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Preface

Recent developments in imaging and effective medium theory reveal that these
fields share several fundamental concepts. One of the unifying threads is the
use of generalized polarization (GPTs) and moment tensors (EMTs) that de-
pend only on the geometry and the conductivity or the Lamé parameters of
the inclusion. These concepts generalize those of classic Pólya–Szegö polariza-
tion tensors, which have been extensively studied in the literature by many
authors for various purposes. The notion of Pólya–Szegö polarization tensors
appeared in problems of potential theory related to certain questions arising
in hydrodynamics and in electrostatics.

The study of GPTs and EMTs with applications in imaging and effective
medium theory forms the heart of the book. We show that GPTs and EMTs
are key mathematical concepts in effectively reconstructing small conductivity
or elastic inclusions from boundary measurements as well as in calculating
accurate, effective electrical or elastic properties of composite materials.

Due to the character of its topic, this book is of interest not only to math-
ematicians working in inverse problems and effective medium theory, but also
to physicists and engineers who could communicate with mathematicians on
these issues. It highlights the benefits of sharing new, deep ideas among dif-
ferent fields of applied mathematics.

This book would not have been possible without the collaborations and
the conversations with a number of outstanding colleagues. We have not only
profited from generous sharing of their ideas, insights, and enthusiasm, but
also from their friendship, support, and encouragement. We feel especially
indebted to Graeme Milton, Gen Nakamura, Jin Keun Seo, Gunther Uhlmann,
and Michael Vogelius.

Paris and Seoul, Habib Ammari
March 2007 Hyeonbae Kang
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1

Introduction

Science and engineering have been great sources of problems and inspiration
for generations of mathematicians. This is probably true now more than ever
as numerous challenges in science and technology are met by mathematicians.
One of these challenges is understanding imaging of complex media such as
biological and medical samples and nanostructures.

This book is concerned with recent developments in electrical impedance
imaging of small conductivity inclusions, elastic imaging, and the theory of
dilute composite materials. The unifying thread is the use of generalized po-
larization and moment tensors that depend only on the geometry and the
conductivity or the Lamé parameters of the inclusion. Our main approach is
based on layer potential techniques.

Electrical impedance imaging uses measurements of boundary voltage po-
tentials and associated boundary currents to infer information about the inter-
nal conductivity profile of an object. Let Ω be a bounded domain in Rd, d ≥ 2.
Set σ to be the conductivity distribution in Ω. The steady-state voltage po-
tential u is the solution to

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∇ · σ∇u = 0 in Ω ,

∂u

∂ν

∣∣∣∣
∂Ω

= g ,

∫

∂Ω

g =

∫

∂Ω

u = 0 .

Complete information about all voltages u on ∂Ω and currents g is known to
uniquely characterize an isotropic conductivity distribution σ [198, 199, 285,
251, 295, 296, 50]. In its most general form electrical impedance imaging is
severely ill-posed and non-linear [1, 4]. These major and fundamental diffi-
culties can be understood by means of a mean value type theorem in elliptic
partial differential equations. The value of the voltage potential at each point
inside the region can be expressed as a weighted average of its neighborhood
potential where the weight is determined by the conductivity distribution. In



2 1 Introduction

this weighted averaging way, the conductivity distribution is conveyed to the
boundary potential. Therefore, the boundary data are entangled in the global
structure of the conductivity distribution in a highly non-linear way. This is
the main obstacle to finding non-iterative reconstruction algorithms with lim-
ited data. If, however, in advance we have additional structural information
about the conductivity profile σ, then we may be able to determine specific
features about the conductivity distribution with a satisfactory resolution.
One such type of knowledge could be that the body consists of a smooth
background containing a number of unknown small inclusions with a signifi-
cantly different conductivity. The simplest case is a conductivity profile of the
body Ω given by σ = 1+(k−1)χ(D), where D is a small inclusion of constant
conductivity k and χ denotes its characteristic function. The inclusions might
in a medical application represent potential tumors [89, 49, 40, 282, 209, 93],
in a material science application they might represent impurities in the mate-
rial [117, 67], and finally in a war or post-war situation they could represent
anti-personnel mines [129].

Over the last 10 years or so, a considerable amount of interesting work
has been dedicated to the imaging of such low volume fraction inclusions
[129, 130, 132, 84, 81, 83, 64, 26]. The method of asymptotic expansions
of small volume inclusions provides a useful framework to accurately and
efficiently reconstruct the location and geometric features of the inclusions in
a stable way, even for moderately noisy data [26]. The first-order perturbations
due to the presence of the inclusions are of dipole-type.

The new concepts of generalized polarization tensors (GPTs) associated
with a bounded Lipschitz domain and an isotropic or anisotropic conductivity
are central in this asymptotic approach.

On one hand, the GPTs are the basic building blocks for the full asymp-
totic expansions of the boundary voltage perturbations due to the presence of
a small conductivity inclusion inside a conductor.

Consider B to be a Lipschitz bounded domain in Rd, d ≥ 2, containing
the origin, and let the conductivity of B be equal to k, 0 < k �= 1 < +∞. Let
H be a harmonic function in Rd, and let u be the solution to the following
problem: {

∇ · ((1 + (k − 1)χ(B))∇u) = 0 in Rd ,

u(x) −H(x) = O(|x|1−d) as |x| → ∞ .

As shown in Chapter 4, the GPT’s, Mij(k,B), can be defined through the
following far-field expansion of u:

(u−H)(x) =
+∞∑

|i|,|j|=1

(−1)|i|

i!j!
∂i

xΓ (x)Mij(k,B)∂jH(0) as |x| → +∞ ,

where Γ is a fundamental solution of the Laplacian.
It is then important from an imaging point of view to precisely characterize

these GPTs and derive some of their properties, such as symmetry, positivity,
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and optimal bounds on their elements, for developing efficient algorithms to
reconstruct conductivity inclusions of small volume. The GPTs seem to con-
tain significant information on the domain and its conductivity which are yet
to be investigated. Indeed, making use of the GPTs allows us to reconstruct
the small inclusions with higher resolution and even to identify quite general
conductivity inclusions without restrictions on their sizes [43].

On the other hand, the use of these GPTs leads to stable and accurate
algorithms for the numerical computations of the steady-state voltage in the
presence of small conductivity inclusions. It is known that small size features
cause difficulties in the numerical solution of the conductivity problem by
the finite element or finite difference methods. This is because such features
require refined meshes in their neighborhoods, with their attendant problems
[188].

The concepts of higher-order polarization tensors generalize those of classic
Pólya–Szegö polarization tensors that have been extensively studied in the
literature by many authors for various purposes [81, 38, 84, 115, 225, 222,
132, 195, 202, 266, 105, 106, 107]. The notion of Pólya–Szegö polarization
tensors appeared in problems of potential theory related to certain questions
arising in hydrodynamics and in electrostatics. If the conductivity is zero,
namely, if the inclusion is insulated, the polarization tensor of Pólya–Szegö is
called the virtual mass.

The concept of polarization tensors also occurs in several other interesting
contexts, in particular in asymptotic models of dilute composites such as bio-
logical cell suspensions [128, 48, 262] and brain tissues [294]. The determina-
tion of the effective or macroscopic property of a two-phase medium consisting
of inclusions of one material of known shape embedded homogeneously in an-
other one, having physical properties different from the former one’s, has been
one of the classic problems in physics. See [245, 38, 114, 236, 95]. When the
inclusions are well-separated d-dimensional spheres and their volume fraction
is small, the effective electrical conductivity of the composite medium is given
by the well-known Maxwell–Garnett formula.

Despite the importance of calculating the effective properties of compos-
ites, there has been very little work addressing the influence of the inclusion
shape. Most theoretical treatments focus on generalizing the Maxwell–Garnett
formula to finite concentrations. These methods include bounds on the effec-
tive properties of the mixtures, and many effective medium-type models have
been proposed [236, 173]. Indeed, some effective medium calculations attempt
to extend the Maxwell–Garnett formula to higher powers of the volume frac-
tion, but only for the case of d-dimensional spherical inclusions [171, 277].

Until recently, ellipsoids are the only family of inclusions that could be rig-
orously and accurately estimated [310]. Douglas and Garboczi [115, 134, 225]
made an important advance in treating more complicated shape inclusions by
formally finding that the leading-order term in the expansion of the effective
conductivity (and other effective properties) in terms of the volume fraction
could be expressed by means of the polarization tensors of the inclusion. See
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also, in connection with this, the work of Sánchez-Palencia [276] and its ex-
tension to the Navier–Stokes equation by Lévy and Sánchez-Palencia [215].

The study of the GPTs with applications in imaging and effective medium
theory forms the heart of the book. We show that the GPTs are a key math-
ematical concept in effectively reconstructing small conductivity inclusions
from boundary measurements as well as in calculating accurate effective elec-
trical properties of composite conducting materials. We study important prop-
erties of symmetry and positivity of the GPTs and present certain inequalities
satisfied by the tensor elements of the GPTs. These relations can be used to
find bounds on the weighted volume of the inclusion. We also provide a gen-
eral unified layer potential technique for rigorously deriving very accurate
asymptotic expansions of electrical effective properties of dilute media for
non-spherical Lipschitz isotropic and anisotropic conductivity inclusions. The
approach is valid for high contrast mixtures and inclusions with Lipschitz
boundaries and allows us to compute higher-order terms in the asymptotic
expansion of the effective conductivity. Our result has important implications
in imaging composites. It shows that the volume fractions and the GPTs form
the only information that can be reconstructed in a stable way from bound-
ary measurements. The volume fraction is the simplest but most important
piece of microstructural information. The GPTs involve microstructural in-
formation beyond that contained in the volume fractions (material contrast,
inclusion shape and orientation).

We then extend this important concept of GPTs to linear elasticity defining
generalized elastic moment tensors (EMTs). We confine our study to isotropic
elasticity. We investigate some important properties of the EMTs such as sym-
metry and positive-definiteness. We also obtain estimations of their eigenval-
ues and compute EMTs associated with ellipses, elliptic holes, and hard in-
clusions of elliptic shape. These results are applied in elastic imaging of small
inclusions and effective properties of dilute elastic composites. We develop a
method to detect the first-order EMT and the location of an inclusion in a
homogeneous elastic body in a mathematically rigorous way. We then present
a simple and rigorous scheme for the derivation of accurate asymptotic expan-
sions of the effective elastic parameters of periodic dilute two-phase composites
in terms of the elastic moment tensor and the volume fraction occupied by
the elastic inclusions. Our derivations are based again on layer potential tech-
niques and are valid for inclusions with Lipschitz boundaries and even when
the phase moduli differ significantly.

