and dg is the Dirac mass at 0.
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Taking the divergence of (9.4), we have
(A + 20 AV -T) = Vi, .
Thus by Lemma 2.11

1
V.-T = vr
A+ 2u ’
where I" is given by (2.8). Inserting this equation into (9.4) gives
A+
A = 6o 14 — VVI'.
12 odd— 5 ou
Hence, it follows that
_ A%y Bma, ifd=3,
4 || 4w |xf3
I‘ij(:v) = A B xis :v;éO,
—5ijhl|17|f— et lfd:2,
27 27 |z|?
modulo constants, where A and B are given by (9.3). a

The single and double layer potentials of the density function ¢ on D
associated with the Lamé parameters (A, u) are defined by

Spep() = /8 T pedoly) . aeR, (9.5)
Dpep(a) := /aDa%r(xy)so(y)da(y), reRNOD,  (96)

where 9/0v denotes the conormal derivative defined in (9.1). Thus, for
m=1,...,d,

z —y)Ni(y)p;(y) do(y) .

Here we used the Einstein convention for the summation notation. As an
immediate consequence of (9.2), we obtain the following lemma, which can
be proved in the same way as the Green’s representation (2.11) of harmonic
functions.

Lemma 9.3 Ifue W"%(D) and L,u =0 in D, then

u(e) = Dp(ulop) (@) - Sp (52

)(x), zeD, (9.7)
oD

and 5
Doulan)e) - b (2

)(:c)zo, reRI\D. (9.8)
oD
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As before, let ul4 and u|- denote the limits from outside D and inside D,
respectively.
The following theorems are from Dahlberg, Kenig, and Verchota [104].

Theorem 9.4 (Jump formula, [104]) Let D be a bounded Lipschitz do-
main in RY d =2 or 3. For ¢ € L?>(0D),

1
Dpepls = (¥§I+ICD)<,0 a.e. on 0D | (9.9)
0 1 .
ESDQOM: = (:|:§I+ICD)<,0 a.e. on 0D | (9.10)

where Kp is defined by

0

Kpep(x) := p.v./ —T(z —y)p(y)do(y) ae xz€dD
ap Oy

and K%, is the adjoint operator of Kp on L*(0D); that is,

0
Kpe(x) := p.v./ 3 T(x—y)p(y)do(y) a.e x€dD.
oD OVg

It must be emphasized that, in contrast with the corresponding singu-
lar integral operators defined in (2.29) and (2.30) that arise when studying
Laplace’s equation (see Lemma 2.13), the singular integral operator Kp is not
compact, even on bounded C*°-domains [104].

Let ¥ be the vector space of all linear solutions of the equation £ ,u =0
and du/0v = 0 on 9D, or alternatively,

W:—{I/J:aﬂ/)jJraj’L/)i—O, 1Siaj§d}~

Here v¢; for i = 1,...,d, denote the components of 1.
Observe now that the space ¥ is defined independently of the Lamé con-
stants A, u, and its dimension is 3 if d = 2 and 6 if d = 3. Define

L@(@D):_{feLQ(aD); / f~1/;do_0forallz/JE'I/}, (9.11)
oD

a subspace of codimension d(d + 1)/2 in L?(dD).
In particular, since ¥ contains constant functions, we get

fdo=0
oD

for any f € L2(9D). The following fact, which immediately follows from (9.2),
is useful in later sections.

0
If u € Wb 3 (D) satisfies £ ,u= 0 in D, then a—u € LZ(0D) . (9.12)
Vlep

One fundamental result in the theory of linear elasticity using layer po-
tentials is the following invertibility theorem.
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Theorem 9.5 ([104]) The operator Kp is bounded on L?*(0D), and
—(1/2)I + K3, and (1/2)1 + K3, are invertible on L2(dD) and L?*(0D),
respectively.

As a consequence of (9.10) and Theorem 9.5, we are able to prove the
following.

Corollary 9.6 ([104]) For a given g € L2,(dD), the function u € W?(D)
defined by

1
u(x) := SD(—§I +K5) g (9.13)
is a solution to the problem
Ly,u=0 inD,

ou
= ulsp € L2, (0D)) .

(9.14)
5 oD =g, (

If » € ¥ and z € R?\ D, then from (9.2) it follows that Dp(z) = 0.
Hence by (9.9), ¢ satisfies (—(1/2) I + Kp)1p = 0. Since the dimension of the
orthogonal complement of the range of the operator —(1/2) I+K7, is less than
3if d = 2 and 6 if d = 3, which is the dimension of the space ¥, we obtain
the following corollary.

Corollary 9.7 The null space of —(1/2) I +Kp on L*(0D) is ¥.

The following formulation of Korn’s inequality will be of interest to us.
See Necas [254] and Ciarlet [96, Theorem 6.3.4].

Lemma 9.8 Let D be a bounded Lipschitz domain in R?. Let u € W12(D)
satisfy

/(u“l,b+Vu~V1/J)—O for allp e U .
D
Then there is a constant C' depending only on the Lipschitz character of D
such that
/ <|u|2 + |Vu|2> dx < C/ |Vu + Vul | dz . (9.15)
D D

9.2 Kelvin Matrix Under Unitary Transformations

Unlike the fundamental solution to the Laplacian given by (2.8), the funda-
mental solution I to Ly , is not invariant under unitary transformations. In
this section we find formulae for both T' and the single layer potential under
unitary transformations.



216 9 Transmission Problem for Elastostatics

Lemma 9.9 Let R be a unitary transformation on R®. Then,
(i) Lxu(R™H(uoR)) =R (Lauu)o R

(ii) (g—‘:) oR= R%(R*l(uo R)) .

Proof. Since, for a vector u and a scalar function f,

(V-u)oR=V (R '(uoR)),
RN (Vf)oR=V(foR),
we find that
Lau(R™ (wo R)) = pA(R™ (wo R)) + (A\+ @) VY - (R~ (uo R))

— JR (A(wo R)) + (A + p)V((V - u) o R))
=puR ' ((Au)o R)) + A+ p)R"HVV-u)oR
=R 'Ly, u)oR,

which proves part (i).
To prove part (ii), note first that, if N7 and N3 are the unit normals to 9D
and JR(D), respectively, then Ny(R(x)) = R(Ni(x)) for x € 9D. Therefore,

we have

(g—lyl) OR:/\<V'UOR)NOR+M((VU)OR+(Vu)ToR)NoR

=AV- (R '(uoR))RN + uR(R""(Vu)o R+ R '(Vu)" o R)RN
= AV (R !(uoR))RN + uR(V(uo R)R+ (V(uo R)"R)N
= AV (R '(uoR))RN + uR(V(R™'(uo R)) + (V(R"'(uo R))")N

9 (p-1
:RE(R (uoR)) ,

as claimed. ]
Lemma 9.10 Suppose that Ly ,u=0 in R?. If, in addition, u is bounded for

d = 2 and behaves like O(|x|~1) as |z| — +oo for d = 3, and Vu = O(|z|1~%)
as |x| — +oo, then u is constant if d =2 and u =0 if d = 3.

Proof. Let B, be a ball of radius r centered at 0. Then, by applying (9.7),

Ou (r), z€B,.
0B,

u(z) = Dg, (ulss,)(z) — S, (5
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Next, we deduce from (9.12) that du/dv € L% (0B,), which shows that

/ @dU:O.
aBray

Hence Vu(z) = O(1/r) for all r — 400 provided that z is in a bounded set
and therefore u is constant, as desired. O

Lemma 9.11 (Rotation Formula)

I'(R(z)) = RT(z)R™', zeR% (9.16)

Proof. Tt follows from Lemma 9.9 (i) that
Lyu(RH T oR))(z) = R (Lx,I)(R(x)) = do(R(z))R™ = bo(x)R™ .

Consequently,
Lru(RY(ToR)—TR')=0 inR?.

Observe that R~}(ToR)—T R~ is bounded if d = 2 and behaves like O(|z| 1)
as |x| — +oo if d = 3. Moreover,

V(R"YToR)—TR ) (z) = O(z|""%) as|z| = +oc0.
Applying Lemma 9.10, we conclude that
R YT oR) -~ TR ! = constant ,
which is obviously zero. O

As a consequence of (9.16), we obtain the following rotation formula for
the single layer potential.

Lemma 9.12 Let R be a unitary transformation on R?, and let D be a
bounded domain in R% and D = R(D). Then for any vector potential
¢ € L?(0D), we have

(Spe)(R(x)) = RSp (R~ (0 0 1))(@) (9.17)
3(«2?0) (R()) = Ra%sf»(R’l(so o R))(x) . (9.18)

Proof. Using (9.16) we compute

(Soe)(Rla)) = [ T(RE) - el dot)

oD

_ / _T(R(x) - R(y)p(R(y)) do(y)
oD

—R / D@ — )R o(Ry)) doly)
oD
— RS5(R (g o R)(x)
which proves (9.17).
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Applying Lemma 9.9 (ii), we arrive at

5o (SR (R(e) = R (RSpe)o ) @)

Then (9.18) follows from (9.17) and the above identity. This completes the
proof. m]

9.3 Transmission Problem

We suppose that the elastic medium 2 contains a single inclusion D, which
is also a bounded Lipschitz domain. Let the constants (A, 1) denote the back-
ground Lamé coefficients, which are the elastic parameters in the absence of
any inclusions. Suppose that D has the pair of Lamé constants (A, i) that is
different from that of the background elastic body (A, ). It is always assumed
that _

w>0, dA+2u>0, >0 and d\+2p>0. (9.19)

We also assume that
A-D-m 20 (-3 +@-m£0). (020)

We consider the transmission problem

d
Z i(C’ijkl%>—0 inf2, i=1,...,d,
e~ Oz, Oz,
J:k1=1 (9.21)
o _
oy -8
where the elasticity tensor C' = (Cj;x) is given by
Cijkl = ()‘X(-Q \ D) + XX(D))%'KSM 922)
9.22
+ (1 x(2\ D)+ EX(D) ) (G + S
and uy for k =1,...,d, denote the components of the displacement field u.

In order to ensure existence and uniqueness of a solution to (9.21), we
assume that g € L2(0f2) and seek a solution u € W12(£2) such that
ulop € LZ(092). The problem (9.21) is understood in a weak sense, namely,
for any ¢ € W2(02), the following equality holds:

8u31
> [omagii= [ g
0 j o9

i,5,k,l=1 L

where @; for i = 1,...,d, denote the components of ¢.
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Let L5 ; and 0/0v be the Lamé system and the conormal derivative asso-

ciated with (X, 1), respectively. Then, for any ¢ € C§°(£2), we compute

0= zd: /C’-- Our 09i 4,
N I? T Dy Ox;

i4.k,l=1

= / ANV -u) (V) + g(Vu +vul) - (Ve + Vel)d
o\D

+/ MV -u)(V- ) + %(Vu +vul) - (Ve + Vel)dx
D

Ou Ou
=— EA,u~godzf/ —'cpdaf/£~~u~god:c+/ — - pdo
/9\5 g ap Ov p M ap OV

where the last equality follows from (9.2). Thus (9.21) is equivalent to the
following problem:

Ly,u=0 in 2\D,
L;-u=0 inD,

A B
u|_ = u}+ on 0D |,
ou ou (9.23)
—| == on 0D ,
ov|_  Ov n
oul - _ ulpn € L3,(00)
0| 50 =g, an v .

We denote by Sp and S, p the single layer potentials on 0D corresponding
to the Lamé constants (A, 1) and (A, it), respectively.

We use the following solvability theorem due to Escauriaza and Seo [121,
Theorem 4].

Theorem 9.13 Suppose that (A\—\)(u—Ji) > 0 and 0 < X, Ji < +o0c. For any
given (F,G) € WZ(dD) x L*(0D), a unique pair (f,g) € L?(0D) x L*(0D)
exists such that

ng}_ —SDg|+ =F ondD,

0 % 0

8_;8Df - ESDg

(9.24)

=G ondD,

+

and a constant C exists depending only on A, u, X, i, and the Lipschitz char-
acter of D such that

Il 2op) + llgllz20D) < C'<|F||Wl2(aD) + ||G|L2(6D)> . (9.25)

Moreover, if G € L(9D), then g € L% (D).
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Proof.  The unique solvability of the integral equation (9.24) was proved
in [121]. By (9.12), d8pf/dv|_ € L2(dD). Thus, if G € L2(dD), then
dSpg/ov|+ € L2, (0D). Since

0

g = %SDg

0
- 8uSDg

3

+

then, by (9.10) and dSpg/dv|_ € L2(dD), we conclude that g € L2 (dD). O

Lemma 9.14 Let ¢ € . If the pair (f,g) € L*(0D)x L% (D) is the solution

of N
Spf|_—Spg|, =¢lop ,
0 ~ 0 (9.26)
—=Spf| — =S8 =0,
ov-P O D8 n
then g = 0.
Proof. Define u by
J =
u(:v) — ‘EDg(‘T) ’ EASHIN \D )
Spf(z) — p(x), rxeD.
Since g € Lg,(0D), then [, gdo =0, and hence
Spg(z) = O(|z|'™%) as|z| — +o0.
Therefore u is the unique solution of
Ly,u=0 inR‘\D,
L5 u=0 D,
ulf =ul- ondD, (9.27)
Ju Ou
%’+ = %‘* on 8D y
u(z) = O(jz|'~%)  as |z| — +oo.

Using the fact that the trivial solution is the unique solution to (9.27), we see
that

Spg(r) =0 forz e R\ D.
It then follows that £y ,Spg(z) = 0 for x € D and Spg(z) = 0 for x € 9D.
Thus, Spg(x) = 0 for z € D. Since

Jd(Spg)
ov

_ 9(Spg) ‘ ,

n ov

it is obvious that g = 0. O
We now prove a representation theorem for the solution of the transmission

problem (9.23), which will be the main ingredient in deriving the asymptotic
expansions in Chapter 11.
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Theorem 9.15 A unique pair (¢,v) € L*(0D) x L% (D) exists such that
the solution u of (9.23) is represented by

~ JH(z)+ Spyp(z), ze\D,
u(z) = {gpcp(:z:) CseD. (9.28)
where H is defined by
H(z) = Do(ulsn)(z) — Se(g)(x), zcR\aN. (9.29)

In fact, the pair (g,) is the unique solution in L?(0D) x L2,(0D) of

§D<PL - SDWJr =H|pp ondD,

0 ~ 0 oH (9.30)
ov Dgo’ ov pY n o |sp on
A positive constant C exists such that
lellz2op) + 1¥ll2(op) < ClIH[lw2(op) - (9.31)

For any integer n, a positive constant C,, exists depending only on co and A, jt
(not on A\, i) such that

[Hllcn 5y < Cnllgllzza0) - (9.32)

Moreover,

H(z) = -Spt(z), xzecRI\2. (9.33)

Proof. Let ¢ and 1 be the unique solutions of (9.30). Then clearly u defined
by (9.28) satisfies the transmission condition [the third and fourth condi-
tions in (9.23)]. By (9.12), 0H/0v|op € L2, (D). Thus, by Theorem 9.13,
¥ € LL(0D).

We now prove that du/dv|gn = g. To this end, we consider the following
two-phase transmission problem:

Ly,u=0 in(2\D)U R\ D),
E;\’ﬁuzo in D,

ou Ou
u|7 = u|+ and ﬁ}_ = %}_’_ on 3D , (934)
ou Ou
u|,7u|+:f and $|_7%}+:g onaf),

jz[u(@)| + |2*[Vu(z)] < C as |z] — +o0,

where f = u|gg. If v.€ WH2(£2) is the solution of (9.23), then Uy, defined by
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v(z), x €2,
Ul(x)::{o, ¢ eRI\T,

is a solution of (9.34). On the other hand, it can be easily seen from the jump
relations of the layer potentials, (9.9) and (9.10), that U defined by

Us(a) = {Sg(g)(x)+D9(u|ag)(x)+SD1/J(:17), reR¥\ (DUaN),
’ Spele), zeD,

is also a solution of (9.34). Thus U; — Us is a solution of (9.34) with £ =0
and g = 0. Moreover, U; —Uj € W1’2(Rd) and therefore, U; — Uy = 0, which
implies, in particular, that du/dv|sn = g. Indeed, Us(x) = 0 for z € R%\ 2
and hence (9.33) holds.