The book is intended to be self-contained. Here is an outline of its contents.
In Chapter 2, we introduce the main tools for studying the isotropic and

anisotropic conductivity problems and collect some preliminary results re-
garding layer potentials. This chapter offers a comprehensive treatment of this
subject, covering some less well-known results on periodic layer potentials.

Chapter 3 is devoted to inverse conductivity problems. We briefly discuss
some uniqueness results. The book by Isakov [166] gives more detailed treat-
ments of this subject.
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In Chapter 4, we introduce the GPTs associated with a Lipschitz bounded
domain and an isotropic or anisotropic conductivity and provide their main
properties. We prove that the knowledge of the set of all the GPTs allows
for uniquely determining the domain and its conductivity. We also provide
important properties of symmetry and positivity of the GPTs and derive
isoperimetric inequalities satisfied by the tensor elements of the GPTs. These
relations can be used to find bounds on the weighted volume.

In Chapter 5, we provide a rigorous derivation of high-order terms in the
asymptotic expansions of the voltage potentials.

The problem considered in Chapter 6 is of practical interest in many areas
such as surface defect detection in the semiconductor industry and optical
particle sizing. We shall discuss the case where the conductivity inclusion is
at a distance comparable with its diameter apart from the boundary of the
background conductor. In this case, a more complicated asymptotic formula
should be used instead of the dipole-type expansion, which is only valid when
the potential within the inclusion is nearly constant. On decreasing the dis-
tance between the inclusion and the boundary of the background medium,
this assumption begins to fail because higher-order multi-poles become sig-
nificant due to the interaction between the inclusion and the boundary of
the background medium. We provide some essential insight for understanding
this interaction. Since our formula carries information on the location, the
conductivity and the volume of the inclusion, it can be efficiently exploited
for imaging near-boundary inclusions.

In Chapter 7, we present non-iterative reconstruction algorithms based on
asymptotic formulae of the boundary perturbations due to the presence of the
conductivity inclusions.

Chapter 8 is devoted to the determination of the effective electrical con-
ductivity of a two-phase composite material using boundary layer potentials.

Chapters 9 through 13 are devoted to the study of the elastic moment
tensors. We prepare the way in Chapter 9 by reviewing a number of basic
facts on the layer potentials of the Lamé system, which are very useful in the
subsequent chapters.

In Chapter 10, we provide in a way analogous to GPTs, mathematical def-
initions of elastic moment tensors (EMTs) and show symmetry and positive-
definiteness of the first-order EMT. The first-order EMT was introduced by
Maz’ya and Nazarov [228].

In Chapter 11, we find a complete asymptotic formula of solutions of the
linear elastic system in terms of the size of the inclusion. The method of
derivation is parallel to that for the conductivity problems, apart from some
technical difficulties due to the fact that we are dealing with a system, not
a single equation, and the equations inside and outside the inclusion are dif-
ferent. Based on this asymptotic expansion we derive in Chapter 12 formulae
to find the location and the order of magnitude of the elastic inclusion. The
formulae are explicit and can be easily implemented numerically.
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Chapter 13 provides a rigorous derivation of accurate asymptotic expan-
sions of the effective elastic parameters of periodic dilute two-phase composites
in terms of the elastic moment tensor and the volume fraction occupied by
the elastic inclusions.

The book concludes with three appendices. The first of these recalls a few
facts about compact operators. The second states the theorem of Coifman,
McIntosh, and Meyer. The third establishes the continuity method.

It is important to note that some of the techniques described in this
book can be applied to problems in many fields other than inverse bound-
ary value problems and effective medium theory. In this connection we
would particularly like to mention the mathematical theory of of photonic
and phononic crystals [205, 256, 270] and topological shape optimization
[253, 216, 137, 142, 275].

A preliminary version of some of the material discussed in this book was
published as a Springer Lecture Notes [26].
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Layer Potentials and Transmission Problems

Introduction

In this chapter we review some well-known results on the solvability and layer
potentials for isotropic and anisotropic conductivity problems, which we shall
use frequently in subsequent chapters. Our main aim here is to collect the
various concepts, basic definitions, and key theorems on layer potentials on
Lipschitz domains, with which the readers might not be familiar. This chapter
gives a concise treatment of this subject, covering some less well-known results
on periodic layer potentials as well. A familiarity with basic concepts and
results from linear functional analysis and linear elliptic equations is assumed,
but some effort will be made to refresh the reader’s memory.

The first three sections of this chapter cover relevant parts of the theory of
layer potentials. The reader will need to understand this material at a practical
level before proceeding any further. Next, we prove a decomposition formula
of the steady-state voltage potential into a harmonic part and a refraction
part. We then discuss the anisotropic transmission problem and proceed to
establish a representation formula for the solution to this problem. The last
two sections of the chapter are devoted to the study of periodic transmission
problems. Results in these sections are not completely standard. We will use
them when we consider the effective properties of composite materials.

2.1 Notation and Preliminaries

We summarize below some of the less elementary tools we will use in the text.

2.1.1 Lipschitz Domains

We begin with the concept of a Lipschitz domain. A bounded open connected
domain D in Rd is called a Lipschitz domain with Lipschitz character (r, L,N)
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if for each point x ∈ ∂D there is a coordinate system (x′, xd), x
′ ∈ Rd−1, xd ∈

R, so that with respect to this coordinate system x = (0, 0), and there are a
double truncated cylinder Z (called a coordinate cylinder) centered at x with
axis parallel to the xd-axis and whose bottom and top are at a positive distance
r < l < 2r from ∂D, and a Lipschitz function ϕ with ||∇ϕ||L∞(Rd−1) ≤ L, so
that Z ∩D = Z ∩ {(x′, xd) : xd > ϕ(x′)} and Z ∩ ∂D = Z ∩ {(x′, xd) : xd =
ϕ(x′)}. Here L∞(Rd−1) denotes the space of bounded functions on Rd−1, with
the sup norm. The pair (Z,ϕ) is called a coordinate pair. By compactness it is
possible to cover ∂D with a finite number of coordinate cylinders Z1, . . . , ZN .
Bounded Lipschitz domains satisfy both the interior and the exterior cone
conditions.

2.1.2 Function Spaces

A function u is said to be a Cn-function on D, for n ∈ N, if all its derivatives of
order ≤ n exist and are continuous in D. We express higher-order derivatives
of a Cn-function u by setting

∂iu = ∂i1 . . . ∂idu for i = (i1, . . . , id) ∈ Nd .

By Cn+α(D), 0 < α < 1, n ∈ N, we denote the Hölder space of all functions u
defined on the Lipschitz bounded domain D satisfying, for any i ∈ Nd with
|i| := i1 + . . .+ id = n,

∣∣∣∣∂
iu(x) − ∂iu(y)

∣∣∣∣ ≤ C|x− y|α, ∀ x, y ∈ D ,

where C is a positive constant depending on u but not on x and y.
For ease of notation we will sometimes use ∂ and ∂2 to denote the gradient

and the Hessian, respectively.
Following the notation in the subsection above, we say that f ∈ W 2

1 (∂D)
if f ∈ L2(∂D), the space of square summable functions on ∂D, and for every
cylinder Z with associated Lipschitz function ϕ, there are L2(∂D∩Z) functions
gp, 1 ≤ p ≤ d− 1, such that

∫

Rd−1

h(x′)gp(x
′, ϕ(x′)) dx′ = −

∫

Rd−1

∂

∂xp
h(x′)f(x′, ϕ(x′)) dx′

for 1 ≤ p ≤ d− 1, whenever h ∈ C∞
0 (Rd−1 ∩ Z). Here C∞

0 (Rd−1 ∩ Z) denotes
the set of infinitely differentiable functions with compact support in Rd−1∩Z.
Fixing a covering of ∂D by cylinders Z1, . . . , ZN , f ∈ W 2

1 (∂D) may be normed
by the sum of L2 norms of all the locally defined gp’s together with the L2

norm of f .
Let T1, . . . , Td−1 be an orthonormal basis for the tangent plane to ∂D

at x, and let ∂/∂T =
∑d−1

p=1(∂/∂Tp) Tp denote the tangential derivative on
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∂D. The space W 2
1 (∂D) is then the set of functions f ∈ L2(∂D) such that

∂f/∂T ∈ L2(∂D).
We define the Banach spaces W 1,p(D), 1 < p < +∞, for an open set D by

W 1,p(D) =

{
u ∈ Lp(D) :

∫

D

|u|p +

∫

D

|∇u|p < +∞
}
,

where ∇u is interpreted as a distribution, and Lp(D) is defined in the usual
way, with

||u||Lp(D) =

(∫

D

|u|p
)1/p

.

The space W 1,p(D) is equipped with the norm

||u||W 1,p(D) =

(∫

D

|u|p +

∫

D

|∇u|p
)1/p

.

Another Banach spaceW 1,p
0 (D) arises by taking the closure of C∞

0 (D), the set
of infinitely differentiable functions with compact support in D, in W 1,p(D).
The spaces W 1,p(D) and W 1,p

0 (D) do not coincide for bounded D. The case
p = 2 is special, since the spaces W 1,2(D) and W 1,2

0 (D) are Hilbert spaces
under the scalar product

(u, v) =

∫

D

u v +

∫

D

∇u · ∇v .

If D is a bounded Lipschitz domain, we will also need the spaceW 1,2
loc (Rd \D)

of functions u ∈ L2
loc(R

d \D), the set of locally square summable functions in
Rd \D, such that

hu ∈W 1,2(Rd \D), ∀ h ∈ C∞
0 (Rd \D) .

Furthermore, we define W 2,2(D) as the space of functions u ∈ W 1,2(D)
such that ∂2u ∈ L2(D) and the space W 3/2,2(D) as the interpolation space
[W 1,2(D),W 2,2(D)]1/2; see, for example, the book by Bergh and Löfström
[66].

It is known that the trace operator u �→ u|∂D is a bounded linear surjective
operator from W 1,2(D) into W 2

1
2

(∂D), where f ∈ W 2
1
2

(∂D) if and only if

f ∈ L2(∂D) and

∫

∂D

∫

∂D

|f(x) − f(y)|2
|x− y|d dσ(x) dσ(y) < +∞ .

See [138]. Let W 2
− 1

2

(∂D) = (W 2
1
2

(∂D))∗, and let 〈, 〉 1
2 ,− 1

2
denote the duality

pair between these dual spaces.
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2.1.3 Poincaré Inequalities

We recall that, if D is a bounded Lipschitz domain, then the Poincaré in-
equality [138], ∫

D

|u(x) − u0|2 dx ≤ C
∫

D

|∇u(x)|2 dx ,

holds for all u ∈ W 1,2(D), where

u0 =
1

|D|

∫

D

u(x) dx .

We also recall that according to [240] and [104] (Theorem 1.10), if D is a
bounded Lipschitz domain (with connected boundary), then the following
Poincaré inequality on ∂D holds

||f − f0||L2(∂D) ≤ C
∥∥∥∥
∂f

∂T

∥∥∥∥
L2(∂D)

, (2.1)

for any f ∈ W 2
1 (∂D), where f0 = (1/|∂D|)

∫
∂D
f dσ. Here the constant C

depends only on the Lipschitz character of D.

2.1.4 Harmonic Functions

The results on harmonic functions that we cite here without proofs can be
found in [47]. Let D be a domain in Rd and u a C2 function on D. The
function u is called harmonic in D if ∆u = 0 in D. In the case of the plane,
the relationship between harmonic and holomorphic functions is described
below. Part (i) of the following lemma may be used to write down many
examples of harmonic functions; for example, with z = x1 + ix2,

2x1x2 = ℑz2, x4
1 − 6x2

1x
2
2 + x4

2 = ℜz4, ex1 cosx2 = ℜ(ez) .

Lemma 2.1 (i) If w = u + iv is holomorphic in a domain D ⊂ R2, then u
and v are harmonic in D. The function v is called a harmonic conjugate
of u.

(ii) If u is a harmonic function in a simply connected domain D ⊂ R2, then
u is the real part of a holomorphic function in D.

For a harmonic function u, the function value at the center x of the ball
Br(x) ⊂ D of radius r is equal to the integral mean values over both the
surface ∂Br(x) and Br(x) itself.

Lemma 2.2 Let u be a harmonic function in D. Then

u(x) =
1

ωdrd−1

∫

∂Br(x)

u(y) dσ(y)

=
d

ωdrd

∫

Br(x)

u(y) dy whenever Br(x) ⊂ D ,
(2.2)

where ωd is the area of the unit sphere in Rd.
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This result, known as the mean value property, in fact also characterizes the
harmonic functions among all continuous functions in D.

Lemma 2.3 If u ∈ C0(D) and (2.2) holds, then u is harmonic in D.

The mean value property leads to the maximum principle for harmonic
functions.

Lemma 2.4 Let u be a harmonic function in D and x ∈ D.

(i) If u attains a local maximum at x, then u is constant in some neighborhood
of x.

(ii) If D is connected and u attains an extremum at x, then u is constant.
(iii) If u ∈ C0(D), then inf∂D u ≤ u ≤ sup∂D u on D.

The unique continuation property for harmonic functions is very useful.

Lemma 2.5 (i) Let u be a harmonic function in D and u = 0 in a non-empty
open subset of D; then u = 0 in D.

(ii) Let u be a harmonic function in D and u = ∂u/∂ν = 0 on a non-empty
smooth hypersurface; then u = 0 in D. Here ∂/∂ν denotes the outward
normal derivative at points of the hypersurface.

We recall the following Runge approximation by harmonic functions in Rd.

Lemma 2.6 Let D be a Lipschitz bounded domain in Rd such that Rd \ D
is connected. Then, for any function u, which is harmonic in an open set
containing D and any positive number δ, there is a harmonic polynomial v
such that |u− v| < δ in D.

The following result is also of interest to us. As it is not completely stan-
dard, we give its proof.

Lemma 2.7 For a multi-index i = (i1, . . . , id) ∈ Nd, let xi := xi1
1 · · ·xid

d . Let
f(x) =

∑
|i|≤n aix

i be a harmonic polynomial and D be a bounded Lipschitz

domain in Rd. There is a constant C depending only on the Lipschitz character
of D and n such that

‖∇f‖L2(∂D) ≤ C‖∇f‖L2(D) . (2.3)

Proof. Let us fix a notation first. For r > 0, set

(∂D)r := {x : dist(x, ∂D) < r} ,

and let Zr(x) denote the cylinder whose side length is 2r, radius is r, and
center is x. As D is a Lipschitz domain, there is an r > 0 such that for any
z ∈ ∂D, Z2r(z) ∩ ∂D is a Lipschitz graph that lies in Z2r(z) ∩ (∂D)r. Fix
a z ∈ ∂D. By the mean value property of harmonic functions (2.2), for any
x ∈ Zr(z) ∩ ∂D,
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|∇f(x)|2 ≤ C

rd

∫

Zr(0)

|∇f(x+ y)|2 dy

for some C depending only on the space dimension d. Thus we get

∫

Zr(z)∩∂D

|∇f(x)|2 dσ(x) ≤ C

rd

∫

Zr(z)∩∂D

∫

Zr(0)

|∇f(x+ y)|2 dy dσ(x)

≤ C

rd

∫

Zr(0)

∫

Zr(z)∩∂D

|∇f(x+ y)|2dσ(x) dy . (2.4)

After rotation and translation if necessary, we may assume that z = 0 and
Z2r(z) ∩ (∂D) is given by a Lipschitz graph

xd = ϕ(x′), x = (x′, xd), |x′| < 2r .

It then follows from (2.4) that

∫
Zr(z)∩∂D

|∇f(x)|2dσ(x)

≤ C

rd

∫

|y′|<r

∫ r

−r

∫

|x′|<r

|∇f(x′ + y′, ψ(x′) + yd)|2
√

1 + |∇ϕ(x′)|2 dx′ dyd dy
′ .

As |∇ϕ| is bounded, we get

∫

Zr(z)∩∂D

|∇f(x)|2 dσ(x) ≤ C

r

∫

Z2r(z)∩(∂D)2r

|∇f(x)|2 dx .

Using the partition of unity, we then get

∫

∂D

|∇f(x)|2 dσ(x) ≤ C
∫

(∂D)2r

|∇f(x)|2 dx , (2.5)

where C depends only on r and ‖∇ϕ‖L∞ or, in other words, the Lipschitz
character of D. Let Dr := {x : dist(x,D) < r}. As f is a polynomial of degree
at most n, it follows from (2.5) that

∫

∂D

|∇f(x)|2dσ(x) ≤ C
∫

D2r

|∇f(x)|2 dx ≤ C′
∫

D

|∇f(x)|2 dx ,

where the positive constant C′ depends only on n and the Lipschitz character
of D. This finishes the proof. �

2.1.5 Divergence Theorem and Stokes’s and Green’s Formulae

We recall the following formulation of the divergence theorem.

Lemma 2.8 Let D be a bounded Lipschitz domain, and let ∂/∂ν denote the
outward normal derivative on ∂D.
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(i) If u ∈W 1,2(D) satisfies ∆u = 0 in D, then
∫

D

|∇u|2(y) dy =

∫

∂D

∂u

∂ν
(y)u(y) dσ(y) .

(ii) If u ∈ W 1,2

loc
(D) satisfies ∆u = 0 in Rd \ D with |u(x)| = O(|x|2−d) if

d ≥ 3, and |u(x)| = O(|x|−1) if d = 2, then
∫

Rd\D

|∇u|2(y) dy = −
∫

∂D

∂u

∂ν
(y)u(y) dσ(y) .

Two other basic results are the Stokes’s and Green’s formulae. The next
lemma states the Stokes’ formula.

Lemma 2.9 Let D be a bounded Lipschitz domain, and let νy denote the
outward normal to ∂D at y. Then for any u ∈W 1,2(D)d,

∫

D

(∇ · u)(y) dy =

∫

∂D

u(y) · νy dσ(y) .

We refer to (2.6) as the Green’s formula.

Lemma 2.10 Let D be a bounded Lipschitz domain. Then for any functions
u, v ∈W 2,2(D)

∫

D

(
∆vu−∆uv

)
(y) dy =

∫

∂D

(
∂v

∂ν
u− ∂u

∂ν
v

)
(y) dσ(y) , (2.6)

where ∂/∂ν denotes the outward normal derivative at points of ∂D.

2.1.6 Variational Solutions

Let us now turn to the concept of variational solutions. Let (apq)
d
p,q=1 be a real

symmetric d× d matrix-valued bounded function. We assume that (apq)
d
p,q=1

is strongly elliptic, i.e.,

1

C
|ξ|2 ≤

∑

p,q

apq(x)ξpξq ≤ C|ξ|2

for any ξ = (ξp)
d
p=1 ∈ Rd \ {0}, where C is a positive constant. Let D be a

bounded Lipschitz domain in Rd, and let νq denote the q-component of the
outward normal to ∂D. Given g ∈ W 2

− 1
2

(∂D), with 〈1, g〉 1
2 ,− 1

2
= 0, we say

that u ∈W 1,2(D) is the (variational) solution to the Neumann problem:
⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

d∑

p,q=1

∂

∂xp
apq

∂

∂xq
u = 0 in D ,

∂u

∂ν̃

∣∣∣∣
∂Ω

= g ,

(2.7)
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where the p-component of ν̃, ν̃p =
∑

q apqνq, if given any η ∈ W 1,2(D) we
have ∫

D

d∑

p,q=1

apq
∂u

∂xp

∂η

∂xq
dx = 〈η, g〉 1

2 ,− 1
2
.

The Lax–Milgram lemma [211] shows that a unique (modulo constants) u ∈
W 1,2(D) exists that solves (2.7).

2.2 Layer Potentials on Smooth Domains

Let us first review some well-known properties of the layer potentials for the
Laplacian and prove some useful identities. The theory of layer potentials has
been developed in relation to boundary value problems in a Lipschitz domain
[190]. It also plays a central role in the study of boundary value problems
defined over unbounded domains. This is primarily due to the fact that in-
tegral equations not only allow one to replace a problem over an unbounded
domain by one over a bounded surface but also reduce the dimensionality of
the problem [101, 231, 255].