Now it only remains to prove (9.32). Let

= {:17 € 2 dist(z,00) > Co}

so that D is compactly contained in 2. Then by an identity of Rellich type,
that is available for general constant coefficient systems (see [104, Lemma 1.14
(i)]) but is beyond the scope of this book, a constant C' exists such that

[Vul|z200) < C(||g||L2(an) + ||Vu||L2(n\n/)) . (9.35)

By applying the Korn’s inequality (9.15) and the divergence theorem, we find
that

IVl L2\ < ClIVa+ Vu'|| 2o\ p)
<of (Axm\EHXx(D)) IV uf?
N

; %(ux(f?\ﬁ) +ﬁX(D)> Vu + Vo' Pdz

<C u-—do,
o0 81/

where the constants, generically denoted by C', do not depend on X, 1. Fur-
thermore, by (9.35) and the Poincaré inequality (2.1), we see that

[ullz200) < ClIVullL2(a0)
< O(lglizom) + Iglzom 200 )
and hence
[ullr200) < Cllgllz200) - (9.36)

Clearly, the desired estimate (9.32) immediately follows from the definition of
H and (9.36). O
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We now derive a representation for u in terms of the background solution.
Let N(z,y) be the Neumann function for £y , in {2 corresponding to a Dirac
mass at y. That is, N is the solution to

L uN(z,y) = —0y(x)Ig in £,
N _ 1,

Wy 1001

N(-,y) € LL(02) forany y € 2,

(9.37)

where the differentiations act on the z-variables and I; is the d x d identity
matrix.

For g € L2,(052), define

U(z) = o N(z,y)g(y)do(y), =x€ . (9.38)
Then U is the solution to (9.14) with D replaced by 2. On the other hand,
by (9.13), the solution to (9.14) is given by

U(z) == So ( - %1 + ic_g) 71g(:17) .

Thus,

N(z,y)g(y) do(y) =/ L(z —y)(—%IJr’C?z)‘lg(y) do(y) ,

o8 [210)

or equivalently,

N(w,y)(—%f +K5)g(y) do(y) = / Iz —y)gy)do(y), =€,

o8 a8

for any g € L2(9£2). Consequently, it follows that, for any simply connected
Lipschitz domain D compactly contained in 2 and for any g € L2 (D), the
following identity holds:

| 51+ Ka)N)@s) doty) = [ Ty(whely) doty)
oD oD

for all x € 9£2. Therefore, the following lemma has been proved.

Lemma 9.16 Fory € 2 and x € 992, let T'y(x) := T'(x — y) and Ny(z) :=
N(z,y). Then

( %I + ICQ) (Ny)(z) =Ty(z) modulo ¥ . (9.39)

We fix now some notation. Let

Npf(z) := - N(z,9)f(y)do(y), z€Q.
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Theorem 9.17 Let u be the solution to (9.23) and U the background solu-
tion, i.e., the solution to (9.14). Then the following holds:

u(z) =U(z) — Np(z), z€0f, (9.40)

where v is defined by (9.50).

Proof. By substituting (9.28) into (9.29), we obtain

H(x) = ~Sa(g)(x) + Do (Hlaa + (Sowlan ) (), 2 0.
By using (9.9), we see that

(31— Ka)(Hlon) = —(Som)lon + (31 + Ke)(Sow)la) on 0. (9.41)

Since U(z) = —Sn(g)(z) + Pn(Ulan)(z) for all z € 2, we have

(37~ Ka)(Ulos) = ~(Sog)lon (0.42)

By Theorem 9.13 and (9.39), we have

(—5T + Ka)(Now)oo)(@) = (Sow)a) , zedn,  (9.43)

since ¥ € L2,(0D). We see from (9.41), (9.42), and (9.43) that

(%I - /CQ)(H|69 —Ulag + (%I + /CQ)((ND¢)|69)) =0 ondf2,

and hence, by Corollary 9.7, we obtain that

1
Hiso — Ulsn + (51 +Ko)(Npy)lag) €V .

Note that

1
(51 +Ke)(Np¥)loe) = (Np¥)loa + (Sp¥)loe ,
which follows from (9.39). Thus, (9.28) gives
u|39 = U|3_Q — (ND’I,D)|39 modulo ¥ . (944)

Since all the functions in (9.44) belong to L2 (942), we have (9.40). This com-
pletes the proof. O

We have a similar representation for solutions of the Dirichlet problem. Let
G(z,y) be the Green’s function for the Dirichlet problem, i.e., the solution to
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Lx,G(z,y) = —0y(x)]y in 2,
G(z,y) =0, z€d foranyyecd.

Then the function V, for f € W#(92), defined by
2

wm:—éngmemww@,

is the solution to the problem

{cwvzo in 2,
Vi]po =f.

We have the following theorem.

Theorem 9.18 We have

1 (o 0

Moreover, let u be the solution of (9.23) with the Neumann condition on OS2
replaced by the Dirichlet condition u|pn = £ € W1(0£2). Then the following
2

identity holds:

ou oV
31/30 )

where ¥ is defined in (9.28) and

() = Gpp(z), ze€dR,

0]
Gowle) = [ LGy doly)
ap oV
Theorem 9.18 can be proved in the same way as Theorem 9.17. In fact, it
is simpler because of the solvability of the Dirichlet problem or, equivalently,
the invertibility of (1/2) I + K}, on L?*(9£2). So we omit the proof.

9.4 Complex Representation of the Displacement Field

This section is devoted to a representation of the solution of (9.21) by a pair of
holomorphic functions in the two-dimensional case. The results of this section
will be used to compute the elastic moment tensors in Chapter 10.

The following theorem is from [249]. We include its proof for the sake of
the reader.
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Theorem 9.19 Suppose that (2 is a simply connected domain in R? (bounded
or unbounded) with the Lamé constants A, p, and let u = (u,v) € W2 (£2) be
a solution of Ly ,u =0 in 2. Then there are holomorphic functions ¢ and 1
in {2 such that

A+3
2u(u+1iv)(2) = kp(2)—2¢' (2)—Y(2) , k= /\1: ,  z=ux1+ixe . (9.45)

Moreover, the conormal derivative Ou/dv is represented as

((%)1 n (g_‘:)) do = —id [(p(z) + ZW-FWZ)} . (9.46)

where do is the line element of 082 and 0 = (0/0x1) dxy + (0/0x3) dxo. Here
082 is positively oriented and ¢'(z) = dp(z)/dz.

Proof. Let 8:=V -uand

ou v v Ju
X =0+ 2u— Y =0+ 2u— Z = — 4+ ="
+ M(?:z:l ’ + MaJ?Q ’ s <8$1 + 81172)
An elementary calculation shows that the equation £y ,u = 0 is equivalent to

0X 07 0z I0Y
— +—=0 d —+—-—=0. 9.47
O0r1  Oxa a Ox1  Oxg ( )
Thus there are two functions A and B such that

VB=(-Z,X) and VA= (Y,-Z).

In particular, A/0xy = OB/0x1, and hence, there is a function? U such that
VU = (A, B). Thus,

02U 02U 02U
0z% "’ oz3 "’ 021022 (9.48)

By taking the xi-derivative of the first component of £ ,u and the wxo-
derivative of the second, we can see that

0 0

It then follows that

AX +Y) =20\ + p) a%muw a%(AU) ~0.

! These notations are slightly different from those of [249].
2 This function U is called the stress function or the Airy function.
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Thus U is biharmonic, namely, AAU = 0. In short, we proved that there is a
biharmonic function U such that

du U v U (v u U
(9.49)

We claim that two holomorphic functions in §2, ¢ and f exist, such that

2U(z) = zp(2) + zp(2) + f(2) + f(2), ze 2. (9.50)

In fact, let P := AU. Then P is harmonic in (2. Let Q be a harmonic con-
jugate of P so that P + i@ is holomorphic in {2. Such a function exists since
{2 is simply connected. See Lemma 2.1 (ii). Let ¢ = p + ig be a holomorphic
function in (2 so that 4¢’(2) = P(z) +iQ(z). Then,

op 1 op 1
Py =79 (9.51)

dx1 4
which yields
AU —R(zp)) =P —RY'(2) =0.
Therefore, a function f holomorphic in {2 exists such that

U—R(zp) =Rf(2),

as was to be shown.
Next, adding the first two equations in (9.49), we obtain 2(A+p)0 = AU =
P. Tt then follows from the first equation in (9.49) and (9.51) that

ou 0?U  2(A+2p) Op

22— = — .
Maxl 0z? A+u Ony
Likewise, we obtain

v U | 2(A+2u) 9g

Maxgz_ﬁxg A+pu Ox’
and therefore
oUu  2(A+2p)
2 = —— _—
pu=—g -+ pw p+ fi(z2),
oU  2(\+2p)
oup = — 2Ly AT _
Ho 2, T q+ fa(x1)

Substitute these equations into the third equation in (9.49), and apply the
Cauchy—Riemann equation dp/dxe = —0q/0x1 to show that

filwe) + folz1) =0,
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which implies that

fi(z2) = aze +b, fa(z1) = —az1+c,
for some constants a, b, c. Thus we obtain

oU  OU | 2(\+2u)

= ' —iz1) + b+ ic.
o zau p (p+iq)+a(xe —izy) +b+ic

2u(u +iv)(z1,29) = —

It then follows from (9.50) that

A+ 3u
A+ p

2u(u 4 ) (x1,x2) = o(2) — zp(2) + ¥ (2) —aiz + b+ ic,

where ¢(z) = f'(z). By adding constants to ¢ and 1 to define new ¢ and 1,
we get (9.45).
Turning to the proof of (9.46), we first observe that

‘;_“ _ (XNl 4 ZNy, ZN) + YN2> ,
14

where N = (N7, Na). Since (— Nz, N7) is a positively oriented tangential vector
field on 942, we have

—deS = d.”[:l, NldS = d$2 . (952)

It then follows from (9.48) that

(@), (5),)

= a2Ud:17 + U dri ) —1 ﬂdm +82—Ud:17
-\ 023 2T Or0xy ! Or10z9  ° 0z? !

(U 0
h 8$2 8$1 '

Now, (9.46) follows from (9.50). This completes the proof. ad

We now prove that a similar theorem holds for the solution of (9.23).

Theorem 9.20 Suppose d = 2. Let u = (u,v) be the solution of (9.23), and
let u, := u|C\D and u; ;= u|p. Then there are functions ¢, and . holomor-
phic in 2\ D and o; and v; holomorphic in D such that

20 (e + ive)(2) = kpe(2) — 2L (2) —e(2), 2€C\D, (9.53)
20(u; 4 iv;)(2) = Rpi(2) — z95(2) —i(2), z€ D, (9.54)
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where

 A+3u - A+ 30
Atp N+

Moreover, the following holds on 0D:

(9.55)

N (we<z> - w—m) - L (E%‘(Z) - wxz)) . (9.56)
0e(2) + 20L(2) + Ve(2) = @i(2) + 29} (2) + ¥i(z) + (9.57)

where ¢ is a constant.

Proof. By Theorem 9.15, a unique pair (p,%) € L*(dD) x L% (D) exists
such that

u.(r) =H(z) + Spy(r), z€2\D,

wi(z) = Spp(z), zeD.

Since £ ,H = 0 in £ and L3 ﬁgDcp = 0 in D, by Theorem 9.19, H and

S, D have the desired representation by holomorphic functions. So, in order
to prove (9.53), it suffices to show that there are functions f and g holomorphic
in 2\ D such that

u| (o) + ¢<8D¢>2] (2) = wf(z) — 2F(2) — g2, =€ Q\D. (958)
Observe that for ¢ = 1,2,

(Sp)i(a) = [ ke =yl doty)

21
}:AD &5 = 93) ) do(y)

W*yP

Hence
(Sowh+iSow)| @) =5 [ wle =yl [n) + iva()] doto)

B [ (m1i—y) ti(z2 — o)
2m Joap lz —y[?

[m () + (s y2>w2<y>] do(y) .

Let z = 21 +ix2, ( = y1 + Y2, and ¥ = 1)1 + i1p3. Then



230 9 Transmission Problem for Elastostatics

(Sowh+iSpw)| ()= 3 [l (0 do(@

B / g[@ommﬂw(o] do(C)

2 op |2 — ¢
_ A B ¥(Q)
T . In(z — )¢ (¢) do(¢) — e [ do(¢)
A _— B B
v [ wemou@ i@ [ a2 w0
Observe that
A A+3p
B Au
Then (9.58) follows with f defined by
fE) = [ (- Qu(Qdo(c) (959)
KT JoD

and g defined in an obvious way. It should be noted that f defined by (9.59)
is holomorphic outside D. This is because ¢ € L2(9D), which implies that

faD Y do = 0.
The equation (9.56) is identical to the third equation in (9.23). By the
fourth equation in (9.23) and (9.46), we get

0] () + 2000 + we<z>] - a[sai(z) e e

from which (9.57) follows immediately. This finishes the proof. a

9.5 Periodic Green’s Function

We now construct a periodic Green’s function (with period one in each direc-
tion) for the Lamé system in the two-dimensional case.

Lemma 9.21 Define G = (Gpq)p,q=1,2 by

1 1 A npng | o
G = — ———4 P4 | gi2mnes 9.60

" #0[ P27 X T2 Jaft | (9:60)
n=(ni,n2

Then G is periodic and satisfies

Lx,G(z) = Z So(x+n)I -1, xeR?, (9.61)

nez?

where I is the identity matriz. Moreover, a smooth function R exists such that
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G(z)=T(z)+R(z), z€Y.
The function R has the following Taylor expansion at the origin:

_ 1 (az? + bx3 2cria0
R(z1,22) = R(0) + 3 ( dewrzs bad+ azd +O0(|z|*), (9.62)

where b is given by

1 /\ +/14 o2 5 2 —271n ne—Zﬂ'n
b=— 16m -8
2 REY P ENIE Y 4”()‘ +2 ) ( + Z —e 27rn Q Z _ eg—2mn ’

(9.63)
and a and ¢ are defined by
A+ 3u 1
h— R 9.64
ot STICTE S M CYpy (9:64)
Proof. We seek a periodic solution G of
LyuGx) =Y do(z+n)[ -1, zeR>. (9.65)

neZ?
Taking the divergence of (9.65), we have
A +2m)AV-G = > Vip(z +n).
nez?
Thus, by Lemma 2.39,

V-G= VG  modulo constants .
A+2p
Inserting this equation into (9.65) gives
A+
HAGy, = T a 04G + 6pg (> do(w+n)—1), pg=1,2.

nez?

Let {G}, }nez2,nzo be the Fourier coefficients of Gpy. It follows from the Pois-
son summation formula (2.92) that

n 1 5pq A+ npng
= R PR S PR R

Thus, (9.60) follows. We also have
. 1 ei27‘(77/£1)
n _i2mn-x __
I R I =
neZ?,n#0 n€Z? ,n#0

/\+ nen €i2ﬂ'n»;ﬂ
s, ]
n€Z?,n#0

:|7 n:(n17n2)ezzvn#oapvq:132'

1/1 A+ p
= 6p— | —1 R S A
pqu<27r n x| + O(x)) +472M()\+2M)%q($)7
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where Y
NHM 61 m™-T
Vpq(T) = Z pTT .

n€Z?,n#0
Note that yeo(x1,22) = m1(w2,21) and vyi2(z1,22) = 21(22,21) for all
x = (z1,z2). We also note that

2mn-x 5 1

’}/11(.%') + ’722(,@) = Z W = 47 (% In |$| + R0($)> s (966)

neZ?,n#0

as shown in (2.94).
In order to prove (9.62), it then suffices to compute 11 (z) and y12(z).
We have
ei2mnizy el2mnizy
T (z) = Z + Z 1mnars Z n2 + n2
ni1#0 na#0 ni1€Z 1 2
127771111

_ E 6127771212”2 E
nl Jr n2

na#0 ni1€ZL

Let us invoke the summation identities (2.96) and (2.97). To compute the
series Y o, €277/ (n] +n3)?, we use (2.114). Let P(2) := (2*+n3)*. Then
the zeros of P(z) are +ing, and from (2.114), it immediately follows that

61’271'77,111 7-(2 < 6727rx1n2 e27rac1n2 >
1

- _ - ___x +
2 2\2 2 —27mng _ 2mng _
= (n? +n3) n3 e 2 -1 e?m2—1]
7T2 6—271'712 6—27711712 e27rn2 627711712 P 6—27r;E1n2 e27r;E1n2
+— + - = -
TL% (6727rn2 _ 1)2 (627rn2 _ 1)2 2TL% e—2mn2 _ | e2mme _ |

We then calculate

cos(2mnaxs) coshm(2z1 — 1)na

2
711(96)2%—27r xy + 2723 4 21 Z

N9 sinh 7o
na2= 1
9 o e—27r;E1n2 627711712
i el TN2I2
+ 1 Z 6727rn2 —1 + 6271'77,2 —1
77,2750
z27rn2x2 6727rac1n2 6271'1177,2
+ ) - +7o(2)
e—2mn2 _ ] e2mm2 _ ] 0 ’
77,2750
to arrive at
7T2 1 2
y1(z) = 3 2m2xy + 2m2a? 4 27 <7rx1 —In2— 3 In(sinh® a1 + sin? ﬂxg))
= = cos(2mnaxa)
_ 2T2) _
— 2?2y g cos(2mngry)e 22 g g T ErE) e 2T aaneg
n2
n2:1 n2:1

+ro(z) + ri(x) + ra(z) + r3(x) , (9.67)
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where
—2mng ,—2Tx1 N2 2mng ,2TT1 N2
; e e e e
_ 2 12TN2 T2
ro(z) = —m Z € ( (e-27m2 — 1)2 + (eZmnz — 1)2)
n2750
“+o0 _ _
5 9 (2 ) e 2'1r712e 2mxriNng N 627rn2627rx1n2
= —aT E COS(4TTN2X2
(€—2Trn2 _ 1)2 (€2Trn2 _ 1)2 ’
no=1

2Tna Ty 4 67271'71211

I cos 2mnoxs €
ri(z) =27 Z

N2 ez — 1
no=1

9 +oo ) 6—27711712 627r;E1n2
_ —2mzing
ro(z) = 2724 g cos(27m2w2)(e + 3 1 + T 1) ;

n2:1
and
+o0 -
- COS(27TTL2.’,E2) —omzing e 2wx1ng 627r;vln2
ra(e) = 3 L) (o, T )
n2 e 2 —1 e2mnz2 |
n2:1

Because of the term e~2™"2, one can easily see that 7o, 71,72, and 75 are
C°°-functions. On the other hand, we have

—+o0
2 g cos(2mngry) e 2 N2 =

n2:1

x
m + 7‘4($) y (968)
for 1 > 0, where r4 is a C°°-function.

In short, using formulae (2.97) and (9.68), we obtain from (9.67) that
G11 = I'1 + R11, where Ry; is a smooth function. From (9.61), (9.66), and
the Taylor expansions of the remainders rg,r1, 72,73, and 74, an elementary
calculation shows that the Taylor expansion of Ry; at 0 is given by

1
Ri1(z) = R11(0) + 5(&70% +bx3) + O(|z|*) ,

where b is defined by (9.63) and

A+ 3u

th=— R
“ 2020+ \)

as stated in (9.64).
The formula for 412(x) can be obtained in the exactly same way. This
completes the proof. O

We now define the periodic single and double layer potentials of the density
function ¢ € LZ(0D) associated with the Lamé parameters (\, u) by
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Ipp(r) = | Gz —y)e(y)do(y), zcY.
oD

By (9.62), we have

Ipp(r) = Spp(x) + - R(z —y)p(y)do(y), zeY,

where Rpyp := [, R(z —y)w(y)do(y) is a smoothing operator. Therefore, it
follows from (9.10) that

d(Gpwp) ) _ J(Gpyp)
ov |+ ov

‘ —¢ ondD. (9.69)
Consider w} = (wi:p)pzl?g to be the solution to

V- (CEWL) =0 inY,

Wé — xpe; is periodic with period 1, (9.70)

/ (Wh — zre))de =0,

Y
where
1 T 1,2
E(u) = §(Vu+Vu ) forue W ().

Observe that CE(w') = Z;nzl Cijpn('“)wfcp/axn fori,j=1,2.
Analogously to Theorems 2.41 and 2.45, the following result holds, giving
a decomposition formula of the solution of the periodic transmission problem

(9.70).

Theorem 9.22 For k,l = 1,2, the solution ch of (9.70) is represented by

wh(z) = C + {f’“el +Op¥i(e), z€YAD, (9.71)
SDcpfc(:v), reD,
where the pair (pk, L) € L2(0D) x L?(0D) is the unique solution to
Spekl- — Gl = zrellop
I I T O

The constant C' is chosen so that the condition fy(wfC —xpe;)dx =0 is ful-
filled. Moreover, v, € L%(dD) and

Ikl z2om) + ¥kl 200y < Cllzxellwzop) - (9.73)

Here L2,(0D) is defined by (9.11).
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Proof. It suffices to prove the unique solvability of the integral equation
(9.72). By Theorem 9.13, a unique pair (f,g) € L?*(0D) x L*(9D) exists
satisfying N

Spf|- — Spgl+ = zkeilop

0 ~ 0 6(:ckel)

Sof| —5-Spg| =S|

Dl B At ov lap
Since Gp = Sp+Rp and Rp is compact on L?(dD), uniqueness and existence
of (¢}, 4t) follow from the Fredholm alternative.

Since d(ze;)/Ov € L2,(0D), (9.69) gives that 9! € L2(9D). In fact, by

(9.72) we have dGpapl /Ov|, € L (8D) and hence, by (9.69), ¢ € L2,(0D).0

9.6 Further Results and Open Problems

Results similar to those presented in this chapter can be obtained for the
Stokes system of linearized hydrostatics. See [124]. Some results on the peri-
odic Green’s function given in this chapter can be applied to the mathematical
theory of phononic crystals [270].

One interesting problem is to obtain a global uniqueness result similar to
Theorem 3.4 for the determination of disk-shaped elastic inclusions with one
boundary measurement. Apparently, there will be some difficulties with sim-
plifying the expressions of the integral operators Kp and K}, when D is a disk
in the plane or a ball in three-dimensional space, but this problem looks like
a solvable one.

Li and Nirenberg proved that the stress for linear elasticity stays bounded
if the Lamé parameters are bounded [217]. It would be very interesting to
characterize the blow-up rate of the stress when the inclusions are either hard
ones or holes, i.e., when the Young’s modulus is either +oco or zero.






10

Elastic Moment Tensor

Introduction

In this chapter, we extend the concept of generalized polarization tensors
(GPTs) to linear elasticity defining generalized elastic moment tensors (EMTs).
We investigate some important properties of the first-order EMT such as sym-
metry and positive-definiteness. We also obtain estimations of its eigenvalues
and compute EMTs associated with ellipses, elliptic holes, and hard inclusions
of elliptic shape.

10.1 Asymptotic Expansion in Free Space

As in the electrostatic case, [see (4.3)], the elastic moment tensors describe the
perturbation of the displacement field due to the presence of elastic inclusions.
To see this let us consider a transmission problem in free space.

Let B be a bounded Lipschitz domain in R?, d = 2,3. Consider the fol-
lowing transmission problem:

d
> 9 Cijkl% =0 inRY, i=1,....d,
Ox; Oy (10.1)

jk,l=1
u(z) —H(z) = O(Jz|'™%) as [z] — +oo,

where

Ciji = ()\ X(R?\ B) +XX(B)) 8;0k1+ (M X(R?\ B) + ﬁX(B)) (8ir0j1+ 0it0jk) »

and H is a vector-valued function satisfying £ ,H = 0 in R?. In a way similar
to the proof of Theorem 9.15, we can show that the solution u to (10.1) is
represented as
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for a unique pair (¢, 1) € L%(0B) x L% (0B), which satisfies
gBSOL —SB¢}+ =H|sp ondB,
(%EW‘ - %Smp = %—Ij oo OB . (10.3)

Suppose that the origin 0 € B and expand H in terms of Taylor series to write

H(z) :( Z %80‘1‘[1(0)950‘, ce Z %aaﬂd(ow)

aeNd ' a€eNd

—ZZ—@QH a:ej,

Jj=1 aeNd

where {e; }‘j:l is the standard basis for R?. This series converges uniformly

and absolutely on any compact set. For multi-index « € N and j =1,...,d,
let the pair (f2,g?) in L?(0B) x L?(0B) be the solution of

Sptl|_ — Spgl |+ = 2%;lo5 |
0 = 0 » 0(z%e;) (10.4)
- i Y il 9 S
Al T 88 L o5 -
Then, by linearity, we get
d 1
Y= > —0°Hj0)gl. (10.5)

j=1 aeNd

By a Taylor expansion, we have

I'(z—y) = Z @aﬁr( z)y®, yin a compact set, |z — +oo. (10.6)

BeNd

Combining (10.2), (10.5), and (10.6) yields the expansion

+Z > Waa (0)0°T(« )/E)B vl (y) do(y) , (10.7)

j=1 aeNd BeNd

which is valid for all x with |z| > R, where R is such that B C Br(0).
We now introduce the notion of EMTs as was defined in [36].
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Definition 10.1 (Elastic moment tensors) For multi-index o € N¢ and
j=1,....d, let the pair (f1,, gJ,) in L*(0B)x L*(0B) be the solution of (10.4).
For 3 € N¢, the EMT Miﬁ, 7 =1,...,d, associated with the domain B and

Lamé parameters (\, p) for the background and (X,ﬁ) for B is defined by

M= ( im»---’migd)=/6 yPel (y) do(y) .
B

We note the analogy of the EMTs with the polarization tensor studied
in Chapter 4. For holes and hard inclusions in a homogeneous elastic body,
Maz’ya and Nazarov introduced the notion of Pdlya—Szego tensor in connec-
tion with the asymptotic expansion for energy due to existence of a small hole
or a hard inclusion [228]. See also [245] and [216]. This tensor is exactly the
one defined by (10.4) when |o| = |§] = 1 and B is a hard inclusion (i = 400)
or a hole (A = i = 0).

Theorem 10.2 Let u be the solution of (10.1). Then for all x with |z| > R
where B C Br(0), the displacement field u has the expansion

EI55 303 SO HOP @M, . (108)

J=1l]al21|g[=1

Proof. We first show that, if « = 0, then g% =0for j =1,...,d. To this
end, recall that (£}, gj) is the unique solution to

Sfl|- — Spghl+ = ejlon .

9 ~ . (10.9)
fJ . J — .

=Sut)| — 5-Suel =0

Thus, by Lemma 9.14, g} = 0. Note that Z?Zl 2=t Lo>H;(0)gl, is the
solution of the integral equation (10.4) when the right-hand side is given by

the function
u:= Z Z —80‘ Jx%e; .

Jl\all

Moreover, this function is a solution of £),u = 0 in B and, therefore,
Ou/0v|sp € L2,(0B). Hence, by Theorem 9.13, we obtain that

Z > - —aa 2)gl, € Ly (0B) .
i=1|al= ¢ '
In particular, we have

ZZ —_aa /Bgé(y)do(y)zo Vi

j=1|a|=l
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Now (10.8) follows from (10.7). This completes the proof. ad

The asymptotic expansion formula (10.8) shows that the perturbations
of the displacement field in R? due to the presence of an inclusion B are
completely described by the EMTs M? 5

When |a| = || = 1, we make a slight change of notation: When o = e;
and B =e, (i,p=1,...,d), put

i -
My 7= My, 5 ¢j7=1,....d.

So, if we set £/ := fJ and g/ := g7, then

Sptl|- — Spglls = ziejlon ,
d ~ . B) , d(xe;) (10.10)
ISl - Lspel| = LG
o Bl B ED BE; N v |8B7
and
mi = /aB Tpe, - gl do . (10.11)

Lemma 10.3 Suppose that 0 < X,ﬁ < +4o00. Forp,q,i,j=1,....d,

. O(zpe,)  O(zpeq)
ij _ _9\Tpey pCq) | |
mpy, = /83 [ £y + % udo , (10.12)

where u is the unique solution of the transmission problem

Ly,u=0 inR‘\B,
L3,u=0 inB,

ulf —ul-=0 onodB, (10.13)
B_u —6—1: =0 ondB,
ov n ov|_

u(z) —zie; = O(|z|'™%) as |z| — +oo.

Proof. Note first that u defined by

() Sng(a:)winej, r€RI\ B,
u(z) =< - .
Spfi(z), z€B,

is the solution of (10.13). Using (9.10) and (10.10), we compute
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mzi)jq = / Tpeq gg do
OB
[l - Lo o
= /63 Tpeq - @ do — /63 a:peq{%&ggﬂ_ — %S:Bfﬂ_} do

_ _/ 8(:cpeq) e do _/ |:a(l'peq) -Sng _ M ngJ} do
aB ’ 9B Z

ov ov ¢ ov
_ O(zpeq) | O(xpeq)] 3 o
= /aB[ o+ =gt Stldo
and hence (10.12) is established. a

10.2 Properties of EMTs

In this section, we investigate some important properties of the first-order
EMT M = (m} ) such as symmetry and positive-definiteness. These proper-
ties of EMTs were first proved in [36]. It is worth mentioning that these prop-
erties make M an (anisotropic in general) elasticity tensor. We first define a
bilinear form on a domain B corresponding to the Lamé parameters A, i by

(u, vyt = /B [)\(V -u)(V-v)+ g(Vu +vul) - (Vv 4+ Vv |dx .

The corresponding quadratic form is defined by
A, - A,
B’L(u) = <uau>B#'

If £, ,u=0, then

Proposition 10.4 Suppose that p # . Given a non-zero symmetric matrizc
a= (aij); define @a, fa, and ga by

d d d
Pa = (aij):v = Z @i T;€; , fa = Z aijff N 8a = Z aijgf .

,j=1 i,j=1 i,j=1
(10.14)
Define a by
i T AN+ N +2(i+p) T
g i, T AOE ) 2 ¢ ) )
= p d dX =N +2(—p) d
where 1y is the d x d identity matriz. Then

I, (10.15)

<da Ma> = <§Bfaa§Bfa>>§ﬁ + <SBgavnga>]§7dM\B + <<pa7 <Pa>%’“ . (1016)
Recall that {a,b) = a-b= Zij a;jbi; for dx d matrices a = (a;;) and b = (bs;).
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Proof.  Set, for convenience, ¢ = ¢, f = f,, and g = g,. Then these
functions clearly satisfy

Spf — Spg = ¢lon ,

a%ng - %Sgg ) _ g_f (10.17)
For j = 1,2, define
@1 = {(aij) - %Id]x and g = Tf(;”)x. (10.18)
Then ¢ = 1 + @2. Define f; and g;, j = 1,2, by
Spfj — Spg; = @jlon .
68 ng - %Sng . = %bg; 10-19)

It is clear that f = f; +f5 and g = g1 + g2. We now claim that
A+ p

(@, Ma) = = <p1-gda+d(i+)\)+2(/i+u)/ w2 -gdo . (10.20)
H—p Jop dAN—=XN)+2(n—p) Job

In fact, we have

(@, Ma) g apqmpqaw
,J,p,q=1

= / (deqxpeq) . (Zaijgg) do
B pg ij

But

i+ p AN+ ) + 27 + p)
Z OpgTp€q = = P1+ —= — Y2,
At A=) +2(i— )

and therefore (10.20) holds.
Next, using the jump relation (9.10) and (10.17), we compute that

) B
[osimf ollsd, Soule
_ . . 8¢ . a a

__/68% 22 o - /BB% [a Swe|_ — 5-Sut|_ | ao

dp 9p; 3% 3
— Lo | (2P spg— TP Sutd
/aB‘PJ av 7 / [(’“)u 558~ 55 SB] 7
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Observe that V - 91 = 0. Put « := fi/p. Then, from the definition of the
conormal derivative §/9v, we can immediately see that

8301 _ 8901 . (17 )8301 . 17058@1

ov o o a v
A combination of (10.17), (10.19), and (10.21), together with the second re-
lation of (10.22), yields

S /gol.gda:/ e Sdea_/ o1 L&pt| do
1—a/op op 0V oB ov
O
SBfl —SBf’ dU— SBgl SBgLLdO' SBgl (9 dU

=<SBf17SBf>B’ +<SBg1,SBg>R’d\B (Spg1, @) 5" .