2.2.1 Fundamental Solution

To give a fundamental solution to the Laplacian in the general case of the
dimension d, we recall that ωd denotes the area of the unit sphere in Rd. Even
though the following result is elementary, we give its proof for the reader’s
convenience.

Lemma 2.11 A fundamental solution to the Laplacian is given by

Γ (x) =

⎧
⎪⎨
⎪⎩

1

2π
ln |x| , d = 2 ,

1

(2 − d)ωd
|x|2−d , d ≥ 3 .

(2.8)

Proof. The Laplacian is radially symmetric, so it is natural to seek Γ in the
form Γ (x) = w(r) where r = |x|. Since

∆w =
d2w

d2r
+

(d− 1)

r

dw

dr
=

1

rd−1

d

dr
(rd−1 dw

dr
) ,

∆Γ = 0 in Rd \ {0} forces that w must satisfy

1

rd−1

d

dr
(rd−1 dw

dr
) = 0 for r > 0 ,

and hence

w(r) =

⎧
⎨

⎩

ad

(2 − d)
1

rd−2
+ bd when d ≥ 3 ,

a2 ln r + b2 when d = 2 ,
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for some constants ad and bd. The choice of bd is arbitrary, but ad is fixed by
the requirement that ∆Γ = δ0 in Rd, where δ0 is the Dirac function at 0, or
in other words ∫

Rd

Γ∆φ = φ(0) for φ ∈ C∞
0 (Rd) . (2.9)

Any test function φ ∈ C∞
0 (Rd) has compact support, so we can apply

Green’s formula over the unbounded domain {x : |x| > ǫ} to arrive at

∫

|x|>ǫ

Γ (x)∆φ(x) dx =

∫

|x|=ǫ

φ(x)
∂Γ

∂ν
(x) dσ(x) −

∫

|x|=ǫ

Γ (x)
∂φ

∂ν
(x) dσ(x) ,

(2.10)
where ν = x/|x| on {|x| = ǫ}. Since

∇Γ (x) =
dw

dr

x

|x| =
adx

|x|d for d ≥ 2 ,

we have
∂Γ

∂ν
(x) = adǫ

1−d for |x| = ǫ .

Thus by the continuity of φ,

∫

|x|=ǫ

φ(x)
∂Γ

∂ν
(x) dσ(x) =

ad

ǫd−1

∫

|x|=ǫ

φ(x) dσ(x) → adωdφ(0)

as ǫ→ 0, whereas

∫

|x|=ǫ

Γ (x)
∂φ

∂ν
(x) dσ(x) =

{
O(ǫ) if d ≥ 3 ,

O(ǫ| ln ǫ|) if d = 2 .

Thus, if ad = 1/ωd, then (2.9) follows from (2.10) after sending ǫ→ 0. �

Let p ∈ Rd and q ∈ R. The function qΓ (x−z) is called the potential due to
charges q at the source point z. The function p ·∇zΓ (x−z) is called the dipole
of moment |p| and direction p/|p|. It is known that using point charges one
can realize a dipole only approximately (two large charges a small distance
apart). See [267].

Now we prove Green’s identity.

Lemma 2.12 Assume that D is a bounded Lipschitz domain in Rd, d ≥ 2,
and let u ∈W 1,2(D) be a harmonic function. Then for any x ∈ D,

u(x) =

∫

∂D

(
u(y)

∂Γ

∂νy
(x− y) − ∂u

∂νy
(y)Γ (x− y)

)
dσ(y) . (2.11)

Proof. For x ∈ D let Bǫ(x) be the ball of center x and radius ǫ. We apply
Green’s formula to u and Γ (x− ·) in the domain D \Bǫ for small ǫ and get
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∫

D\Bǫ(x)

(
Γ∆u− u∆Γ

)
dy =

∫

∂D

(
Γ
∂u

∂ν
− u∂Γ

∂ν

)
dσ(y)

−
∫

∂Bǫ(x)

(
Γ
∂u

∂ν
− u∂Γ

∂ν

)
dσ(y) .

Since ∆Γ = 0 in D \Bǫ(x), we have

∫

∂D

(
Γ
∂u

∂ν
− u∂Γ

∂ν

)
dσ(y) =

∫

∂Bǫ(x)

(
Γ
∂u

∂ν
− u∂Γ

∂ν

)
dσ(y) .

For d ≥ 3, we get by definition of Γ

∫

∂Bǫ(x)

Γ
∂u

∂ν
dσ(y) =

1

(2 − d)ωd
ǫ2−d

∫

∂Bǫ(x)

∂u

∂ν
dσ(y) = 0

and ∫

∂Bǫ(x)

u
∂Γ

∂ν
dσ(y) =

1

ωdǫd−1

∫

∂Bǫ(x)

u dσ(y) = u(x) ,

by the mean value property. Proceeding in the same way, we arrive at the
same conclusion for d = 2. �

Given a bounded Lipschitz domainD in Rd, d ≥ 2, we denote, respectively,
the single and double layer potentials of a function φ ∈ L2(∂D) as SDφ and
DDφ, where

SDφ(x) :=

∫

∂D

Γ (x− y)φ(y) dσ(y) , x ∈ Rd, (2.12)

DDφ(x) :=

∫

∂D

∂

∂νy
Γ (x− y)φ(y) dσ(y) , x ∈ Rd \ ∂D . (2.13)

We begin with the study of their basic properties. We note that, for x ∈
Rd \ ∂D and y ∈ ∂D, ∂Γ/∂νy(x− y) is an L∞-function in y and harmonic in
x, and it is O(|x|1−d) as |x| → +∞. Therefore we readily see that DDφ and
SDφ are well defined and harmonic in Rd \ ∂D. Let us list their behavior at
+∞.

(i) DDφ(x) = O(|x|1−d) as |x| → +∞ .
(ii) SDφ(x) = O(|x|2−d) as |x| → +∞ when d ≥ 3.
(iii) If d = 2, we have

SDφ(x) =
1

2π

∫

∂D

φ(y) dσ(y) ln |x| +O(|x|−1) as |x| → +∞ .

(iv) If
∫

∂D φ(y) dσ = 0, then SDφ(x) = O(|x|1−d) as |x| → +∞ for d ≥ 2.

The first three properties are fairly obvious from the definitions. Let us show
(iv). If

∫
∂D φ(y) dσ = 0, then
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SDφ(x) =

∫

∂D

[Γ (x− y) − Γ (x− y0)]φ(y)dσ(y) ,

where y0 ∈ D. Since

|Γ (x− y) − Γ (x− y0)| ≤ C|x|1−d if |x| → +∞ and y ∈ ∂D (2.14)

for some constant C, SDφ(x) = O(|x|1−d) as |x| → +∞.
More interesting and more subtle properties are the behaviors of the func-

tions DDφ(x ± tνx) and ∇SDφ(x ± tνx) for x ∈ ∂D as t → 0+. A study
of these properties for general Lipschitz domains is beyond the scope of this
book. Nevertheless, in view of its importance, a detailed discussion of the be-
havior near the boundary ∂D of DDφ and ∇SDφ for a smooth domain D and
a density φ ∈ L2(∂D) may be appropriate. For this purpose we shall follow
[122, 126].

Assume that D is a bounded C1+α-domain for some α > 0. Then we have
the bound

∣∣∣∣
〈x− y, νx〉
|x− y|d

∣∣∣∣ ≤ C
1

|x− y|d−1−α
for x, y ∈ ∂D, x �= y , (2.15)

which shows that a positive constant C exists depending only on α and D
such that ∫

∂D

( |〈x − y, νx〉|
|x− y|d +

|〈x− y, νy〉|
|x− y|d

)
dσ(y) ≤ C (2.16)

and
∫

|y−x|<ǫ

( |〈x− y, νx〉|
|x− y|d +

|〈x − y, νy〉|
|x− y|d

)
dσ(y) ≤ C

∫ ǫ

0

1

rd−1−α
rd−2 dr

≤ Cǫα ,
(2.17)

for any x ∈ ∂D, by integration in polar coordinates.
Introduce the operator KD : L2(∂D) → L2(∂D) given by

KDφ(x) =
1

ωd

∫

∂D

〈y − x, νy〉
|x− y|d φ(y) dσ(y) . (2.18)

The estimate (2.16) proves that this operator is bounded. In fact, for φ, ψ ∈
L2(∂D), we estimate

∣∣∣∣
∫

∂D

∫

∂D

〈y − x, νy〉
|x− y|d φ(y)ψ(x) dσ(y) dσ(x)

∣∣∣∣ (2.19)

via the inequality 2ab ≤ a2 + b2. Then, by (2.16), (2.19) is dominated by

C

(
||φ||2L2(∂D) + ||ψ||2L2(∂D)

)
.
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Replacing φ, ψ, by tφ, (1/t)ψ, we see that (2.19) is bounded by

C

(
t2||φ||2L2(∂D) +

1

t2
||ψ||2L2(∂D)

)
;

minimizing over t ∈]0,+∞[, via elementary calculus, we see that (2.19) is
dominated by C||φ||L2(∂D)||ψ||L2(∂D), proving that KD is a bounded operator
on L2(∂D).

On the other hand, it is easily checked that the operator defined by

K∗
Dφ(x) =

1

ωd

∫

∂D

〈x− y, νx〉
|x− y|d φ(y) dσ(y) (2.20)

is the L2-adjoint of KD.
It is now natural to ask about the compactness of these operators.

Lemma 2.13 If D is a bounded C1+α-domain for some α > 0, then the
operators KD and K∗

D are compact operators in L2(∂D).

Proof. According to Lemma A.3 it suffices to prove that KD is compact in
L2(∂D) to assert that K∗

D is compact as well.
Given ǫ > 0, set Γǫ(x) = Γ (x) if |x| > ǫ, Γǫ(x) = 0 otherwise, and define

Kǫ
Dφ(x) =

∫

∂D

∂Γǫ

∂νy
(x− y)φ(y) dσ(y) .