(10.22)

On the other hand, it follows from (10.17), (10.21), and the first relation of
(10.22) that

1 /cpl-gda:/ 0P & ¢ do
l—a /op o OV

0 0
= e -Spgdo + gh ~pdo
9B aV 9B 81/
= (p1,588) 5" + (p1,0)5" -
By adding the above two identities, we obtain that
1+
_ / o1 gdo
11—« OB
= (Spf1, Spf) " + <SBg1753g>§f\B (o1, 0) 5" (10.23)
— (Spg1 @) 5" + (1, Spg) 5"
Observe that _
I+a p+p
l—a p—p-
Put
A + 2 ~ A\ + 2
= ~>\+ a — and f#:= N)\+ a — .
d(A = A) +2(p — 1) d(A = A) +2(p — 1)

It can be easily seen that

Opz  Op2 _ 102 _ 10
v v Bov §ov (10.24)
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Following the same lines as in the derivation of (10.23), we obtain
- (6+B>/ P2 gdo
OB

= (Spfa, Spf) " + (Spg2, SpE)R 5 + (P2, 9) 5" (10.25)
- <SBg25 ‘P>g“ + <SO2,SBg>gM ;
which together with (10.23) gives
1+a

T2 [ ergdo-(545) [ eagdo

— O« JsB OB

= (Sut, SpE)}" + (Sng, Sp)ph s + (0, )" — (Spg, )" + (@, SpE) 3"
= (Spf, Spf) " + (Sng, Spe)pt 5 + (. @) -

Then the final formula (10.16) follows from (10.20), which completes the
proof. O

Theorem 10.5 (Symmetry) Forp,q,i,j=1,...,d, the following holds:

ij o g ij o ji ij _ P4
My = Mgy, s Mgy =mle ,  and my =m. (10.26)

Proof. By Theorem 9.13 and the definition (10.4) of gf , we obtain that
gl € L% (0B). Since zpe, — z4e, € ¥, we have

/ (zpeq — z4€p) - gg do=0.
oB

The first identity of (10.26) immediately follows from the above identity.
Since z;e; — zje; € ¥, we have J(z;e; — zje;)/0v = 0 on 9B. Let
g:=g] — g, and f := f] — f’. Then the pair (f,g) satisfies

ng|f — Spgly = (xiej - xjez')|aB )
0 ~ 0
8583 _ 8uSBg " 0

Lemma 9.14 shows that g = 0 or gg = gz- . This proves the second identity of
(10.26).
It stems from the first and second identities of (10.26) that

(a, Mb) = i(a +aT, M(b+ b))

for any matrices a, b. Therefore, in order to prove the third identity in (10.26),
it suffices to show that

(a, Mb)y = (b, Ma) for all symmetric matrices a,b .
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Let a,b be two symmetric matrices. Define @4, fq, 8a, @aj;fajs 8ajs 7 =

1,2, asin (10.14), (10.18), and (10.19). Define @y, £5, 85, pb;, f55, 85, 7 = 1,2,
likewise. Then,

<a,Mb>:/ soa'gbdoz/ <pa1'gbda+/ Pa2 - Gy do .
oB OB oB

By (10.21), we have

B 0paj  O@aj
/83 Paj gbda—/aB[ £y 5 } Spfydo forj=1,2. (10.27)

Let o, 3, and 5 be as before. The system of equations (10.19), the first
relation in (10.22), and (10.27) give that

1
/ Soal'gbdo'
11—« B

880111 o
= -Spfydo 10.28
/83 ov B ( )

_ / O(@a1 + SBgal)}
OB

: a ad
5 _(SB8a + pa)do

6(83ga1)
~/BB v ‘, (SBga + ‘Pa) do

On the other hand, we see from (10.19), the second relation in (10.22), and

(10.27) that
(0%
1_ o / Pal * 8b dU

OPa1 & / d(Sphy)
-Spfydo = al — do 10.29
/BB ov o aBSO ' ov L ( )
f
/ Spfar - Sfi b)‘ida
ov
9(Spgy) / b
. o - DOBBY) G L
BBSBgl ey |, do 6BSBg1 Ekad
Next, subtracting (10.29) from (10.28), we obtain
Pal * Bb dO’
oB
(a1 + Spga
_ [ XeatSsga)) g0 40 do (10.30)

0B ov

- gB fal . a(SEfb)

oB ov Lda
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J0(Spgy) J0(Spgy)
_ - _ d
/aB 558a { ov - ov 4] do

= (Pa1 + SBga1, b + SpEL) 5" — <§Bfa1,§be>§’ﬁ - Spga1 -Gy do .
oB

Note that 8 — 5 = 1. Using (10.24), we write

/ Pa2 - 8y do = (Pa2 + SBGa2, pp + Sng>%’# (10.31)
OB

- <§Bfa27§be>>]§ﬁ */ SBga2 - gy do .
OB

Then, by adding (10.30) and (10.31), we find that

/ Pa - 8o = (P + SBZa: P + Spgs) 5" (10.32)
aB
- <§Bfa7§be>)§ﬁ - Spga - gy do .
aB
Since
/ Spga - gy do :/ 8q - Spgrdo
aB aB

identity (10.32) obviously implies that

@it = [ pu-gido = [ puegado = 0.000)
) OB
which completes the proof. O

Theorem 10.6 (Positive-definiteness) Suppose that (9.20) holds. If i >
(<, resp.), then M is positive- (negative-, resp.) definite on the space of
symmetric matrices. Let k be an _eigenvalue of M. Then there are constants Cy
and Cy depending only on A, u, A\, ;i and the Lipschitz character of B such that

Ci|B| < |s| < G2 |BJ .
Proof. Let ¢ = ax, as before. Since

(oro) = (Amamz " 2#2@%) B,
i
(10.16) yields
(@, Ma) > 24/ al]?

where ||a|? = > a3;. On the other hand, we can obtain an upper bound for

m from its definition. In fact, let z € B. Since [, g/ do = 0, we have
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ity = [ ey glw)do = [ (5, 2e, glla)do
OB OB

It then follows from (9.30) that
misP < [ @ nde [ |glfdo
OB OB

< Cdiam(B)0B| (||xjez-||%2<33> n |v<xjei>|%z<33>>
< Cdiam(B)?|0B)? .

Thus, if B satisfies the geometric condition: diam(B)|0B| < Cy|B|, we can
verify that

migy| < C|B|

where the constant C' depends on A, u, X, 1 and Cy. Observe that Cy depends
on the Lipschitz character of B. Hence

(@, Ma) < C|B||all .

Therefore, there is a constant C' depending on A, u,X,ﬁ and the Lipschitz
character of B such that

u Bl [lal® < (@, Ma) < C|B| ||al|*. (10.33)

Let x be an eigenvalue of the tensor M, and let the matrix a be its corre-
sponding eigenvector. Then (a, Ma) = k{a,a) and

2 2

+d(§+k)+2(ﬁ+u>‘
dA =) +2(1— p)

Tr(a)

1 4

Ig

)

sy | Tra)
(@ a>_ﬁ—u)

(10.34)

Suppose that 1z > p. Then by (9.20), d(X —A)+2(z—p) > 0. Let

% ~=min<’7+“ d(X+A)+2<ﬁ+u)>
1' B 1 dO— N +2( — p)

X, :_max(ﬁw d(X+A)+2(ﬁ+u>> _

o= d(X = N) + 2(fi — p)

Then
K1|B| ||| < (a,a) < Ka| B ||a]?,

and therefore, estimates (10.33) imply that x > 0 and

Ch Cs
—|B| <k < —|B].
1Bl <r < 1B
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When g < p, we obtain, by a word for word translation of the previous
proof, that x < 0 and similar upper and lower bounds for || hold. The proof
is complete. O

Theorem 10.6 shows that the eigenvalues of M carry information on the
size of the corresponding domain. We now prove that some components of M
also carry the same information.

If (aij) = %(E” +Eji)7 7 }é j, then Y = (xjel-+:17iej)/2. Hence, by (1016),
we obtain

N e AP I, ,
) = B Q3 St + QM (Sng) + B

It then follows that _
p— i
W+

Thus, we have the following corollary.

] > L 151,

Corollary 10.7 Suppose i # j. Then a constant C exists depending only on
A, iy A, ik, and the Lipschitz character of B such that

p—R
pt

[ 1< ) < 1 (10.35)

10.3 EMTs Under Linear Transformations

In this section we derive formulae for EMTs under linear transformations.

Lemma 10.8 Let B be a bounded domain in R?, and let [mi (B)] denote the
EMT associated with B. Then

iJ _d ] s —
mp]q(EB)_E mp]q(B)a Z?]vpvq_la~'~7d-

Proof. Let (f7,g7) and (?,%?) be the solution of (10.10) on B and (eB),
respectively. We claim that

¥(er) =gl (z), v€OIB. (10.36)

If d = 3, then (10.36) simply follows from a homogeneity argument. In fact, in
three dimensions, the Kelvin matrix I'(z) is homogeneous of degree —1. Thus
for any f,

Sepf(ex) = eSpfc(x), =€ 0B,

I(S.pf) _ 0(Spf.)
T(ex) = T(x) , x€IB,
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where f.(z) = f(ex). Then (10.36) follows from the uniqueness of a solution

o (10.10).
In two dimensions, note first the easy to prove fact:

T(ex) = % Inel;+T(z).

Since the pair ((])c, (¥7).) satisfies

S Al , ,
Sp(el)e| + 2—2 (pi)edo —Sp(])e| = wiejlon ,
T € JoB +
s i 9 J _ O(zie))
%SB((PZ' )e - _S (17b ) - TbB )
we have
Sk [( e — f]} - Sp |:(’Q/Jz)6 - gﬂ = constant
5 - 9 + on OB .
I Ss o), — || =& Ne—gl|| =
6583 |:(<pz)6 fz:| ’ aVSB |:(’¢z)€ g1:| N 0

We then obtain (10.36) from Lemma 9.14. Armed with this identity, we now
write

m;',{](eB) = / Tpeqy -gg(eB) do
d(eB)

d j d
=¢ / zpeq - g1 (B)do = ¢'my (B) ,
oB
to arrive at the desired conclusion. O

Lemma 10.9 Let R = (ri;) be a unitary transformation in R¢, and let Bbea
bounded Lipschitz domain in R? and B = R(B). Let mzi,{] and ﬁzi}é, 1,5, 0,4 =
.,d, denote the EMTs associated with B and E, respectively. Then,

d d
= Z Z TpuTquTikTj1meL (10.37)

u,v=1k,l=1

Proof. Fori,j=1,...,d, let (fg,gf) and (fl,gl) be the solutions of (10.10)
on OB and 0B, respectively. By Lemmas 9.9 (ii) and 9.12,

=R ((zie;)oR)|,5 ,

8, (R\(F o R))’ S4(R gl o R))

8 ~ B .
758 1(f§oR))’— B
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It is easy to see that

d
Rfl((xiej)oR) :R( i Z le’l’ﬂ :zzkel i,j = 1,...,d.
k,l=1

It then follows from the uniqueness of a solution to the integral equation (10.4)

that
d

RYgloR) =Y rurpgh, ij=1,...d.
k=1

By (10.11) and a change of variables, we have
miy= [ ye, -8l do
OB

= [ R o R)- R gl o R do
OB

d d
~l
= [ g rpurqv Tyu€y) g TikT18) do
oB u,v=1 k,l=1
d d
_ E : } : ~ Kl
= T‘puTqu‘sz‘Jlm
w,v=1k,l=1
The proof is complete. a

The formula (10.37) can be written in more condensed form. Let M and

M be the EMTs associated with B and §, respectively. Since M is a linear
transformation on the space of d x d symmetric matrices, it has d(d + 1)/2
eigen-matrices, say Ai,..., Aga41)/2, and can be represented as

M=A 4 +o 4+ Aa® Agasyyz -
The relation (10.37) can be written as
M = RAR" ® RA\RT + -+ + RAg(a41)2R" ® RAg(a41)2RT . (10.38)
In two dimensions, the unitary transformation R is given by the rotation:
reme= () = (e o)
The following corollary follows from (10.37), after elementary but tedious
computations.

Corollary 10.10 Let B = Ry(B) and (m
B and E, respectively. Then,

) and (m77) denote the EMTs for

Pq
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_ 1. . .
mi1 = cos* Omii + 3 sin?(260)mas + sin®(20)mi2 + sin® Om32 |

1 1
mis = sin 6 cos® Omi] — 1 sin(46)may — 3 sin(460)my3 — sin® @ cos Omas
1 . 1 . 1
My = 5 sin?(20)mit + (1 — 3 sin?(26))mil — sin?(20)mi2 + 3 sin?(20)m32 |

1 1 - - 1
mi =5 sin?(20)mil — 3 sin?(20)mas + cos?(20)mi2 + 1 sin?(20)m33 ,

. 1 1
ma3 = sin® § cos OmiT + 1 sin(460)mis + 3 sin(46)mi2 — sin @ cos® Om2

1
m3s = sin* O] + 3 sin?(20)mas + sin?(20)m13 + cos® Oima;
(10.39)

Corollary 10.10 has an interesting consequence. If B is a disk, then
m;fq = mpq, 1,7,p,q = 1,2, for any 6. Thus, we can observe from the first
identity in (10.39) that

mi} = mas = mas + 2mjs (10.40)

It then follows from the second and the fifth identity in (10.39) that

Thus we have the following lemma.

Lemma 10.11 If B is a disk, then the EMT ( i ) 1s isotropic and given by

m;fq = m2251j5pq + m}%(&-p% + 5iq6jp) , 44p,q=1,2. (1041)

We also obtain the following lemma from Corollary 10.10.

Lemma 10.12 Suppose that either mii+mi3 or mit —m33 is not zero. Then
1

% = tan20 . (10.42)
myp —myy 2

Proof. We can easily see from (10.39) that

11 22 A22) 11

~ 92
my — m22—COS29(m11 Mo ) -

1
mis 4+ mas = 3 sin 20(fmy] — Mas

Thus, (10.42) holds, as claimed. a

10.4 EMTs for Ellipses

In this section we compute the EMTs associated with an ellipse. We suppose
that the ellipse takes the form
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2 2
B:%—i—%:l, ab>0. (10.43)
The EMTs for general ellipses can be found using (10.39).

Suppose that B is an ellipse of the form (10.43). Let (A, 1) and (), i) be
the Lamé constants for R2\ B and B, respectively. We will be looking for the
solution of (10.13).

Let u = (u,v) be a solution to (10.13), and let u. := ulg2\ p and u; := up.
By Theorem 9.20, there are functions ¢, and v, holomorphic in C\ B and ¢;
and ; holomorphic in B such that

20 (e + ive)(2) = kpe(2) — 2L (2) —Ye(2), 2€C\ B, (10.44)
20(u; 4 iv;)(2) = Rpi(2) — z95(2) —¥i(2), z€ B, (10.45)

om (mpe(z) — 20, (2) — we(z)) = % (Ewi(z> — 29j(2) - w—(z>> )

S
3]
O
+
I
S
o
O
4
=
o
O
Il

©0i(2) + 2¢i(2) + Yi(z) + ¢ on IB,

(10.46)
where c is a constant. In order to find such e, ¥., @i, ¥;, we use elliptic coor-
dinates, as done in [249]. Let
a—>b

1
= — b = 1 .4
r 2(a+ ), m Pt (10.47)

and define

z=x1 +ixe =w(() ZZT(<+%).

Then w maps the exterior of the unit disk onto C \ B.

Lemma 10.13 Suppose that m > 0. For a given pair of complex numbers «
and 3, there are unique complex numbers A, B,C, E, F' such that the functions

Pe, wev @i, and 1/17, deﬁned by

A
soeow«)—r[au—] RS

¢
Yeow(() =1 [BC + ? + <2C;<m] ;o K>1, (10.48)
vi(2)=Ez, z€B,

vi(2)=Fz, z€B,

satisfy the conditions (9.56) and (9.57). Here, the constant ¢ in (9.57) can
be taken to be zero. In fact, A, B,C, E, and F are the unique solutions of the
algebraic equations
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Fo YA g _FEZE _mp

po pem i L
at(—+B)=E+E+mF,

—A—l(maqLﬁ) _ B E _1p (10.49)
peoop [ L

A+(ma+B) =m(E+E)+F,
(m2+1)af(m+%)A+C’:O.

Proof. Since
wl()  ¢CHm

&(C)  ¢(1—m¢?)’
we can check by elementary but tedious computations that the transmission
conditions (10.46) are equivalent to the algebraic equations (10.49). It is easy

to check that (10.49) has a unique solution A, B,C, E, and F, provided that
m > 0. The proof is complete. O

IKl=1,

For a given pair of complex numbers « and (3, let u = (u, v) be the solution
defined by ¢ and ¢ given by (10.48). Define

mpq(avﬂ) = AB @ : (ue;UE)dU )

I(wpeq)

(10.50)
Mpg(, B) = /aB A (Ue, ve) do

In order to compute the first-order EMT m” associated with B, we need
to find the solution of (10.13), which behaves at mﬁmty like z;e;. Let oo = a1 +
iag, etc., and observe that the exterior solution u.+iv. behaves at infinity like

Ue(2) + ive(2) = i |:(11041 —ay = fi)z+ (—kag —az + 52)4

2p
+0(|2I7). (10.51)

+ ia |:(KZO&2 +ag+ Bo)x + (kag — a1 + ﬁl)y]

Therefore, to compute m , for example, we need to take o = pu/(k — 1) and
8 = —p. In view of (10. 12) and (10.51), we see that

11 K ~ M
mpq = 7mpq(ma 7#) + mpq(ﬁ 7#) )

1,
22 _ M M
Mg = Mg (> 1) + T (— 1) - (10.52)
i ~ o
Mg = _mW(n—H’W) +mpq(li—+1»W) .
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We now compute mpq(a, 3). For p,q = 1,2, let a = apq and b = byy be
complex numbers such that f(z) = az and g(z) = bz satisfy

(e + ilepeg)s) = wf(z) ~ P -9, z€C. (1059)
In fact, the pair (a,b) is given by
(Hﬁl»—u) if (p,q) = (1,1),
(a,b) = (%, 1) if (p,q) =(2,2), (10.54)
(rpin) i) =(12).
Then, by (9.46), we get
9(zpeq) - (O(zpeq)
(o), ()
= —id {f(z) + 2f'(2) + @] = —id {mmz + Bz} . (10.56)

Therefore

mpnfn8) =% [ <(%)1 w <8<gqu))2> (e — iv.) do

_ m;—; /8 ) [We(z> 5l (2) we(z)} ) {maz + Bz]

_ 3«32__,; . [EW _ 20l(2) — wi(z)} [23%@6[2 + bdz] :

where the last equality comes from (10.46). It then follows from (10.48) that

Mypq(a, B) = 3?_—~Z [(EE —E)z — Fz] [2§Radz + Edé]
21 Jop

— m% {2%(7@ —B)+ I_)F] . (10.57)
Following the same arguments, we obtain that
Fipq(r, B) = m% [2%(@ —B) +EF} : (10.58)

where (a, E) is defined by (10.54) with u, k replaced by i, K.

Denote the solutions of (10.49), which depend on given « and (3, by
A = A +i4y = A, B), ete. Then we see from (10.52), (10.54), (10.57),
and (10.58) that
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=

— Mpg(, B) + Mpg(a, B)

=

FE-1A-A+f-pE —GE-wF  ifp=q=1,
(= p)Fa ifp#q, (10.59)
FE-DA-A+A—pE +({—pF  ifp=q=2.

For given «, 3, we solve the system of linear equations (10. 49) to find E(a, 8)
and F'(a, 3). Then, using (10.52) and (10.59), we can find my},, 4,5, p, ¢ = 1, 2.
In short, we have the following theorem.

Theorem 10.14 Suppose that 0 < X,ﬁ < +o00. Let B be the ellipse of the
form (10.43). Then,
mi2 =mi2=0, (10.60)

and mit, m33,mil mi3 can be computed by making use of (10.49), (10.52),
and (10.59). The remaining terms are determined by the symmetry properties
(10.26). The EMTs for rotated ellipses can be found using (10.39).

Proof. Tt suffices to show (10.60). Since the coefficients of (10.49) are real,
Ei(o,3) = Fi(a,8) = 0 if @ and (8 are purely imaginary, and Es(a, 3) =
Fy(a, 8) = 0if @ and S are real. Thus (10.60) follows from (10.52) and (10.59).
This completes the proof. O

Since the meaning of (10.49) is not clear when m = 0, i.e., when B is a
disk, we now compute the first-order EMT for a disk. If B is a disk of radius
one, we can easily check that (10.13) admits a unique solution u = (u, v) given
by ¢ and v that are defined by

pez) =zt D, >,
B C
ve(2) =P+ —+ =, [2[>1 (10.61)
oilz) =Bz, |1 <1,
vi(z)=Fz, |z2|<1,
where the coefficients A, B, C, E, F' satisfy
A= p
A=C=—= )
fw-l-uﬁ
po D p o mAtR,
1= p—
10.62
B ik +1) R+ i (fiJrl)%a ( )
(F—1)p+25 p(E+1) 7
F= M@_
KL=+ [

We then obtain the following theorem from (10.52) and (10.59).
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Theorem 10.15 Let B be a disk. Then

il = Bl FE-DE+DA-A+i—p)  ([@-p(s+1)
* (g + 20— p)(k — 1) KiL+

(k+1)(p— p)
KL+ p

my3 = |Blu :

where Kk and K are given by (9.55). The remaining terms are determined by
(10.41) and the symmetry properties (10.26).

10.5 EMTs for Elliptic Holes and Hard Ellipses

In this section we compute EMTs for elliptic holes and hard inclusions of ellip-
tic shape. By a hole we mean that A = 1 = 0, whereas by a hard inclusion we
mean that ;1 = +00. In other words, Young’s modulus tends to +o0o, whereas
Poisson’s ratio tends to 0. Young’s modulus, F, and Poisson’s ratio, v, are
defined to be
E:;L(2/L+d)\)7 L A .
A+ u 20+ p)

We note that the EMTs associated with elliptic holes with A= i =0 were
computed in [216] and [242].

Let us first deal with hard inclusions. If @ = 400, we obtain from (10.49)
that

wa— (2 4+ B) =0,
a+(%+§) =E+E+mF,
/-@Af(maJrB) =0,
A+(ma+pB) =m(E+E)+TF,

where m is given by (10.47), and hence,

E+E+mF = (k+1)a,

Thus

3

Observe that the first equation has a solution only when o« and (§ are real.
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As i — 400, K — 3, and hence, we obtain from (10.59) that
72E1+F1 lfp:qzl,
1

E Mpq (@, B) — ﬁlpq(a,ﬂ)} =4I ifp#£gq, (10.63)
—2E1—F1 ifpzq:2.

Ifa=pup/(k—1) and 8 = —p, then

— wkE+DH[ 1 m? m
E+FE= — —
* 1-m? |k—1 li(li—l)+m ’
F:u(li-‘rl) _m . m 1 '
1—m? k=1 k(k-1) &

Thus we arrive at

p(k +1)(m—2k+1)

—#) =B (m—1k(k—1)

mﬂ = —Mpqg( s —H) + Mg (

P P
Kk—1 k—1’
Similarly, we can compute m/J using (10.52) and (10.63). The result of these
computations is summarized in the following theorem.

Theorem 10.16 Let B be the ellipse of the form (10.43), and suppose that
f = 4o00. Then, in addition to (10.60),

1 -2 1
mif = g D —2e 1)
(m—1)k(k—1)
2 _ | |/J,(I€+1)(m+2:‘€—1)
(m+1)k(k—1) (10.64)
mll — |B|,LL(I€+1)
22 :‘ﬂ?(:‘ﬂ?— 1) ’
uw(k+1
mig = B

where m and k are given by (10.47) and (9.55), respectively. The remain-
ing terms are determined by the symmetry properties (10.26). The EMTs for
rotated ellipses can be found using (10.39).

Let us now compute the EMTs for holes. To this end, we need to change
the presentation of formula (10.59). By equating the first and third equations
in (10.49), we obtain from (10.57) and (10.58) that

Mg (e, B) — Mpg(a, B)
T

= m?}%[%}%(a —a) (Ii(a —mA) + (m?a — LI B))

+ (1_7—’1_;) (k(ma— A) + (m@AqLBmB))} . (10.65)
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If \=/i=0, then E = F = 0 in (10.49). Thus,
A
a+(=+B) =0,
m
A+(ma+3) =0, (10.66)
1
24+ 1)a— —JA+C=0.
(m® + 1)a—(m + m) +

Since @ = b = 0, it follows from (10.65) and (10.66) that

m(k+1)
(L=m?)u

We now obtain the following theorem from (10.52) and (10.54), after ele-
mentary but tedious computations.

Mpq(a, B) = R|a(2Ra + bm) + (ma + B)(2Ram + b)

Theorem 10.17 Let B be the ellipse of the form (10.43), and suppose that
A= =0. Then, in addition to (10.60),

= 1Bl s (1 )~ 1 (= 17,

3 = 1] s 201+ ) (s~ -+ 1.

. /L(Fd-l- 1) , , (10.67)
may; = |B] (T —m2)(r— 1)2[—2(1 +m?) + (k —1)7],
mi3 = 1B/

The remaining terms are determined by the symmetry properties (10.26). The
EMTs for rotated ellipses can be found using (10.39).

As an immediate consequence of Theorem 10.16 and Theorem 10.17, we
obtain the following result.

Corollary 10.18 Let B be a disk. If)\ =0, then
+1)
11 — |B (K’ 2) -1 2
Mao | | (:‘ﬂ? . 1) [ + ( ) ] ’

mis = —|Blu(k +1) .

If 1 = +o00, then

p(s+1)
K(k—1)°
prt1)

m22 = |B|

mi3 =B
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10.6 Further Results and Open Problems

Quite recently the elastic moment tensors for ellipses and ellipsoids were ex-
plicitly computed in [30] using a different method based on the layer poten-
tials.

Capdeboscq and Kang [79] derived Hashin—Shtrikman bounds for the first-
order elastic moment tensor that are analogous to (4.43) and (4.44). See also
Lipton [222]. Capdeboscq and Kang also applied these bounds to estimate the
size of diametrically small unknown elastic inclusions. An interesting and still
open question concerns the optimality of these bounds.

In [17], the notion of viscosity moment tensor has been introduced. The
viscosity moment tensor V associated with an incompressible inclusion B in-
side an incompressible object is given by

V:i= lim PMP,

A, A—00

where M is the elastic moment tensor associated with the inclusion and P
is the orthogonal projection from the space of symmetric matrices onto the
space of symmetric matrices of trace zero. It turns out that there are several
conjectured relations between V' and the polarization tensor associated with
the same domain B and the conductivity contrast k& = f1/u. We refer the
interested reader to [114].
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Full Asymptotic Expansions of the
Displacement Field

Introduction

We suppose that the elastic medium occupies a bounded domain 2 in R?,
with a connected Lipschitz boundary 912. Let the constants (A, u) denote the
background Lamé coefficients, which are the elastic parameters in the ab-
sence of any inclusions. Suppose that the elastic inclusion D in §2 is given by
D = €B + z, where B is a bounded Lipschitz domain in R?. We assume that
¢o > 0 exists such that inf,ep dist(z, 0£2) > ¢ .

Suppose that D has the pair of Lamé constants (X, 1) satisfying (9.19) and
(9.20). The purpose of this chapter is to find a complete asymptotic expansion
for the displacement field in terms of the reference Lamé constants, the loca-
tion, and the shape of the inclusion D. This expansion describes the perturba-
tion of the solution caused by the presence of D. Our derivations are rigorous
and based on layer potential techniques. The asymptotic expansion in this
chapter is valid for elastic inclusions with Lipschitz boundaries. Based on this
asymptotic expansion we will derive in Chapter 12 formulae to obtain accurate
reconstructions of the location and the order of magnitude of the elastic in-
clusion. The formulae are explicit and can be easily implemented numerically.

11.1 Full Asymptotic Expansions

We first observe that, if D is of the form D = eB + z, then the constant C in
(9.30) depends on e. However, for such a domain, we can obtain the following
lemma by scaling both the integral equation (9.24) and the estimate (9.30).

Lemma 11.1 For any given (F,G) € WZ2(0D) x L*(0D), let (f,g) €

L?(0D)x L?(0D) be the solution of (9.24). Then a constant C exists depending

only on X\, u, \, it, and the Lipschitz character of B, but not on €, such that
1 OF

Igllz2op) < C{ e IFL2om) + 155l 220m) + 1Gll220py ) - (11.1)
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Here 0/0T denotes the tangential derivative.

Proof. Assuming without loss of generality that z = 0, we scale x = ey,
y € B. Let f.(y) = f(ey), y € 0B, etc. Let (p,1) be the solution to the
integral equation

Sppl- — Spply =¢'F. on 9B,

0 ~ 0
Sy

% —5 =G, onodB.

+

—Spyp

Following the lines as in the proof of (10.36), we can show that g, = 9. It
then follows from (9.30) that

lgecll2(oB) = l|[YellL2(am) < C<”51F6”Wf(68) + |G€||L2(BB)> ,

where C' does not depend on €. By scaling back using = = ey, we obtain (11.1).
This completes the proof. O

Let u be the solution of (9.23). In this chapter, we derive an asymptotic
formula for u as € goes to 0 in terms of the background solution U, that is,
the solution of (9.14).

Recall that u is represented as

u(z) =U(z) — Npyp(z), = €09, (11.2)

where 1 is defined by (9.30). See (9.40). Let H be the function defined in
(9.29). For a given integer n, define H(™ by

n

H™(z):= )" é@aH(z)(:p — 2)®
|| =0

n

(X LoemEe-a .Y Lot 27)
|(x\ 0

al
|| =0
= Z Z ai z2)(x — z)%; .
j=1|a|=0

Define ¢,, and v, in L*(0D) b

gDﬂonL - SD¢n|+ = H(n)|8D )

0 0 oH™)

o0 - _SD’lpn a—’3D )

SD ‘Pn o

+

and set
pi=@n+ter and Y : =1, +Yr.
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Since (pRr,%r) is the solution of the integral equation (9.24) with F =
H-H®™ and G = 9(H — H™)/dv, it follows from (11.1) that

19 rllz20p) < C(e  H=H™||129p) + [VEH = H™)||1200p)) . (11.3)
By (9.32),
e H —H™ | 1205p) + [|[VH = H™)|| 12(op)
< [0D|*?|e M H — H™)|| L (ap) + [|V(H — H™)|| .« ap)
< | Hllgnsr(pye™10D[?
< CHg||L2(BQ)€n|aD|1/2 ;

and therefore,
9 rlz20p) < Cligll2o0)€"10D]"? (11.4)

where C' is independent of e.
By (11.2), we obtain that

u(z) = U(z) — Npwn(z) — Npwpr(z), z €. (11.5)

The first two terms in (11.5) are the main terms in our asymptotic expansion,
and the last term is the error term. We claim that the error term is O(e"+9).
In fact, since ¥, 1, € Lg,(9D), in particular, [, ¢ do = [, ¥, do =0, and
we have [, rdo = 0. It then follows from (11.4) that, for = € 912,

Vol =| [ (NG =) = Nz - 2)oalo) doty)
< CeloD"?||[¢ k| r20p)

< C||gHL2(an)6n+d

In order to expand the second term in (11.5), we first define some auxiliary
functions. Let Dy := D — z, the translate of D by —z. For multi-index o € N¢
and j = 1,...,d, define ¢J, and v by

Spohl- — Spy¥lls = 2ejlop, |

9 ~ o 1 ave)) (11.6)
_— J = Sl

a]/SDOLPQ B al/SDU,l/Ja 4 6V |3Do .

Then the linearity and the uniqueness of the solution to (11.6) yield

d n
:ZZO% ()l (x—2), x€dD.
j=1|a|=0

Recall that Dy = €B and (fJ,g/) is the solution of (10.4). Then, following
the same lines as in the proof of (10.36), we can see that
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Ph(x) =gl ()

and hence
d n
1 .
:Z Z —0°H;(2)el* gl (e Yz —2)), z€dD.
et ol
We thus get
d n
1 ,
Npppn(z) = Z Z 9" Jelaltd=2 - N(z,z + ey)gh(y) do(y) -

(11.7)

We now consider the asymptotic expansion of N(z, z + ey) as e — 0. We

remind the reader that x € 92 and z + ey € 9D. By (9.39), we have the
following relation:

(—%I +Kp) [N(-,ey + z)} (x)=T(x—z—ey), z€0f2, modulo?¥.

Since
+oo 1
Dz —ey) = > "0 @@)y’
18]=0
we get, modulo ¥,
1
(EH;CQ)[ (-, ey+z} Z _E\maﬁ T(z—2z))y”
18]= 0P
1 = L g i
= (=5l +Ke) | Y Ze/0/NC 2y | ().
18]=0"

Since N(-,w) € L2 (d2) for all w € {2, we have the following asymptotic
expansion of the Neumann function.

Lemma 11.2 Forx € 912, z € 2, y € OB, and € — 0,

+oo
Nizey+2) = 3 50N,z
I8l=0""

It then follows from (11.7) that

_ Z a_a |a\+d 2 Z MflaﬁN (v z)/ yﬁg{x(y) do(y) .
OB

j=1lal=0 18]= 0
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Note that E?Zl 2 lal=t LO*H;(z)gl, is the solution of (9.30) when the right-
hand side is given by the function

U_ZZ_.(?Q a:ej.

j=1|a|=l

Moreover, this function is a solution of £, ,u = 0 in B and, therefore,
ou/dv|sp € L2, (0B). Hence, by Theorem 9.13, we obtain that

Z > —aaH 2)gl, € L% (dB) .

=1 e @

In particular, we have

ZZ __aa / gh(y)do(y) =0 V1.

j=1|a|=l

On the other hand, g% = 0 by Lemma 9.14. We finally obtain by combining
these facts with the above identity that

I dlal+]8l+d-2

d n
Notule) =32 3 3 00NN G2) |yl ) doty)

0B

(11.8)
We then see from the definition of the elastic moment tensors, (11.5), and
(11.8) that

d A ol -2 5 _
u@z) =U) -> > > Ta H;(2)0N(x, z) M, 119)
i=1al=1 |B|=1 '
+O(e"t ) | 2 €aN .

Observe that formula (11.9) still uses the function H, which depends on .
Therefore the remaining task is to transform this formula into a formula that
is expressed using only the background solution U.

By (9.7), U = —Sn(g) + Dn(Ulsyg,) in 2. Thus substitution of (11.9) into
(9.29) yields that, for any x € £2,

H(z) = =S0(g)(z) + Da(uloe)(x)

d n n—lal+l elal+18l+d—2 3 j
XY Y o O H(EIPa@IN ) )M
i=1|a|=1 |B|=1
4 o (11.10)
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n (11.10) the remainder O(¢"*%) is uniform in the C¥-norm on any compact
subset of 2 for any k, and therefore,

n n—|a|+1

d
OH(2)+ Y Y > B ()P = 07U(2) + O(e" )

j=llal=1 [g|=1
(11.11)
for all v € N¢ with |y| < n, where

Pl = Wmm(aﬁl\u 2))(@) o=z M -

We now introduce a linear transformation that transforms 0*H(z) into
0°U(z). Let
~ (k+1)(k+2)
N:i=d ———~
Z 2 ’
k=1
and define the linear transformation P, on R by

n n—lal+1

. lol+18l+d—2, 7 pi
Pe: <Vv)'y€Nd,|'y\Sn (V"Y + Z Z Z vﬂP&ﬁ'Y),yeNd,‘,ylgn )

J=llal=1 |g]=1

Observe that
Po=I—¢€lp,—...—tiip, |

where the definitions of P; are obvious. Clearly, for small enough €, P, is
invertible. We now define Q;, i =1,...,n— 1, by

P l=T+elQi+...+eT71Q, + O(enT) .