Then ∫

∂D

∫

∂D

∣∣∣∣
∂Γǫ

∂νy
(x− y)

∣∣∣∣
2

dσ(x) dσ(y) < +∞ ;

hence, the operator norm of Kǫ
D on L2(∂D) satisfies

||Kǫ
D|| ≤

∥∥∥∥
∂Γǫ

∂ν

∥∥∥∥
L2(∂D×∂D)

.

Let {φp}+∞
p=1 be an orthonormal basis for L2(∂D). It is an easy consequence

of Fubini’s theorem that, if ψpq(x, y) = φp(x)φq(y), then {ψpq}+∞
p,q=1 is an

orthonormal basis for L2(∂D × ∂D). Hence we can write

∂Γǫ

∂νy
(x− y) =

+∞∑

p,q=1

〈∂Γǫ

∂ν
, ψpq〉ψpq(x, y) .

Here 〈, 〉 denotes the L2-product. For N ∈ N, N ≥ 2, let

Kǫ,N
D φ(x) =

∑

p+q≤N

∫

∂D

〈∂Γǫ

∂ν
, ψpq〉ψpq(x, y)φ(y) dσ(y) .
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It is clear that the range of Kǫ,N
D lies in the span of φ1, . . . , φN , so Kǫ,N

D is of
finite rank. Moreover

∥∥∥Kǫ
D −Kǫ,N

D

∥∥∥ ≤

∥∥∥∥∥∥
∂Γǫ

∂ν
−
∑

p+q≤N

〈∂Γǫ

∂ν
, ψpq〉ψpq

∥∥∥∥∥∥
L2(∂D×∂D)

−→ 0 as N → +∞ ,

and then Kǫ
D is compact by Lemma A.2. On the other hand,

KDφ(x) =
1

ωd

∫

|y−x|>ǫ

〈y − x, νy〉
|x− y|d φ(y) dσ(y)

+
1

ωd

∫

|y−x|<ǫ

〈y − x, νy〉
|x− y|d φ(y) dσ(y)

= Kǫ
Dφ(x) +

1

ωd

∫

|y−x|<ǫ

〈y − x, νy〉
|x− y|d φ(y) dσ(y) ,

and then, by the estimate (2.17) the operator norm of KD −Kǫ
D tends to zero

as ǫ→ 0, so KD is compact by Lemma A.1. �

In the special case of the unit sphere, we may simplify the expressions
defining the operators KD and K∗

D. Assume that D is a two-dimensional disk
with radius r. Then, as was observed in [180],

〈x− y, νx〉
|x− y|2 =

1

2r
∀ x, y ∈ ∂D, x �= y ,

and therefore, for any φ ∈ L2(∂D),

K∗
Dφ(x) = KDφ(x) =

1

4πr

∫

∂D

φ(y) dσ(y) , (2.21)

for all x ∈ ∂D.
For d ≥ 3, if D denotes a sphere with radius r, then since

〈x− y, νx〉
|x− y|d =

1

2r

1

|x− y|d−2
∀ x, y ∈ ∂D, x �= y ,

we have, as shown by Lemma 2.3 of [182], that for any φ ∈ L2(∂D),

K∗
Dφ(x) = KDφ(x) =

(2 − d)
2r

SDφ(x) (2.22)

for any x ∈ ∂D.
Another useful formula is the expression of KD(y)(x), where D is an ellipse

whose semi-axes are on the x1− and x2−axes and of length a and b, respec-
tively. Using the parametric representationX(t) = (a cos t, b sin t), 0 ≤ t ≤ 2π,
for the boundary ∂D, we find that
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KDφ(x) =
ab

2π(a2 + b2)

∫ 2π

0

φ(X(t))

1 −Q cos(t+ θ)
dt ,

where x = X(θ) and Q = (a2 − b2)/(a2 + b2), which, combined with the
formulae

∫ 2π

0

cos t

1 −Q cos t
dt = −2π

Q
+

2π

Q
√

1 −Q2
,

∫ 2π

0

sin t

1 −Q cos t
dt = 0 ,

gives

KD(y)(x) =
a− b

2(a+ b)

(
1 0

0 −1

)
x, x ∈ ∂D , (2.23)

which is a formula obtained in [176].
Turning now to the behavior of the double layer potential at the boundary,

we first establish that the double layer potential with constant density has a
jump.

Lemma 2.14 If D is a bounded C1+α-domain for some α > 0, then
DD(1)(x) = 0 for x ∈ Rd \D, DD(1)(x) = 1 for x ∈ D, and KD(1)(x) = 1/2
for x ∈ ∂D.

Proof. The first equation follows immediately from Green’s formula, because
Γ (x− y) is in C∞(D) and harmonic in D as a function of y when x ∈ Rd \D.
As for the second equation, given x ∈ D, let ǫ > 0 be small enough so that
Bǫ ⊂ D, where Bǫ is the ball of center x and radius ǫ. We can apply Green’s
formula to Γ (x− y) on the domain D \Bǫ to obtain

0 = DD(1)(x) − ǫ1−d

ωd

∫

∂Bǫ

dσ(y)

= DD(1)(x) − 1 .

Now we prove the third equation. Given x ∈ ∂D, again let Bǫ be the ball
of center x and radius ǫ. Set ∂Dǫ = ∂D \ (∂D ∩ Bǫ), ∂B

′
ǫ = ∂Bǫ ∩ D, and

∂B′′
ǫ = {y ∈ ∂Bǫ : νx · y < 0}. (Thus, ∂B′′

ǫ is the hemisphere of ∂Bǫ lying
on the same side of the tangent plane to ∂D at x.) A further application of
Green’s formula shows that

0 =
1

ωd

∫

∂Dǫ

〈y − x, νy〉
|x− y|d dσ(y) +

∫

∂B′
ǫ

∂Γ

∂νy
(x− y) dσ(y) .

Thus

1

ωd

∫

∂Dǫ

〈y − x, νy〉
|x− y|d dσ(y) = −

∫

∂B′
ǫ

∂Γ

∂νy
(x− y) dσ(y) =

ǫ1−d

ωd

∫

∂B′
ǫ

dσ(y) .
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But on the one hand, clearly

∫

∂D

〈y − x, νy〉
|x− y|d dσ(y) = lim

ǫ→0

∫

∂Dǫ

〈y − x, νy〉
|x− y|d dσ(y) .

On the other hand, as ∂D is C1+α, the distance between the tangent plane to
∂D at x and the points on ∂D at a distance ǫ from x is O(ǫ1+α), so

∫

∂B′
ǫ

dσ(y) =

∫

∂B′′
ǫ

dσ(y) +O(ǫ1+α) ·O(ǫd−1) =
ωdǫ

d−1

2
+O(ǫd+α) ,

and the desired result follows. �

Lemma 2.14 can be extended to general densities φ ∈ L2(∂D). For con-
venience we introduce the following notation. For a function u defined on
Rd \ ∂D, we denote

u|±(x) := lim
t→0+

u(x± tνx), x ∈ ∂D

and
∂

∂νx
u

∣∣∣∣
±

(x) := lim
t→0+

〈∇u(x± tνx), νx〉 , x ∈ ∂D ,

if the limits exist. Here νx is the outward unit normal to ∂D at x, and 〈, 〉
denotes the scalar product in Rd. For ease of notation we will sometimes use
the dot for the scalar product in Rd.

We relate in the next lemma the traces DD|± of the double layer potential
to the operator KD defined by (2.18).

Lemma 2.15 If D is a bounded C1+α-domain for some α > 0, then for φ ∈
L2(∂D)

(DDφ)
∣∣
±(x) =

(
∓1

2
I + KD

)
φ(x) a.e. x ∈ ∂D .

Proof. First we consider a density f ∈ C0(∂D). If x ∈ ∂D and t < 0 is
sufficiently small, then x+ tνx ∈ D, so by Lemma 2.14,

DDf(x+ tνx) = f(x) +

∫

∂D

∂Γ

∂νy
(x+ tνx − y)(f(y) − f(x)) dσ(y) . (2.24)

To prove that the second integral is continuous as t → 0−, given ǫ > 0, let
δ > 0 be such that |f(y) − f(x)| < ǫ whenever |y − x| < δ. Then
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∫

∂D

∂Γ

∂νy
(x+ tνx − y)(f(y) − f(x))dσ(y)−

∫

∂D

∂Γ

∂νy
(x− y)(f(y) − f(x))dσ(y)

=

∫

∂D∩Bδ

∂Γ

∂νy
(x+ tνx − y)(f(y) − f(x)) dσ(y)

−
∫

∂D∩Bδ

∂Γ

∂νy
(x − y)(f(y) − f(x)) dσ(y)

+

∫

∂D\Bδ

(
∂Γ

∂νy
(x+ tνx − y) − ∂Γ

∂νy
(x− y)

)
(f(y) − f(x)) dσ(y)

= I1 + I2 + I3 .

Here Bδ is the ball of center x and radius δ. It easily follows from (2.16) that
|I2| ≤ Cǫ. Since

∣∣∣∣
∂Γ

∂νy
(x + tνx − y) − ∂Γ

∂νy
(x− y)

∣∣∣∣ ≤ C
|t|

|x− y|d ∀ y ∈ ∂D ,

we get |I3| ≤ CM |t|, where M is the maximum of f on ∂D. To estimate I1,
we assume that x = 0, and near the origin, D is given by y = (y′, yd) with
yd > ϕ(y′), where ϕ is a C1+α-function such that ϕ(0) = 0 and ∇ϕ(0) = 0.
With the local coordinates, we can show that

∣∣∣∣
∂Γ

∂νy
(x+ tνx − y)

∣∣∣∣ ≤ C
|ϕ(y′)| + |t|

(|y′|2 + |t|2)d/2
,

and hence |I1| ≤ Cǫ. A combination of the above estimates yields

lim sup
t→0−

∣∣∣∣
∫

∂D

∂Γ

∂νy
(x+ tνx − y)(f(y) − f(x)) dσ(y)

−
∫

∂D

∂Γ

∂νy
(x− y)(f(y) − f(x) dσ(y)

∣∣∣∣ ≤ Cǫ .

Since ǫ is arbitrary, we obtain that

(DDf)
∣∣
−(x) = f(x) +

∫

∂D

∂Γ

∂νy
(x− y)(f(y) − f(x)) dσ(y)

=

(
1

2
I + KD

)
f(x) for x ∈ ∂D .