It then follows from (11.11) that

((87H)( ) [v]<n = IJF Z 1+2Q 87U)(z))‘v|§n) + O(en) ,

which yields the main result of this chapter.

Theorem 11.3 Let u be the solution of (9.21) and U be the background so-
lution. The following pointwise asymptotic expansion on 02 holds:

u(z) = U(z)
d n n—|a|+1 |a|+|B]+d—2 ‘ |
€
2; Z gl I+Z €2Q,)((07U)(2)))) 0N (x, z) M2 5
Jj= \O¢| 1

x €05 .

\./_

(11.12)
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The operator Q; describes the interaction between the inclusion and 942.
It is interesting to compare (11.12) with formula (10.8) in free space. In (10.8)
no Q; is involved. This is because free space does not have any boundary.

If n = d, (11.12) takes a simpler form: For = € 942,

drllel jal+|pl+d—2

d d
u(w)zU(x)—ZZ > Tﬁ!(aan)(z)GEN(:v,Z)Miﬁ—i-O(eM).

(11.13)
Observe that no Q; appears in (11.13). This is because D is well separated
from 012.
The coefficient of the leading-order term, namely, the e?-term of the ex-
pansion, is

d
> (0pU)(2)0:, Nij(w, 2)mify, i=1,....d.
Jp,q=1

By Theorem 10.6, this term is bounded below and above by constant multiples
of

4 1/2
VU | Y 10, Nij(w, 2))? :
q,j=1
fori=1,...,d, and these constants are independent of e.

When there are multiple well-separated inclusions
Ds=€eBs+ 25, s=1,---,m,

where |25 — 25| > 2¢p for some ¢y > 0, s # &', then by iterating formula
(11.13), we obtain the following theorem.

Theorem 11.4 The following asymptotic expansion holds uniformly for x €
012:

dtizlal o+ +d—2

m d d
DD Y g O UNEOIN (e 2) (M)

where (Ms)iﬁ are the EMTs corresponding to B, s=1,--- ,m.

11.2 Further Results and Open Problems

Asymptotic formulae similar to those derived in this chapter can be easily
obtained in the extreme cases: A and ji go to zero or ji goes to infinity. To this
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end, it suffices to replace the elastic moment tensor by its limit. It can be shown
that the remainder is uniform in A and g, as A, g — 0 and in g, as g — +oo.

A very interesting and quite challenging problem is to derive the leading-
order term in the boundary perturbations of the displacement field when the
elastic inclusion D is brought close to the boundary of the background medi-
um {2.
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Imaging of Elastic Inclusions

Introduction

Most existing algorithms to solve inverse problems for the Lamé system are
iterative and are therefore based on regularization techniques. See [154, 247].
This chapter develops efficient and robust direct (non-iterative) algorithms for
reconstructing the location and certain features of unknown elastic inclusions.

One medical problem for which knowledge of internal elastic properties
would be useful is tumor detection, particularly in the breast, liver, kidney,
and prostate [62]. The elastic properties are very different for cancerous and
normal tissues.

As in the previous chapter, assume that the elastic inclusion D in 2 is
given by D = eB + z, where B is a bounded Lipschitz domain in R¢. In
this chapter, we propose a method to detect the elastic moment tensors and
the center z of D from a finite number of boundary measurements. The re-
constructed EMT will provide information on the size and some geometric
features of the inclusion. Our approach is based on the asymptotic formula
derived in the previous chapter.

12.1 Detection of EMTs

Given a traction g € L2(912), let H[g] be defined by
Hlg|(x) = ~Sa(g)(z) + Da(f)(z) , x€RI\OQ2, f:=ulpe, (12.1)

where u is the solution of (9.23) and Sp; and Dy, are the single and double
layer potentials for the Lamé system on 0f2.

Theorem 12.1 For z € R%\ £,
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d_d+izlal jalpipltd—2

Z >y Tﬁ'(al(]j)(z)aﬁr(x—z)Miﬁ
7=1lal=1 |8]=1 . (12.2)
e2d

+O(W)’

where U = (Uy, ..., Uq) is the background solution, i.e., the solution of (9.14);
Miﬁ are the elastic moment tensors associated with B; and T' is the Kelvin
matriz of fundamental solutions corresponding to the Lamé parameters (A, p).

Proof.  Since for any preassigned y in a fixed bounded set |VI'(z — y)| =
O(|z|*=9) as |z| — 400, substituting (11.13) into (12.1) yields

Hig|(z) =—Sn( )(@) + DPa(Ulon)(2)
d_drlmlel jaj+|pl+d—2

33 @V (2N ) (@) M
J=1l|al=1 |B|=1
2d

0

But 0U/0v = g on 0f2. Therefore, it follows from (9.8) that
~Sa(g)(x) + Do(Ulag)(z) =0 for z e RY\ 2.

From (9.9) and (9.39), we now obtain
Do (N(-,2))|4(z) = (—%I—FK:Q)(N(',Z))((E) =T(z—2), =z €0, modulo V.

By Do (N(-, 2))(z) = O(Jz|'~%) and T'(z—2)—T'(z) = O(|z|' %) as |z — +o0,
we have the identity

Do(N(,2))(z) =T(x—2)—T(z), z€ RN\ 12,
from which we conclude that
D (9IN(,2))(z) = 0/Do(N(-,2))(2) = 0/T(x — 2) , |6l =1,
and hence (12.2) is immediate. This completes the proof. ad
If g = OU/0v|pq where U is linear, then 90U = 0 if |a| > 1 and therefore,

elBl+d—1 e2d

d
Hlg(z) = - > Z 7 (0°U;)(2)0°T (& — 2)M]] +0(| - 7) -

J=1lal=1]8]=1

Since d°T(z — z) = O(|z| =42~ 18 as |z| — +o0 if | 8] > 1, we have
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d d+1
==Y 30 S U )M+ O )
i=1l|al=1p|=1

62d

+ O(W)a

or equivalently, for kK =1,...,d,

d ed+1
Hylgl(x) = e " (0iU,)(2)3p Tz — 2)mil, + O(‘—7 2] )
4.5,p,q=1 (12.3)
2d
O(+——) -
+ O
Since 8y q(x — 2) = Opkq(x) + O(|z]¢), we obtain from (12.3) that
4 d ed €2d
,3,P,q=1
For a general g, we have the following formula:
4 d ed+1
Hilg)(x) = —e* Y (QU;)(2)0p Tig(w — 2)mis, + 0(| = 7))
,3,P,q=1
from which the following expansion is obvious:
4 d ed ed+1
Hylg](x) = —e¢ Z (0iU;)(2)0p g ( )m” +O(| |d)+0(| |d— 1) - (12.5)
4,3,p,q=1
Finally, (12.4) and (12.5) yield the following far-field relations.
Theorem 12.2 If |z| = O(e™ 1), then, fork=1,...,d,
d
| Hilg](2) = —e|al ™" Y7 (0,U5)(2)0p g ()3, - (12.6)
4,4,p,q=1
Moreover, if U is linear, then for all z such that |z| = O(e~%),
d
| Hilg](2) = —e|al ™" Y (0U5)(2)0p g ()i, - (12.7)
4,J,p,q=1

Both identities hold modulo O(e2?).
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Theorem 12.3 (Reconstruction of EMT) Foru,v=1,...,d, let

0 [ xyey + zpey
Buv ‘= 5

v 2 o0
and define
o= t£+moo t Hy [guo](ter),  kylu,v=1,...,d. (12.8)
Then the entries miy, w,v,k,l =1,...,d, of the EMT can be recovered, mod-

ulo O(e?), as follows: For u,v, k,l=1,...,d,

d
2wap(A+2p) | A+ p
d, _uv )\+(d72)‘u H ; v "
e“my; = Fht (12.9)
) =1,
—wdN 2R i kAL

modulo O(€*?), where wy = 27 if d =2 and wq = 4w if d = 3.

Proof. Easy computations show that

A bpgxp B dkprg + Opgrr | dB w41y

o1 = — - — — 12.10
p k;q((E) Wy |I’|d Wy |.’,E|d Wy |I’|d+2 ( )
Ifx=te,teR, 1=1,...,d then
1
8kaq(tel) = W AdgqgOpt — B((Skp(sql + 5kl5pq) + dB6ki0416p1
1
= Weklpq . (1211)

The background solution U corresponding to g, is given by U(z) =
(xyey + €, )/2 and hence

&Uj(z) = %(5w5ﬂ, + 6iv5ju) . (1212)

Therefore the right-hand side of (12.7) is equal to

e d e &
_ 8. Y o uv
g (0iu0j0 + 5lv5]u)eklpqmpq = g CkipgMpq -
2wyq . wd
4,,p,9=1 p,q=1

The last equality is valid because of the symmetry of the EMT, in particular,

mbt = ml¥. It then follows from (12.7) that, if ¢ = O(e™'), then, modulo

O(e*),
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d
fi4A+w 2)B)ml — BE:m] ifk=1,
47 Hy[guo|(tey) = . .
Z—d(—B FAYMY itk AL

(12.13)

By solving (12.13) for m¥ , we obtain (12.9). This completes the proof. O

pg’

Once we determine the EMT, ¢ myq, associated with D, then we can es-

timate the size of D by Corollary 10.7.
Theorem 12.4 (Size estimation) For i # j,

p+

‘uw—u) g

D] ~ b

ledm

if @ is known. If i is unknown, then | (u+ )/ ((e — 1)) | is assumed to be
1/p.

12.2 Representation of the EMTs by Ellipses

Suppose d = 2. As in the electrostatic case, the reconstructed EMT carries
information about the inclusion other than the size. In order to visualize this
information, we now describe a method that enables for finding out an ellipse
that represents the reconstructed EMT in the two-dimensional case.

For an ellipse D centered at the origin, let m/7 (D) be the EMT associated

with D. Let D be the ellipse of the form

D : x_z + x—% =1
a b2
such that R
D = Ry(D),

for some #. Then by Theorem 10.14, m;{] are determined by 6, |D|, and m
defined by (10.47).

Let ng, i,7,p,q = 1,2, be the EMT determined by the method of the
previous section. Our goal is to find an ellipse D so that

m4 (D) = MY

pq pg’

i,5,p,qg=1,2. (12.14)

Observe that the collection of two-dimensional EMTs has six degrees of free-
dom, whereas the collection of ellipses has only three of them. So the equation
(12.14) may not have a solution. Thus instead we seek an ellipse D so that
mi (D) best fits M for i,j,p,q = 1,2." We can achieve this goal by the
following steps.

! Tt would be interesting and useful to find a class of domains that can represent
the reconstructed EMT in a unique and canonical way.
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Representation by Ellipses with Prior Knowledge of (X,ﬁ) Suppose
that the Lamé constants (), [z) of the inclusion D are known.

Step 1: First we set a tolerance 7. If both |M}} + M32| and |M{} — M23| are
smaller than 7, then represent the EMT by the disk of the size found out
in the previous section. If either |M{s + M33| or |M{ — M33| is larger than
7, then first determine the angle of rotation 6 by solving (10.42), namely,

MY+ M2 1 T
T2 T Canog, 0<6< . 12.15
g 2 050<y 1219

Step 2: We then compute ]\/4\;2 by reversing the rotation by 6 found in (12.15)
using formula (10.37). Since it suffices to replace 7;; by (—1)"r;; in
(10.37), we get

2 2
M E E i+j k+1 Kl
M;}fl = (71)1+J+u+v+ + +p+quuTquiijle, , (1216)
u,v=1k,l=1

where
r11 T2\ _ [cosf —sind
721 722 - sinf cosf ’
Step 3: The ideal next step would be to use (10.52) and (10.59) for finding
|D| and m that produce the entries 77 that minimize

@tt = ST |+ - ST |+t - ST+ mlg - ST (2

But it is not so clear how to proceed to minimize (12.17) since ﬁ"L;{Z is a
non-linear function of m, defined by (10.47), and |D|. So we propose a
different method to find |D| and m.

The relation (10.40) suggests that 2(mil + 2mi3) — (M1l + Mm33) carries
information on the size of m, the ratio of the measure of the long to the
short axes. On the other hand, (10.35) shows that m13 carries information
on |D|. So, we solve

(g +2m13) — (i} + m33) = 203 +2M{3) — (M} + M3)
i3 = M3
(12.18)
using (10.52) and (10.59). Numerical tests show that (12.18) may have
multiple solutions. Among the solutions found by solving (12.18), we
choose the one that minimizes (12.17).

Representation by Ellipses without Prior Knowledge of (X, i): Sup-

pose that the Lamé constants (X,ﬁ) of the inclusion D are unknown. Then
Step 1 and Step 2 are the same as before. Instead of Step 3, we use Step 3'.
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Step 3": If the reconstructed M}J is negative-definite on symmetric matrices,

then i < p by Theorem 10.6. So, set A = i = 0 and solve (12.18) for
m and |D| using (10.67). If the reconstructed M;? is positive-definite on
symmetric matrices, then set i = +o00 and solve (12.18) for m and |D|
using (10.64). Among the solutions found by solving (12.18), we choose
the one that minimizes (12.17).

12.3 Detection of the Location

Having found e? My We NOW proceed to find the location z of D. We pro-
pose two methods, one using only linear solutions and the other one using
quadratic solutions.

Detection of the Location—Linear Method. In view of (12.3) and
(12.12), we have

J d cd+1 e2d
—€e' > OpTig(w — 2)mby = Hylguo](x )+0(| |d)+0(| T =), (12.19)
p,q=1
for k,u,v =1,...,d. Since Myd = Mgy, p, g, u,v=1,... , d, we can symmetrize

(12.19) to obtaln

U

d
€
) E 1 {@,qu(x — 2) 4+ OgLop(x — z)] My
pg=

d+1 62d

= Helgu () + O( ) + Ol

(12.20)

Let V be the space of d x d symmetric matrices, and define a linear transfor-

mation P on V by
((apg)) E Qpq€ m
p,q=1

Then by Theorem 10.6, P is invertible on V. Let (n;; ) be the matrix for P~!
on V', namely,

P~ ((apq)) Z apgny) ,  (apg) €V . (12.21)
p,q=1

It then follows from (12.20) that

,% [(%qu(x - Z) + 8qup(fl7 - Z)}
4 (12.22)

= Hilgil(x nqurO(l ld)+0(|w|eﬁ), k=1,...,d.

7,j=1



276 12 Imaging of Elastic Inclusions

Observe from (12.10) that

iap B (=B+A)xp -z 1 Tp — 2k
" T wa Jr—2ld T wa@ut A -z

for k =1,...,d. Hence we obtain from (12.22) that

d

:—wd(2u+/\)z klgii]( anerO P |d)

ij=1

Tp — Rk

_ ~ld
o =2 (12.23)

Ed

Multiplying both sides of (12.23) by |z|?~!, we arrive at the following formula.
If |z| = O(e~9*1), then

d
Tg’; - z’l“ = —wau+ Nzl Hilgijl(@ anp +O(e (12.24)
ij=1
for k =1,...,d. Formula (12.24) says that we can recover (zy — 2z)/|z — 2|,

k= 1, ey d, from Hk[g”]

We now use an idea from Theorem 7.2 to recover the center z from
(x —2)/|z — z|. Fix k and freeze x;, | # k, so that >, |z| = O(e=+1).
Then consider

d d
wa@p+ Nl > Hilga)(@) Y nt?
i,j=1 p=1

as a function of x;. In fact, for

T = xreg + g e,

1#k
define
d d
By (1) = wa(2p+ N2> Hilgjil(x) > nf? . (12.25)
i,j=1 p=1
We then find the unique zero of @, say 2, and therefore, the point (27, ..., 2})

is the center z within a precision of O(e?).

Detection of the Location—Quadratic Method. This method uses the
relation (12.6). In view of (12.6) and (12.11), we get

d
1 3
t4 Hy [g](te)) = o E (0:U;)(2)eripge’my,  modulo O(e?+1) .
,J,P,q=1

(12.26)
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By m” = m%  we obtain that

qp’
d 1 d d
Z (0:U;)(= )eklpqedmqu -3 Z (€kipq + €kigp) Z (0,U5)(2)e? mlqu
4,5,p,q=1 p,q=1 i,5=1

Since exipg + erigp = €lkpg T €lkqp, We can define a linear transformation 7" on
V by

1 d
T((apq)) = B (Z (ektpg + equp)apq> :

p,q=1

We claim that T is invertible. To prove it, suppose that T'((apq))w = 0,
k,l=1,...,d. If k =1, then

(A+(d=D)B)ark + Y app =0, k=1,....d.
p#k

In view of A4 (d—1)B # —1, this implies axr = 0, k = 1,...,d. On the other
hand, if k£ # [, then

(7A + B)(akl + alk) =0,
and hence ay, = 0 since (apq) is symmetric. Therefore (ap,)?

P,q=
invertible on V.
It then follows from (12.26) that

1 =0and T is

- Z (0:U;)(2)e"m = waT ™' (t* " Hi[g](ter))py modulo O(e™t1) .
1,7=1
(12.27)
We then apply second-order homogeneous solutions for U. In fact, in the
two-dimensional case, take

U(z) = (2z122,27 — 23) ,

and g = 0U/0v. Then using (12.27), we can determine (0;U;)(z), thus z,
from the elastic moment tensor m;Jq and the limit value of Hy[g ] as t — +oo.
In the three-dimensional case, we apply two homogeneous polynomials:

U(x) = (22122, x% — x%, 0), (2ziz3, O,x% — :17%) .

12.4 Numerical Results

In this section we summarize the algorithms described in detail in the previous
sections and show some results of numerical experiments. The first algorithm
is designed to identify a disk that represents the reconstructed EMT by using
(10.7). We call this algorithm the disk identification algorithm. The second one
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is for finding an ellipse that can represent the reconstructed EMT by using the
method described in Sect. 12.2. We call this algorithm the ellipse identification
algorithm. It is worth emphasizing that both of these recovery methods are
non-iterative direct algorithms. We only present them in two dimensions even
though they work as well in the three-dimensional case. Details of the imple-
mentation of the proposed algorithms can be found in [174]. When comparing
these two algorithms, it turns out that the ellipse reconstruction algorithm
performs far better in estimating the size and orientation of the inclusion. But
unlike the disk reconstruction algorithm, the ellipse reconstruction method re-
quires Lamé constants not only for the background but also for the inclusion.

The proposed identification algorithms do not rely on a forward solver,
whereas iterative algorithms require a sequence of forward solutions. Solu-
tions of the elastostatic problem obtained by a second-order finite-difference
forward solver are used only for the generation of numerical simulations. In
Example 1, the effectiveness and stability of the algorithms for a disk in-
clusion are numerically demonstrated. The validity of the asymptotic expan-
sions for the radius and the centers has been checked under various phys-
ical configurations in Example 2. Example 3 shows that the disk recon-
struction algorithm provides fairly good disk approximations even for do-
mains with non-circular inclusions. Example 4 shows that the ellipse recovery
method gives perfect reconstruction results for elliptic inclusions and fairly
good approximations for general domains in the sense that it provides cor-
rect estimations on both the major and the minor axes and the orienta-
tion.

Disk Reconstruction Procedure.

uv

Step R: Compute e?m}? using formulae (12.8),
hig = lim tHy[gu](ter) ,
and m}} in (12.9) for u <wv, k <1, u <k, and v </,
A 2 uv uv
i — @;hﬂ +h|, k=1,
—m(N+phiy, k#L.

Then the computed radius is given by

Te =

Step C1: Compute the matrix (n}})i jpq=1,2, defined in (12.21),

(Z apq,q’)]é) = P_l((apq)), where P((apq)) = (Z apqe2m;ff;> .

p,q=1 p,q=1



12.4 Numerical Results 279

Then find the unique zero zj, k = 1,2, defined in (12.25),

2 2
Pp(an) = 2m(p + Al Z Hy[gji](z an )
p=1

i,j=1

by Newton’s method with Hy[g;;](x) and (0/0zk) Hi[gji](x). In the iter-
ation, the other coordinate z5_y, is frozen to a constant larger than O(e~2)
and we just choose za_j, to be 103.

Step C2: Compute the center point z using (12.27):

3 G, = 20T HLg] )
1,7=1
where

2

Z (ekipg + €xtgp)apg , U(x) = (2w122, 7 — 23) .
p,q=1

N =

T(apq) ==

Example 1: In [174], the following reconstruction procedure is implemented
for two-dimensional domains using Matlab and its performance is tested us-
ing a circular inclusion. The disk is centered at (0.4,0.2) and is of radius
7 =0.2. The Lamé constants of the disk are (X, i) = (9, 6) whereas the back-
ground Lamé constants are (A, ) = (6,4). The functions ub!, ub?, u*2
and u? denote the inhomogeneous solutions with the same boundary values
of the corresponding homogeneous solutions, Ul = (2z,0), U2 = (y,x),
U?22 = (0,y), and U9 = (2zy, 2% —y?), respectively.

The following table summarizes a computational result of the algorithm
using the forward solutions on a 128 x 128 mesh. The radius ¢ is the com-
puted radius in Step R, (x5, y5) is the center obtained by the linear method in
Step C1, and (x5, y$) is the one obtained by the quadratic method in Step C2.

ool @y | e e @5y) | @sey |
(6,4) ] (9,6) (0.4, 0.2)[0.25[[0.3036[(0.4110, 0.1961)](0.3983, 0.1985)|

The left-hand diagram in Figure 12.1 shows the original disk as a solid
curve; the dashed-dotted circle is the reconstructed disk by the linear disk re-
construction method, and the dashed circle is by the quadratic reconstruction
method. In order to check the stability of the algorithm, we add random white
noise to the Neumann and Dirichlet boundary data. Since computational re-
sults for radius and centers have some errors even without noise, we compare
the difference between those with and without noise. We plot the absolute
perturbation error of the reconstructed values with respect to the white ran-
dom noise level measured in the root mean square sense. The right-hand plot
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Reconstructed Disk 10
1 * x—xz
voy-y
107 H - x—xé )%;
4
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Fig. 12.1. The dashed-dotted circle represents the solution by the linear method
and the dashed circle by the quadratic method. The right-hand plot shows the
perturbation error due to the random boundary noise.

in Figure 12.1 demonstrates that the algorithm is linearly stable with respect
to the random boundary noise.

Example 2: In this example, we test the disk identification algorithm with
various configurations of disk inclusions and check the validity of the asymp-
totic expansions for the radius in the case where the inclusion has finite size
much larger than 0. The following table and Figure 12.2 summarize the compu-
tational results for three different locations with two different Lamé parameter
configurations. The linear and the quadratic methods compute the center quite
well, but the radii of the top three cases are about 20% larger than the original
disks and those of the bottom cases are about 30% smaller than the originals.

Aw| Np) | @y | r] e (zf,9%) (z5,95)

(0.5, 0.1) |0.2[[0.2474] (0.5198, 0.0967) | (0.4988, 0.1014)
(0.2, 0.2) {0.3/(0.3638 (0.1999, 0.1999) | (0.1962, 0.1982)
(-0.3, -0.3)[0.5((0.5931|(-0.2974, -0.2972)|(-0.2947, -0.2981)

( )
( )
( )
(7.0,4.5)] (0.5, 0.1) ]0.2[[0.1371] (0.5203, 0.0967) | (0.4995, 0.1009)
( )
( )

(0.2, 0.2) |0.3|0.2029| (0.2003, 0.2003) | (0.1969, 0.1977)
(-0.3, -0.3)|0.5|0.3366(-0.3006, -0.3005)|(-0.2990, -0.2995)

In order to check the validity of the asymptotic expansion, we compute the
radii by the disk reconstruction method for various combinations of radii and
Lamé parameters while we keep fixed the center of the inclusion at (0.4, 0.2).
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Fig. 12.2. Reconstruction results. Dashed-dotted circles by the linear method and
dashed circles by the quadratic method. The three upper cases have stiff inclusions
with (A, ) = (9,6), (A, 1) = (6,4) and the three lower cases with (A, &) = (6,4),
(A, ) = (9,6). We use the notation Ag, uo for A, and A1, pq for X, 1.

We use three different computational grids to check the computational ac-
curacy of our forward and inverse solvers. In Figure 12.3, the dotted line is
used for the results on 48 x 48, the dashed line on 64 x 64, and the solid line
on the 128 x 128 grids; the computational results on the three different grids
seem to be almost identical. The figure also shows that the computed radius
is not identical but proportional to the original value. The ratio between the
computed and the original radius is independent of the radius, which is strong
evidence of a missing second-order asymptotic expansion term for the radius.
It is worth noting that the asymptotic expansion of EMT in (12.9) is correct
up to O(e2?), which gives a valid expression for the radius up to second-order
accuracy in the two-dimensional case.

Example 3 (General Domain Cases): We now test the disk reconstruction
algorithm with non-circular shape inclusions even though the algorithm has
been derived for circular inclusions. The computational results on the 64 x 64
grid show fairly good agreement with their circular approximations. It is also
worth mentioning that (Ao, o) = (6,4), (A1, p1) = (9,6) gives about 20%
larger results and (Ao, o) = (4,6), (A1, 1) = (6,9) about 50% larger than
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Fig. 12.3. Computed radius ¢ on three different computational grids. The dotted
line for 48 x 48, dashed line for 64 x 64, and solid line for 128 x 128 grid coincide
well.
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Fig. 12.4. Reconstruction of general shape inclusion.

originally, in disk cases shown in Figure 12.4; therefore, the computed results
are bigger than the inclusions, especially for the three lower examples.
We now summarize the ellipse identification algorithm.

Ellipse Reconstruction Procedure. Let M;,'g be the reconstructed EMT.
Given a tolerance 7, if both |M{s + MJ2| and |M}{ — M32| are smaller than
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7, then find the disk of the size given in the previous subsection. If either
|M} + Myz| or |[M{] — MZ2| is larger than 7, then
(E1): Determine the angle of rotation 6 by solving (12.15), namely

M Mg

— —tan20, 0<f< <
Mi—MzE T2 Ty
(E2): Using the angle 6 found in (E1), solve (12.16) to find Mid

pq

2 2
Arid +k+p+i Kl
M;fz— g g (=1) P rug Tk My,
k=1

u,v=1

r11 12\ _ [cosf —sinf
91 T92 sinf cosf ) °

(E3): Find |D| and m by solving (12.18):

where

2l + 2m8) — () + %) = 2R + 200) — (M} + FE)
g = 1

The relation between |D[,m and m is given by (10.49), (10.52), and

(10.59) if the Lamé constants (X, i) are known. Otherwise, it is given by
(10.64) [resp. (10.67)] if the reconstructed EMT is negative-definite (resp.
positive-definite).

(E4): Among the solutions in (E3), choose the one that minimizes the quan-
tity given in (12.17):

) — M |33 — MaE|+|mdy — M| +|mi3 — A3

Example 4: In this example, we test the algorithm using the same domains
as in Example 3. Figure 12.5 shows the reconstructed ellipses when their
Lamé constants (), 1) are known. It is not surprising that the ellipse recov-
ery method gives perfect size information for disks and ellipses, as shown in
the first diagram in Figure 12.5, since the information on the Lamé constants
(\, 1) is used.

12.5 Further Results and Open Problems

As shown in Section 4.11.1, for each given polarization tensor associated with
an arbitrary bounded Lipschitz domain and a constant isotropic conductivity,
we can find a unique ellipse whose polarization tensor is the given one. In this



284 12 Imaging of Elastic Inclusions

1 1 1
0.5 0.5 0.5
O 0 O O
-0.5 -0.5 -0.5
-1 -1 -1
-1 -05 0 0.5 1 -1 -05 0 0.5 1 -1 -05 0 0.5 1
(ghtg)=(6.4), (1 1)=(9.060)  (h)=(6.4), (A1 )=(9.060)  (hu)=(6.4), (A,11,)=(9.0,6.0)
1 1 1
0.5 0.5 0.5
0 0 O 0
-0.5 -0.5 -0.5
-1 -1 -1
-1 -0.5 0 0.5 1 -1 -05 0 0.5 1 -1 -0.5 0 0.5 1
(gltg)=(9.8), (1 1 )=(6.040)  ()=(9.6), (A )=(6.040) (k1 ))=(9,6), (A,1,)=(6.0,4.0)

Fig. 12.5. Computed ellipses for various inclusions marked with solid curves. The
centers of dotted ellipses are computed by the linear method and dashed-dotted ones
by the quadratic method.

way, we can visualize the detected polarization tensor. It is important to have
a class of fourth-order curves that can represent EMTs in a unique way. Once
we have such a class, the detected EMT can be visualized by a curve in this
class, not by an ellipse as done in the previous section.

The techniques discussed in this chapter can be extended to elastodynam-
ics. In [27], we presented non-iterative algorithms for reconstructing small
elastic inclusions from dynamic boundary measurements for a finite interval
in time.

We mention another very interesting problem concerning the simultaneous
characterization of the shape and the elastic parameters of a small inclusion
from interior measurements of the displacement field. This imaging approach
is termed Magnetic Resonance Elastography (MRE) and can be a very ef-
fective method for detecting tumors, particularly in breast, liver, kidney, and
prostate [224]. We think that a promising direction for analyzing MRE data
is to utilize the asymptotic formulae derived in the previous chapter together
with the bounds satisfied by the first-order elastic moment tensor.
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Effective Properties of Elastic Composites

Introduction

Let Y =] — 1/2,1/2[? denote the unit cell. Suppose that an inclusion D is
embedded in Y and that the background material has elasticity properties
defined by the tensor C° = ((C°)¥1); ; xi=1,2, where

(CO)5} o= A6ijOt + p(Sikdji + Sudj) |

while the inclusion D has the tensor C' = (C)i,j k,1=1,2, where
(5)i,j,k,l:1,2 = X&'j&cl + (01051 + 6idjn) -

Thus the periodic (with period 1 in each direction) elasticity tensor
C = (CH)ijki=1,2 for this two phase material is given by

CHl = ()\Jr(X*)\)X(D))(SijCSliF (,LLJF(ZZ*M)X(D))((SM(SJ'Z +dudjx) , (13.1)

where x(D) is the characteristic function of D.

Let € be a small parameter. Suppose that D = ' T# B for some 3 > 0. Here
B is a reference Lipschitz bounded domain containing 0 whose volume |B| is
1. Denote p = €? and f = p?, the volume fraction of the elastic inclusion.

The periodic elasticity tensor C'(z/e) makes a highly oscillating elasticity
tensor and represents the material properties of a dilute composite. We con-
sider the problem of determining the effective elastic properties of the dilute
composite with the elasticity tensor C(x/¢€) as € — 0.

Our aim in this chapter is to extend the formula (8.15) to elastic compos-
ites. We present a simple and general scheme to derive accurate asymptotic
expansions of the elastic effective properties of dilute composite materials. The
main result, which was proved in [33], is that the effective elasticity tensor C*
has the following high-order asymptotic expansion in terms of f:

C*=C%4 fM(I - fSM)™' +O(f3) . (13.2)
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Here M is the elastic moment tensor and S = (Sf-l) is a 4-tensor given by

St =83 = —a, 5y = ST = —¢,

b+c (13.3)
2 3

and its other entries are zero, where a and ¢ are defined by (9.64), and b is

given by (9.63).

The formula (13.2) is valid for general shaped Lipschitz inclusions with
arbitrary phase moduli. Moreover, it exhibits an interesting feature of the ef-
fective elasticity tensor of composite materials that consists of the presence of
the distortion factor S. A mere comparison of (13.2) with (8.15) shows that
the presence of the factor S in (13.2) is somewhat unexpected.