If t > 0, the argument is the same except that
∫

∂D

∂Γ

∂νy
(x + tνx − y) dσ(y) = 0 ,

and hence we write

DDf(x+ tνx) =

∫

∂D

∂Γ

∂νy
(x+ tνx − y)(f(y) − f(x)) dσ(y), x ∈ ∂D ,

instead of (2.24). We leave the rest of the proof to the reader.
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Next, consider φ ∈ L2(∂D). We first note that by (2.16), limt→0+ DDφ(x±
tνx) exists and

∥∥∥∥lim sup
t→0+

DDφ(x ± tνx)

∥∥∥∥
L2(∂D)

≤ C||φ||L2(∂D) ,

for some positive constant C independent of φ.
To handle the general case, let ǫ be given and choose a function f ∈ C0(∂D)

satisfying ||φ− f ||L2(∂D) < ǫ. Then
∣∣∣∣DDφ(x ± tνx) −

(
∓ 1

2
I + KD

)
φ(x)

∣∣∣∣

≤
∣∣∣∣DDf(x± tνx) −

(
∓ 1

2
I + KD

)
f(x)

∣∣∣∣+
∣∣∣∣DD(φ− f)(x± tνx)

∣∣∣∣

+

∣∣∣∣
(
∓ 1

2
I + KD

)
(φ − f)(x)

∣∣∣∣ .

For λ > 0, let

Aλ =

{
x ∈ ∂D : lim sup

t→0+

∣∣∣∣DDφ(x± tνx) − (∓1

2
I + KD)φ(x)

∣∣∣∣ > λ
}
.

For a set E, let |E| denote its Lebesgue measure. Then

|Aλ| ≤
∣∣∣∣
{
|DD(φ− f)| > λ

3

}∣∣∣∣+
∣∣∣∣
{
|φ− f | > 2λ

3

}∣∣∣∣+
∣∣∣∣
{
|KD(φ− f)| > λ

3

}∣∣∣∣

≤ (
3

λ
)2
(
||φ− f ||2L2(∂D) +

1

4
||φ− f ||2L2(∂D) + ||KD(φ− f)||2L2(∂D)

)

≤ C(
3

λ
)2ǫ2 .

Here we have used the L2-boundedness of KD, which is an obvious consequence
of Lemma 2.13. Since ǫ is arbitrary, |Aλ| = 0 for all λ > 0. This implies that

lim
t→0+

DDφ(x ± tνx) = (∓1

2
I + KD)φ(x) a.e. x ∈ ∂D

and completes the proof. �

In a similar way, we can describe the behavior of the gradient of the single
layer potential at the boundary. The following lemma reveals the connection
between the traces ∂SD/∂ν|± and the operator K∗

D defined by (2.20).

Lemma 2.16 If D is a bounded C1+α-domain for some α > 0, then for φ ∈
L2(∂D):

∂

∂T
SDφ

∣∣∣∣
+

(x) =
∂

∂T
SDφ

∣∣∣∣
−

(x) a.e. x ∈ ∂D

and
∂

∂ν
SDφ

∣∣∣∣
±

(x) =

(
±1

2
I + K∗

D

)
φ(x) a.e. x ∈ ∂D .
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2.3 Layer Potentials on Lipschitz Domains

2.3.1 Jump Relations

The next theorem gives the jump relations obeyed by the double layer po-
tential and by the normal derivative of the single layer potential on general
Lipschitz domains. The boundedness of these operators is not clear because of
the critical singularity of the kernels [which is of order O(|x− y|1−d)] and the
fact that we are dealing with non-convolution type operators. The following
results can be proved using the deep theorem of Coifman–McIntosh–Meyer
[98] on the boundedness of the Cauchy integral on Lipschitz curves (see Ap-
pendix A.2), which together with the method of rotations of Calderón [77]
allows one to produce patterns of arguments like those found in [109] for C1-
domains. Complete proofs that are beyond the scope of this book can be found
in [298]. The jump relation (2.31), for general Lipschitz domains, is from the
paper of Costabel [103].

Theorem 2.17 Let D be a bounded Lipschitz domain in Rd. For φ ∈ L2(∂D)

SDφ
∣∣
+
(x) = SDφ

∣∣
−(x) a.e. x ∈ ∂D , (2.25)

∂

∂T
SDφ

∣∣∣∣
+

(x) =
∂

∂T
SDφ

∣∣∣∣
−

(x) a.e. x ∈ ∂D , (2.26)

∂

∂ν
SDφ

∣∣∣∣
±

(x) =

(
±1

2
I + K∗

D

)
φ(x) a.e. x ∈ ∂D , (2.27)

DDφ
∣∣
±(x) =

(
∓1

2
I + KD

)
φ(x) a.e. x ∈ ∂D , (2.28)

where KD is defined by

KDφ(x) =
1

ωd
p.v.

∫

∂D

〈y − x, νy〉
|x− y|d φ(y) dσ(y) (2.29)

and K∗
D is the L2-adjoint of KD; i.e.,

K∗
Dφ(x) =

1

ωd
p.v.

∫

∂D

〈x− y, νx〉
|x− y|d φ(y) dσ(y) . (2.30)

Here p.v. denotes the Cauchy principal value. The operators KD and K∗
D are,

for a Lipschitz domain D, singular integral operators and bounded on L2(∂D).
Moreover, for φ ∈W 2

1
2

(∂D),

∂

∂ν
DDφ

∣∣∣∣
−

(x) =
∂

∂ν
DDφ

∣∣∣∣
+

(x) in W 2
− 1

2
(∂D) . (2.31)
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Note that (2.27) yields the following jump relation:

∂

∂ν
SDφ

∣∣∣∣
+

− ∂

∂ν
SDφ

∣∣∣∣
−

= φ on ∂D . (2.32)

We point out that the operators KD and K∗
D are defined for a Lipschitz

domain D as principal values of the integrals in (2.29) and (2.30) because
of the critical singularity of their kernels. If D is a C1+α-domain, then the
definitions (2.29) and (2.18) coincide since the kernel has in this case a weak
singularity. Similarly, the definitions (2.30) and (2.20) coincide if D is of class
C1+α, α > 0.

Let D be a bounded Lipschitz domain in Rd. Observe that again from
Green’s formula it follows that DD(1)(x) = 1 for any x ∈ D, and therefore,
the jump relation (2.28) yields KD(1) = 1/2. It is worth mentioning recent
results on two interesting questions in connection with this result.

On one hand, there is a conjecture that has not been resolved completely.
Recall that K∗

D(1) = 1/2 provided that D is a ball. The conjecture is that
if K∗

D(1) = 1/2 and D is a Lipschitz domain, then D is a ball. The conjec-
ture has been proved to be true for some important classes of domains: piece-
wise smooth domains in R2 by Martensen [226], star-shaped C2+α-domains by
Payne and Philippin [264] and Philippin [268], and C2+α-domains by Reichel
[272, 273]. Recently Mendez and Reichel proved the conjecture for bounded
Lipschitz domains in R2 and bounded Lipschitz convex domains in Rd, d ≥ 3.
See [234].

On the other hand, according to (2.22), if D is a ball in Rd, d ≥ 2, then
KD is a self-adjoint operator on L2(∂D). The converse is also true. Let D be
a Lipschitz domain. If KD is self-adjoint, then D is a ball. This was proved
by Lim in [219].

2.3.2 Injectivity of λI − K
∗

D

Let now D be a bounded Lipschitz domain, and let

L2
0(∂D) :=

{
φ ∈ L2(∂D) :

∫

∂D

φdσ = 0

}
.

Let λ �= 0 be a real number. Of particular interest for solving the transmission
problem for the Laplacian would be the invertibility of the operator λI −K∗

D

on L2(∂D) or L2
0(∂D).

First, it was proved by Kellogg in [189] that the eigenvalues of K∗
D on

L2(∂D) lie in ]−1/2, 1/2] for smooth domains; but this argument goes through
for Lipschitz domains [120]. The following injectivity result holds.

Lemma 2.18 Let λ be a real number, and let D be a bounded Lipschitz do-
main. The operator λI − K∗

D is one to one on L2
0(∂D) if |λ| ≥ 1/2, and for

λ ∈] −∞,−1/2]∪]1/2,+∞[, λI −K∗
D is one to one on L2(∂D).
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Proof. The argument is by contradiction. Let λ ∈] − ∞,−1/2]∪]1/2,+∞[,
and assume that φ ∈ L2(∂D) satisfies (λI−K∗

D)φ = 0 and φ is not identically
zero. Since KD(1) = 1/2 by Green’s formula, we have

0 =

∫

∂D

(λI −K∗
D)φdσ =

∫

∂D

φ(λ −KD(1)) dσ

and thus
∫

∂D φdσ = 0. Hence SDφ(x) = O(|x|1−d) and ∇SDφ(x) = O(|x|−d)
at infinity for d ≥ 2. Since φ is not identically zero, both of the following
numbers cannot be zero:

A =

∫

D

|∇SDφ|2 dx and B =

∫

Rd\D

|∇SDφ|2 dx .

In fact, if both of them are zero, then SDφ = constant in D and in Rd \D.
Hence φ = 0 by (2.32), which is a contradiction.

On the other hand, using the divergence theorem and (2.27), we have

A =

∫

∂D

(−1

2
I + K∗

D)φ SDφdσ and B = −
∫

∂D

(
1

2
I + K∗

D)φ SDφdσ .

Since (λI −K∗
D)φ = 0, it follows that

λ =
1

2

B −A
B +A

.

Thus, |λ| < 1/2, which is a contradiction and so, for λ ∈] −∞,− 1
2 ]∪] 12 ,+∞[,

λI −K∗
D is one to one on L2(∂D).

If λ = 1/2, then A = 0 and hence SDφ = constant in D. Thus SDφ is
harmonic in Rd \∂D, behaves like O(|x|1−d) as |x| → +∞ [since φ ∈ L2

0(∂D)],
and is constant on ∂D. By (2.27), we have K∗

Dφ = (1/2)φ, and hence

B = −
∫

∂D

φ SDφdσ = C

∫

∂D

φdσ = 0 ,

which forces us to conclude that φ = 0. This proves that (1/2) I −K∗
D is one

to one on L2
0(∂D). �

2.3.3 Surjectivity of λI − K
∗

D

Let us now turn to the surjectivity of the operator λI − K∗
D on L2(∂D) or

L2
0(∂D). If D is a bounded C1+α-domain for some α > 0, then as shown in

Lemma 2.13, the operators KD and K∗
D are compact operators in L2(∂D).