Sl2 _S21 _SQI _S12 ==

13.1 Derivation of the Effective Elastic Properties

We now derive the asymptotic expansion of the effective elasticity tensor C*
as the volume fraction f = p? goes to zero.
Let wi = (w%cp)pzl?g be the solution of (9.70). The effective elasticity

tensor C* = ((C*)) is defined by (see, for example, [97])
(@)= | (CEwh)ydo
We note that, if u € Wh2(Y) and £, ,u=0in Y, then for all v.e Wh2(Y),

/ V- a—da —/ CE(u): E(v)dx , (13.4)
oy Ov Y
which can be seen from the divergence theorem. Since
E(zrer)ij = (0kidij + Oks01i)/2 ,
we have
/ (CE(WL))iy dx = / CE(W) : E(xiej) da

Y Y

and hence we obtain from (13.4) that

g Ow!
(C*);le/wxiej-%da, ikl =1,2. (13.5)

Let (¢L, %) be as in Lemma 9.22. It follows from (13.5) and (9.71) that

. I(zrer) d(Gpy)
(C )ffZ/aniej- a’;l (:C)da(:v)—i—/m/:ciej- 8Dy k2 (x) do

o l
= (Co)f]l + ,/ay Tie; - 7(%;):/%) (x)do
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Observe that Ek,ungi =0 in D as well as in Y \ D. Thus, using the peri-
odicity of G Dwfw together with the divergence theorem and the jump formula
(9.69), we obtain

l !
/ zie,; - a(ggww o / re, a(g;wg’ o / 8(2@]) Gl do
oy v aD v+ oD v
!
:/ Ti€; - (ngk ’ dU*/ :zriej'M do
oD oD 8V —
= / zi€;j wi(x) do .
aD
Recalling that D = pB, we let

(@) = ¢l(pz) and (@) = (pr), =€ IB.
Then we have
C*=C"+ fP, (13.6)
where P = (P}il) is defined by

P = /83 zie; - Pk do . (13.7)

Observe that the pair (@}, 1%) € L?(0B) x L?(0B) is the unique solution of

S5@il- — (Sp + Rp)Uhl+ = zrelon + C
o~ _ B} ~ d(xre;) (13.8)

- ( il 1 _
5558%|_ " 5, (Sp +Rp)Yy .

ov e’

for some constant C' and @C € L2(9B).
Let (f!,g!) be the solution of (9.13) with D replaced by B. It then follows
from (13.8) that

Sp(F, — 1) — Sp(h —gb)ls = Rpdl +C

9 ~ o ) - on 0B, (13.9)
553(802 — ) — 553(1/15@ —gi)l+ = %RBwi
where
Rpi(z) := - R(p(z —y))¢(y) do(y) .
By (9.62)

azr1y1 + bxays cx1ys + cray1
R(p(z —y)) = R(0) — p°
cr1y2 + cxay1 b1y + arays

+02(Q1(z) + Q2(y)) + O(p*) ,
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where Q1(x) and Q2(x) are 2 X 2 matrices whose components are homoge-
neous polynomials of degree 2 in x and y, respectively. Let X;; = z;e; and
Yi; = yiej, 1,5 = 1,2, for convenience. Then we can write

ar1yr + brayz cr1y2 + croy1

cr1y2 + crayr briyr + axays
= X11 ® (aY11 + ¢Ya2) + X12 ® (bY12 + ¢Ya1) + Xo1 @ (Y12 + bY21)
+ Xoo ® (cY11 + aYas) .

Since P} = [, Yy -szCdo and [, {Efcdo— =0, we get for x € OB

R, () = - R(p(x — y))¥i.(y) do(y)

= —p* X1 (aPf] + cP33) — p* X12 (0P} + cPy])
— *Xo1(cPly + bPy]) — p?Xoa(cPf{ + aPy3) + C + O(p*) ,
for some constant C. The term (RpiL)/Ov also has the same expression

with X;; replaced by 0X,;/0v.
It is proved in Lemma 9.14 that, if (f,g) is the solution of

Spf|_ — Spgl. =C

9 ~ 9 on 0D ,

—Spf|- — =8 =0

v | v B8+

then g = 0. Therefore it follows from (13.9) and the linearity of the integral
equation that

Ui — gl = —p°g1 (aPf{ + cPy3) — p°gl (bPf3 + cPY) — p°ga(cPf3 + bPyY)
— p*g5(cPl +aP3) + O(p") .

By substituting this formula into (13.7), we get

Pl =mi—f [m%} (aPy{ + cPgy) +mii (bPf; + cP3y) +mij (cPfy + bPyY)

2Pl 1 aPQle)] o).

Since ml2 = m2!

i 7j» we can rewrite this in the following form:

b+c
2

my; (Pl + Pyy)

]

P =l |t s ert +

b+c
+ Tmfjl(P{?j + Py +mZ(cPll +aPl)| +O(f?) .  (13.10)
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Define the (anisotropic) 4-tensor S = (Sl-kjl) by (13.3) and the other entries
as zero. Thus, (13.10) now takes the form

P =M+ fPSM +O(f?),

where M is the EMT associated with B.
Finally, from (13.6), the following theorem is straightforward.

Theorem 13.1 Let S be the tensor defined by (13.3). The following asymp-
totic expansion for the effective elasticity tensor C* holds:

C*=C%4+ fM(I - fSM)™' +0(f%), (13.11)
where M is the EMT assoctated with B.

Note that, if @ = p, then according to Francfort and Tartar [127] the ef-
fective elasticity tensor C* is isotropic, which is consistent with the expansion
(13.11) since in this case, as may be shown by a direct computation, the tensor
SM is isotropic.

13.2 Further Results and Open Problems

Following the arguments developed in this chapter, we can derive further
terms in the asymptotic expansion of C* by inserting more terms in the Tay-
lor expansion of R and using higher order elastic moment tensors. It would
be interesting to obtain similar formulae for anisotropic elastic composites.

The approach presented in this chapter is also expected to have a great
potential for rigorously deriving accurate approximations for the effective vis-
cosity of a suspension of general shaped obstacles suspended in a viscous fluid.
We refer to Einstein [118] and Batchelor and Green [56] for approximations
corresponding to a suspension of hard spheres in a viscous fluid. Einstein’s
method consisted of calculating the energy dissipated by the flow around the
spherical particles, and associating that with the work done in moving the
particles relative to the fluid. It would be very interesting to evaluate the
effective viscosity of arbitrary shaped particles. Another challenging problem
is to compute the viscous dissipation rate due to particles approaching each
other. The analysis of this problem requires delicate estimates analogous to
those presented in Chapter 6.
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Appendices

Introduction

We conclude the book with three appendices. The first of these recalls a few
basic facts about compactness, which is needed for our study of the layer
potentials in Chapter 2. The second states for the sake of completeness the
celebrated theorem of Coifman, MclIntosh, and Meyer[98]. The third estab-
lishes the continuity method, which is useful for the proof of Theorem 2.21.

A.1 Compact Operators

Let X be a Banach space. A bounded linear operator T is compact, if when-
ever {z;} is a bounded sequence in X, the sequence {T'z;} has a convergent
subsequence. The operator T is said to be of finite rank if Range(T') is finite-
dimensional. Clearly every operator of finite rank is compact.

We now provide some basic results on compact operators.

Lemma A.1 The set of compact operators on X is a closed two-sided ideal
in the algebra of bounded operators on X with the norm topology.

Lemma A.2 IfT is a bounded operator on the Banach space X and there is
a sequence {Tn}Nen of operators of finite rank such that ||Ty —T|| — 0, then
T is compact.

Lemma A.3 The operator T is compact on the Banach space X if and only
if the dual operator T™ is compact on the dual space X*.

We also recall the main structure theorem for compact operators.

Theorem A.4 (Fredholm alternative) Let T be a compact operator on
the Hilbert space X (which we identify with its dual). For each A € C, let
W={zeX:Te=X} and Vx ={x € X : T"x = Az}



292 A Appendices

Then
(i) The set of A € C for which V) # {0} is finite or countable, and in the

latter case, its only accumulation point is zero. Moreover, dim(Vy) < +00
for all A # 0.

(ii) If A # 0, dim(Vy) = dim(Vy).

(iii) If X # 0, the range of \I — T is closed.

Corollary A.5 Suppose X\ # 0. Then
(i) The equation (A —T)x =y has a solution if and only if y L Vi.
(i1) (M —T) is surjective if and only if it is injective.

To conclude this appendix, we recall the concept of a Fredholm operator
acting between Banach spaces X and Y. We say that a bounded linear oper-
ator T': X — Y is Fredholm if the subspace Range(T") is closed in Y and the
subspaces Ker(T) and Y/Range(T') are finite-dimensional. In this case, the
index of T is the integer defined by

index (T') = dim Ker(T) — dim(Y/Range(T)) .

The next theorem encapsulates the main conclusion of Fredholm’s original
theory.

Theorem A.6 IfT =1+ K, where K : X — X is compact, thenT : X — X
1s Fredholm with index zero.

The last theorem shows that the index is stable under compact perturba-
tions.

Theorem A.7 If T : X — Y is Fredholm and K : X — Y is compact, then
their sum T + K : X — Y is Fredholm, and index (T + K) = index (T).

A.2 Theorem of Coifman, McIntosh, and Meyer

The proof of Theorem 2.17 is based on the following celebrated theorem of
Coifman, McIntosh, and Meyer [98].

Theorem A.8 Let A, ¢ be Lipschitz functions on R4™1. The singular integral
operator with the integral kernel

A(x") = Ay')
(J2 = /2 + (o) — o(y'))?)%

is bounded on L?(RI~1).

Theorem A.8 was proved by reducing to one dimension using the method
of rotation of Calderén[77], and then by using the following general theorem
obtained in the same paper.
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Theorem A.9 Let K be a compact convex subset in the complex plane, U be
an open set containing K, and F : U — C be a holomorphic function. Let A
and B be Lipschitz functions on R such that
Alz) — Aly)
r—y

e K.

Then the principal value operator defined by the kernel

B(z) — Bly) 1, (A(w) - A(?J))

(z —y)? T—y

is bounded on L?(R).

The L?-boundedness of the operators Kp and K} in Theorem 2.17 fol-
lows immediately from Theorem A.8. In order to keep the technicalities to a
minimum, we suppose that d > 3, and the domain D is given by a Lipschitz
graph, namely, D = {(2,24) : zq = ©(2')}, where ¢ : R9~1 — R is a Lipschitz
function. If x = (2/,z4),y = (¥, ya), then Kp is the principle value operator

with the kernel , , , , ,
1 o) — @) — (v —2', Vo))

d

wa (|z' —y'[> + (p(2) — 9(y))?)?

and K7, is the principle value operator with the kernel

1 (p@") —o(y) = & =y, Vo)) v1+ [Vely)?
Wi (|2’ =y + (p(a') = p(y))?) s /T + [Vl

From Theorem A.8 [with first A(z') = 2/, then A(z') = p(2’)] and the bound-
edness of Vi (z'), we conclude that Kp is a bounded operator on L?(9D).

The integral kernel for the same operator Kp for the Lamé system involves
terms defined by

(@ = y5)* (@), — y3)
|.’L'/ _ y/|d+2

The L2-boundedness of such operators can be proved in a similar way using
the method of rotation and Theorem A.9.

A.3 Continuity Method

Theorem A.10 For 0 < t < 1, suppose that the family of operators A; :
L2(R971Y) — L2(RI™Y) satisfy

(i) [|AtdllL2(ra-1) = Cl|||L2(ra-1), where C' is independent of t,
(il) t+— Ay is continuous in norm,
(iii) Ag: L2(R4™1) — L2(R971) is invertible.
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Then, Ay : L*(R1) — L%(R971) is invertible.

We provide a brief proof for the sake of the reader. Let
T:= {t € [0,1] : A; is invertible on LQ(Rdl)}.

Then T is non-empty by (iii). We can infer from (ii) that T is an open subset
of [0,1]. To prove that T is closed, choose a sequence t;, j = 1,2,..., from T
and assume that t; converges to to as j — +oo. For a given g € L2(R?71), let
[ be such that Ay, f; = g. Then by (i) there is a subsequence of f;, which is
still denoted by f;, converging weakly to, say, fo. We claim that A; fo = g.
In fact, if h € L2(R9~1), then

<Atof0 - gvh> = <Ato(f0 - fj)gvh> + <(Ato - Atj)fj’ h>
= ((fo — f3)g, At h) + ((Asy — As,) fj,h) — 0 as j — +o0.
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(i) The equation (A —T)x =y has a solution if and only if y L Vi.
(i1) (M —T) is surjective if and only if it is injective.

To conclude this appendix, we recall the concept of a Fredholm operator
acting between Banach spaces X and Y. We say that a bounded linear oper-
ator T': X — Y is Fredholm if the subspace Range(T") is closed in Y and the
subspaces Ker(T) and Y/Range(T') are finite-dimensional. In this case, the
index of T is the integer defined by

index (T') = dim Ker(T) — dim(Y/Range(T)) .

The next theorem encapsulates the main conclusion of Fredholm’s original
theory.

Theorem A.6 IfT =1+ K, where K : X — X is compact, thenT : X — X
1s Fredholm with index zero.

The last theorem shows that the index is stable under compact perturba-
tions.

Theorem A.7 If T : X — Y is Fredholm and K : X — Y is compact, then
their sum T + K : X — Y is Fredholm, and index (T + K) = index (T).

A.2 Theorem of Coifman, McIntosh, and Meyer

The proof of Theorem 2.17 is based on the following celebrated theorem of
Coifman, McIntosh, and Meyer [98].

Theorem A.8 Let A, ¢ be Lipschitz functions on R4™1. The singular integral
operator with the integral kernel

A(x") = Ay')
(J2 = /2 + (o) — o(y'))?)%

is bounded on L?(RI~1).

Theorem A.8 was proved by reducing to one dimension using the method
of rotation of Calderén[77], and then by using the following general theorem
obtained in the same paper.
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Theorem A.9 Let K be a compact convex subset in the complex plane, U be
an open set containing K, and F : U — C be a holomorphic function. Let A
and B be Lipschitz functions on R such that
Alz) — Aly)
r—y

e K.

Then the principal value operator defined by the kernel

B(z) — Bly) 1, (A(w) - A(?J))

(z —y)? T—y

is bounded on L?(R).

The L?-boundedness of the operators Kp and K} in Theorem 2.17 fol-
lows immediately from Theorem A.8. In order to keep the technicalities to a
minimum, we suppose that d > 3, and the domain D is given by a Lipschitz
graph, namely, D = {(2,24) : zq = ©(2')}, where ¢ : R9~1 — R is a Lipschitz
function. If x = (2/,z4),y = (¥, ya), then Kp is the principle value operator

with the kernel , , , , ,
1 o) — @) — (v —2', Vo))

d

wa (|z' —y'[> + (p(2) — 9(y))?)?

and K7, is the principle value operator with the kernel

1 (p@") —o(y) = & =y, Vo)) v1+ [Vely)?
Wi (|2’ =y + (p(a') = p(y))?) s /T + [Vl

From Theorem A.8 [with first A(z') = 2/, then A(z') = p(2’)] and the bound-
edness of Vi (z'), we conclude that Kp is a bounded operator on L?(9D).

The integral kernel for the same operator Kp for the Lamé system involves
terms defined by

(@ = y5)* (@), — y3)
|.’L'/ _ y/|d+2

The L2-boundedness of such operators can be proved in a similar way using
the method of rotation and Theorem A.9.

A.3 Continuity Method

Theorem A.10 For 0 < t < 1, suppose that the family of operators A; :
L2(R971Y) — L2(RI™Y) satisfy

(i) [|AtdllL2(ra-1) = Cl|||L2(ra-1), where C' is independent of t,
(il) t+— Ay is continuous in norm,
(iii) Ag: L2(R4™1) — L2(R971) is invertible.
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Then, Ay : L*(R1) — L%(R971) is invertible.

We provide a brief proof for the sake of the reader. Let
T:= {t € [0,1] : A; is invertible on LQ(Rdl)}.

Then T is non-empty by (iii). We can infer from (ii) that T is an open subset
of [0,1]. To prove that T is closed, choose a sequence t;, j = 1,2,..., from T
and assume that t; converges to to as j — +oo. For a given g € L2(R?71), let
[ be such that Ay, f; = g. Then by (i) there is a subsequence of f;, which is
still denoted by f;, converging weakly to, say, fo. We claim that A; fo = g.
In fact, if h € L2(R9~1), then

<Atof0 - gvh> = <Ato(f0 - fj)gvh> + <(Ato - Atj)fj’ h>
= ((fo — f3)g, At h) + ((Asy — As,) fj,h) — 0 as j — +o0.
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Calderén method, 161, 174
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Cauchy integral formula, 172
Cauchy principal value, 24

cell problem, 197

closely spaced inclusions, 106, 140
compact operators, 18, 291
complex representation, 225
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continuity method, 30, 293

decomposition theorem, 45, 129
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dipole, 15

dipole approximation, 129, 130
Dirac delta function, 15
Dirichlet-to-Neumann map, 70, 90
displacement field, 212

divergence theorem, 12, 212

effective conductivity, 199

effective elasticity tensor, 289

eigenvalues of EMTs, 246
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energy identities, 50

equivalent ellipse, 118
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Fourier transform algorithm, 174
Fredholm alternative, 26
fundamental solution, 14, 51, 212

Green’s formula, 13
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heat equation, 144

Helmholtz equation, 66, 144, 192

high-contrast material, 37
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homogeneous polynomial, 84
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inverse Fourier transform, 175
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Lipschitz character, 7
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Maxwell’s equations, 66, 144
Maxwell-Garnett formula, 3, 196
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moment estimation, 185
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Runge approximation, 11, 71
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singular kernel, 24
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stability, 171

Stokes’s formula, 13

strain tensor, 212

symmetry of EMTs, 241
symmetry of the GPTs, 91
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periodic Green’s function, 53, 59, 230
Poincaré’s inequality, 10

Poisson summation formula, 53, 59 unique continuation property, 11, 91,
Poisson’s kernel, 44 184
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polarization tensors, 75, 130
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