If D is a bounded C1-domain, the operators KD and K∗
D are still compact

operators in L2(∂D) [122], but more elaborate arguments are needed for a
proof. Hence, by the Fredholm alternative (see Appendix A.1), it follows from
Lemma 2.18 that λI − K∗

D is invertible on L2
0(∂D) if |λ| ≥ 1/2, and for

λ ∈] −∞,−1/2]∪]1/2,+∞[, λI −K∗
D is invertible on L2(∂D).
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From (2.15) we can also deduce that a constant C exists such that the
estimate

||KDφ||L∞(∂D) ≤ C||φ||L∞(∂D) (2.33)

holds for all φ ∈ L∞(∂D). Indeed, for any λ ∈] − ∞,−1/2]∪]1/2,+∞[ a
constant Cλ exists such that

||φ||L∞(∂D) ≤ Cλ||(λI −KD)φ||L∞(∂D), ∀ φ ∈ L∞(∂D) . (2.34)

Unlike the C1-case, the operators KD and K∗
D are not compact on a Lips-

chitz domain and, thus, the Fredholm theory is not applicable. This difficulty
for the invertibility of λI−K∗

D was overcome by Verchota [298] who made the
key observation that the following Rellich identities (see [274, 266, 254, 172])
are appropriate substitutes for compactness in the case of Lipschitz domains.
In order to explain the Rellich identity, we need to fix a notation first. For a
vector field α and a function u, let

〈α, ∂u
∂T

〉 =

d−1∑

p=1

〈α, Tp〉
∂u

∂Tp
.

Here T1, . . . , Td−1 is an orthonormal basis for the tangent plane to ∂D at x.

Lemma 2.19 (Rellich’s identities) Let D be a bounded Lipschitz domain
in Rd, d ≥ 2. Let u be a function such that either

(i) u is a Lipschitz function in D and ∆u = 0 in D, or
(ii) u is a Lipschitz function in Rd \ D, ∆u = 0 in Rd \ D, and |u(x)| =

O(1/|x|d−2) when d ≥ 3, and |u(x)| = O(1/|x|) when d = 2, as |x| → +∞.

Let α be a C1-vector field in Rd with compact support. Then

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

=

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂T

∣∣∣∣
2

− 2

∫

∂D

〈α, ∂u
∂T

〉∂u
∂ν

+

⎧
⎪⎪⎨

⎪⎪⎩

∫

D

(
2〈∇α∇u,∇u〉 − (∇ · α)|∇u|2

)
if u satisfies (i) ,

∫

Rd\D

(
2〈∇α∇u,∇u〉 − (∇ · α)|∇u|2

)
if u satisfies (ii) .

(2.35)

Proof. Assume that u satisfies (i). Observe that

∇ · (α|∇u|2) = (∇ · α)|∇u|2 + 〈α,∇|∇u|2〉
= (∇ · α)|∇u|2 + 2〈∂2uα,∇u〉

and
∇ · (∇u〈α,∇u〉) = 〈α,∇u〉∆u+ 〈∇〈α,∇u〉,∇u〉

= 〈∇α∇u,∇u〉 + 〈∂2uα,∇u〉 .
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Here ∂2u is the Hessian of u. Combining these identities, we obtain

∇ · (α|∇u|2) = 2∇ · (∇u〈α,∇u〉) + (∇ · α)|∇u|2 − 2〈∇α∇u,∇u〉 .

Stokes’s formula shows that
∫

∂D

〈α, ν〉|∇u|2 = 2

∫

∂D

∂u

∂ν
〈α,∇u〉 +

∫

D

(
(∇ · α)|∇u|2 − 2〈∇α∇u,∇u〉

)
.

Since

α = 〈α, ν〉ν +

d−1∑

p=1

〈α, Tp〉Tp ,

we get

〈α,∇u〉 = 〈α, ν〉∂u
∂ν

+ 〈α, ∂u
∂T

〉 .

We also get

|∇u|2 =

∣∣∣∣
∂u

∂ν

∣∣∣∣
2

+

∣∣∣∣
∂u

∂T

∣∣∣∣
2

.

Thus, after rearranging, we find

∫

∂D

〈α, ν〉
(∣∣∣∣
∂u

∂ν

∣∣∣∣
2

+

∣∣∣∣
∂u

∂T

∣∣∣∣
2
)

= 2

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

+ 2

∫

∂D

〈α, ∂u
∂T

〉∂u
∂ν

+

∫

D

(∇ · α)|∇u|2 − 2〈∇α∇u,∇u〉 .

Hence

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

=

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂T

∣∣∣∣
2

− 2

∫

∂D

〈α, ∂u
∂T

〉∂u
∂ν

+

∫

D

2〈∇α∇u,∇u〉 − (∇ · α)|∇u|2 ,

and the identity (2.35) holds.
In order to establish the Rellich identity (2.35) when u satisfies (ii), we

merely replace D by Rd \D in the above proof and use the decay estimate at
infinity |u(x)| = O(|x|2−d) when d ≥ 3 and |u(x)| = O(|x|−1) when d = 2 as
|x| → +∞ to apply the Stokes’s formula in all Rd \D. �

As an easy consequence of the Rellich identities (2.35), the following im-
portant result holds.

Corollary 2.20 Let u be as in Lemma 2.19. Then a positive constant C exists
depending only on the Lipschitz character of D such that

1

C

∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂D)

≤
∥∥∥∥
∂u

∂ν

∥∥∥∥
L2(∂D)

≤ C
∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂D)

. (2.36)
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Proof. Let c0 be a fixed positive number. Let α be a vector field supported
in the set dist(x, ∂D) < 2c0 such that α · ν ≥ δ for some δ > 0, ∀ x ∈ ∂D
(here, δ depends only on the Lipschitz character of D). Applying (2.35) we
obtain

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

=

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂T

∣∣∣∣
2

+ O
( ∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂D)

∥∥∥∥
∂u

∂ν

∥∥∥∥
L2(∂D)

+ ‖∇u‖L2(D)

)
.

Since

‖∇u‖2
L2(D) =

∫

∂D

u
∂u

∂ν
dσ ≤ ||u− u0||L2(∂D)

∥∥∥∥
∂u

∂ν

∥∥∥∥
L2(∂D)

(because
∫

∂D ∂u/∂ν = 0), where u0 = (1/|∂D|)
∫

∂D u dσ, the Poincaré in-
equality (2.1) yields

‖∇u‖2
L2(D) ≤ C

∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂D)

∥∥∥∥
∂u

∂ν

∥∥∥∥
L2(∂D)

,

where the constant C depends only on the Lipschitz character of D. Thus

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

=

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂T

∣∣∣∣
2

+O
( ∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂D)

∥∥∥∥
∂u

∂ν

∥∥∥∥
L2(∂D)

)
.

Employing the small constant–large constant argument:

2ab ≤ δa2 +
1

δ
b2 for small positive δ ,

we conclude that estimates (2.36) hold. �

The following results are due to Verchota [298] and Escauriaza, Fabes, and
Verchota [120].

Theorem 2.21 The operator λI −K∗
D is invertible on L2

0(∂D) if |λ| ≥ 1/2,
and for λ ∈] −∞,−1/2]∪]1/2,+∞[, λI −K∗

D is invertible on L2(∂D).

Proof. Let us first prove that the operators ±(1/2) I + K∗
D : L2

0(∂D) →
L2

0(∂D) are invertible. Observe that ±(1/2) I+K∗
D maps L2

0(∂D) into L2
0(∂D).

In fact, since KD(1) = 1/2, we have

∫

∂D

K∗
Df dσ =

1

2

∫

∂D

f dσ

for all f ∈ L2(∂D).
Let u(x) = SDf(x), where f ∈ L2

0(∂D). Then u satisfies conditions (i) and
(ii) in Lemma 2.19. By virtue of the second formula (2.26) in Theorem 2.17,
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∂u/∂T is continuous across the boundary ∂D. Moreover, by the jump formula
(2.27)

∂u

∂ν

∣∣∣∣
±

=

(
± 1

2
I + K∗

D

)
f .

We now apply Corollary 2.20 in D and Rd \D to obtain that
∥∥∥∥∥
∂u

∂ν

∣∣∣∣
−

∥∥∥∥∥
L2(∂D)

≃
∥∥∥∥∥
∂u

∂ν

∣∣∣∣
+

∥∥∥∥∥
L2(∂D)

,

or equivalently

1

C
||(1

2
I + K∗

D)f ||L2(∂D) ≤ ||(1

2
I −K∗

D)f ||L2(∂D) ,

||(1

2
I −K∗

D)f ||L2(∂D) ≤ C ||(1

2
I + K∗

D)f ||L2(∂D) .
(2.37)

Here the constant C depends only on the Lipschitz character of D. Since

f = (
1

2
I + K∗

D)f + (
1

2
I −K∗

D)f ,

(2.37) shows that

||(1

2
I + K∗

D)f ||L2(∂D) ≥ C||f ||L2(∂D) . (2.38)

In order to keep the technicalities to a minimum, we deal with the case
when ∂D is given by a Lipschitz graph by localizing the situation. Assume

∂D =

{
(x′, xd) : xd = ϕ(x′)

}
,

where ϕ : Rd−1 → R is a Lipschitz function. To show that A = (1/2) I + K∗
D

is invertible, we consider the Lipschitz graph corresponding to tϕ,

∂Dt =

{
(x′, xd) : xd = tϕ(x′)

}
for 0 < t < 1 ,

and the corresponding operators K∗
Dt

and At. Then A0 = (1/2) I, A1 = A,
and At are continuous in norm as a function of t. Moreover, by (2.38),
||Atf ||L2(∂Dt) ≥ C||f ||L2(∂Dt), with C independent of t in (0, 1) because the
constant in (2.38) depends only on the Lipschitz character of D. The invert-
ibility of A now follows from the continuity method; see Appendix A.3. This
method establishes the invertibility of (1/2)I + K∗

D on L2
0(∂D). The invert-

ibility of −(1/2)I + K∗
D on L2

0(∂D) can be proved in the same way starting
from the inequality

||(−1

2
I + K∗

D)f ||L2(∂D) ≥ C||f ||L2(∂D) .
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We now show that (1/2) I + K∗
D is invertible on L2(∂D). To do that, it

suffices to show that it is onto on L2(∂D). Since KD(1) = 1/2, we get
∫

∂D

(
1

2
I + K∗

D)f dσ =

∫

∂D

f dσ

for all f ∈ L2(∂D). Let h := ((1/2) I + K∗
D)(1). For a given g ∈ L2(∂D), let

g = g − ch+ ch := g0 + ch , c =
1

|∂D|

∫

∂D

g dσ .

Since ∫

∂D

h dσ =

∫

∂D

(
1

2
I + K∗

D)h dσ = |∂D| ,

one can easily see that g0 ∈ L2
0(∂D). Let f0 ∈ L2

0(∂D) be such that

((1/2) I + K∗
D)f0 = g0 .

Then f := f0 + c satisfies ((1/2) I +K∗
D)f = g. Thus (1/2) I + K∗

D is onto on
L2(∂D).

Assume now that |λ| > 1/2. Let f ∈ L2(∂D) and set u(x) = SDf(x). Let
c0 be a fixed positive number. Let α be a vector field supported in the set
dist(x, ∂D) < 2c0 such that α · ν ≥ δ for some δ > 0, ∀ x ∈ ∂D. From the
Rellich identity (2.35), we have

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

=

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂T

∣∣∣∣
2

− 2

∫

∂D

〈α, ∂u
∂T

〉∂u
∂ν

+

∫

D

2〈∇α∇u,∇u〉 − (∇ · α)|∇u|2 .
(2.39)

Observe that on ∂D

∂u

∂ν

∣∣∣∣
−

= (−1

2
I + K∗

D)f = (λ− 1

2
)f − (λI −K∗

D)f

and

〈∇u,α〉 =
∂u

∂ν
〈α, ν〉 + 〈α, ∂u

∂T
〉,

= −1

2
〈α, ν〉f + Kαf ,

where

Kα(f) =
1

ωd
p.v.

∫

∂D

〈x− y,α(x)〉
|x− y|d f(y) dσ(y) .

We also have
∫

D

|∇u|2 dx =

∫

∂D

u
∂u

∂ν

∣∣∣∣
−
dσ

=

∫

∂D

SD(f)

[
(λ− 1

2
)f − (λI −K∗

D)f

]
dσ .
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By using

−2

∫

∂D

〈α, ∂u
∂T

〉∂u
∂ν

= 2

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

− 2

∫

∂D

∂u

∂ν

[
− 1

2
〈α, ν〉f + Kα(f)

]
,

we get from (2.39) that

1

2

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
2

= −1

2

∫

∂D

〈α, ν〉
∣∣∣∣
∂u

∂T

∣∣∣∣
2

+

∫

∂D

∂u

∂ν

[
− 1

2
〈α, ν〉f + Kα(f)

]

−
∫

D

〈∇α∇u,∇u〉 +
1

2
(∇ · α)|∇u|2 .

Thus we obtain

1

2

(
λ− 1

2

)2 ∫

∂D

〈α, ν〉f2 dσ

≤
∫

∂D

[
− 1

2
〈α, ν〉f + Kα(f)

][
(λ− 1

2
)f − (λI −K∗

D)(f)

]
dσ

+C||f ||L2(∂D)

(
||SDf ||L2(∂D) + ||(λI −K∗

D)(f)||L2(∂D)

)

+C||SDf ||L2(∂D)||(λI −K∗
D)(f)||L2(∂D) + C||(λI −K∗

D)(f)||2L2(∂D) ,

where C denotes a constant depending on the Lipschitz character of D and
λ. Multiplying out the integrand in the second integral above and taking to
the left-hand side of the inequality the term involving f2, we obtain

1

2

(
λ2 − 1

4

)∫

∂D

〈α, ν〉f2 dσ ≤
(
λ− 1

2

)∫

∂D

Kα(f)f dσ

+C||f ||L2(∂D)

(
||SDf ||L2(∂D) + ||(λI −K∗

D)(f)||L2(∂D)

)

+C||SDf ||L2(∂D)||(λI −K∗
D)(f)||L2(∂D) + C||(λI −K∗

D)(f)||2L2(∂D) .

If K∗
α denotes the adjoint operator on L2(∂D) of the operator Kα, it is easy

to see that Kα + K∗
α

= Rα, where the operator Rα is defined by

Rα(f) =
1

ωd
p.v.

∫

∂D

〈x− y,α(x) − α(y)〉
|x− y|d f(y) dσ(y) .

By duality, we have

∫

∂D

Kα(f)f dσ =
1

2

∫

∂D

Rα(f)f dσ .

Since |λ| > 1/2 and α · ν ≥ δ > 0, using a small constant–large constant
argument, we can get from the above inequality that
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||f ||L2(∂D) ≤ C
(
||(λI −K∗

D)(f)||L2(∂D) + ||SDf ||L2(∂D)

+ ||Rα(f)||L2(∂D)

)
.

(2.40)

Since SD and Rα are compact on L2(∂D), we conclude from the above esti-
mate that λI −K∗

D has a closed range.
We now prove that λI −K∗

D is surjective on L2(∂D) and hence invertible
on L2(∂D) by Lemma 2.18.

Suppose on the contrary that for some λ real, |λ| > 1/2, λI − K∗
D is not

invertible on L2(∂D). Then the intersection of the spectrum of K∗
D and the

set {λ ∈ R : |λ| > 1/2} is not empty, and so a real number λ0 exists that
belongs to this intersection and is a boundary point of this set. To reach a
contradiction it suffices to show that λ0I − K∗

D is invertible. By (2.40) we
know that λ0I −K∗

D is injective and has a closed range. Hence a constant C
exists such that for all f ∈ L2(∂D) the following estimate holds:

||f ||L2(∂D) ≤ C||(λ0I −K∗
D)(f)||L2(∂D) . (2.41)

Since λ0 is a boundary point of the intersection of spectrum of K∗
D and the

real line, a sequence of real numbers λp exists with |λp| > 1/2, λp → λ0, as
p→ +∞, and λpI−K∗

D is invertible on L2(∂D). Therefore, given g ∈ L2(∂D),
a unique fp ∈ L2(∂D) exists such that (λpI−K∗

D)(fp) = g. If ||fp||L2(∂D) has a
bounded subsequence, then another subsequence exists that converges weakly
to some f0 in L2(∂D) and we have
∫

∂D

(λpI −K∗
D)(f0)h dσ = lim

p→+∞

∫

∂D

fp(λ0I −KD)(h) dσ

= lim
p→+∞

∫

∂D

(λ0I −K∗
D)(fp)h dσ =

∫

∂D

gh dσ .

Hence (λ0I − K∗
D)(f0) = g. In the opposite case we may assume that

||fp||L2(∂D) = 1 and (λ0I −K∗
D)(fp) converges to zero in L2(∂D).

However, it follows from (2.41) that

1 = ||fp||L2(∂D) ≤ C||(λ0I −K∗
D)(fp)||L2(∂D)

≤ C|λ0 − λp| + C||(λpI −K∗
D)(fp)||L2(∂D) .

Since the final two terms converge to zero as p→ +∞, we arrive at a contra-
diction. We conclude that for any λ real, |λ| > 1/2, λI −K∗

D is invertible.
�

2.3.4 Mapping Properties

Analogously to (2.34) we can deduce from Theorem 2.21 that for any λ ∈
] −∞,− 1

2 ]∪] 12 ,+∞[ a constant Cλ exists such that

||φ||L2(∂D) ≤ Cλ||(λI −KD)φ||L2(∂D), ∀ φ ∈ L2(∂D) . (2.42)
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Moreover,

||φ||L2(∂D) ≤ C||(−
1

2
I + KD)φ||L2(∂D), ∀ φ ∈ L2

0(∂D) , (2.43)

for some positive constant C.
Suppose D ⊂ B1(0) is a star-shaped domain with respect to the origin in

two-dimensional space, where B1(0) is the disk of radius 1 and center 0. We
can quantify the constant C. In order to do this, define

δ(D) := inf
x∈∂D

〈x, νx〉 .

Note that, since D is a star-shaped domain with respect to the origin,
δ(D) > 0. For φ ∈ L2

0(∂D), set u := SDφ. It follows from the Rellich identity
(2.35) with α(x) = x that

∫

∂D

〈x, ν〉
∣∣∣∣
∂u

∂T

∣∣∣∣
2

dσ =

∫

∂D

〈x, ν〉
∣∣∣∣
∂u

∂ν

∣∣∣∣
±

∣∣∣∣
2

dσ + 2

∫

∂D

〈x, ∂u
∂T

〉∂u
∂ν

∣∣∣∣
±
dσ ,

which leads to the following estimates:

δ

∥∥∥∥
∂u

∂T

∥∥∥∥
2

L2(∂D)

≤
∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥

2

L2(∂D)

+ 2

∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥
L2(∂D)

∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂D)

,

δ

∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥

2

L2(∂D)

≤
∥∥∥∥
∂u

∂T

∥∥∥∥
2

L2(∂D)

+ 2

∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥
L2(∂D)

∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂D)

.

Therefore ∥∥∥∥
∂u

∂T

∥∥∥∥
2

L2(∂D)

≤ 2δ + 4

δ2

∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥

2

L2(∂D)

,

∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥

2

L2(∂D)

≤ 2δ + 4

δ2

∥∥∥∥
∂u

∂T

∥∥∥∥
2

L2(∂D)

.

Thus, by the jump formula (2.27), we get

∥∥∥∥(±
1

2
I + K∗

D)φ

∥∥∥∥
L2(∂D)

=

∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥
L2(∂D)

≤ 2δ + 4

δ2

∥∥∥∥∥
∂u

∂ν

∣∣∣∣
±

∥∥∥∥∥
L2(∂D)

=
2δ + 4

δ2
‖(∓1

2
I + K∗

D)φ‖L2(∂D) ,
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to conclude that

‖φ‖L2(∂D) ≤ ‖(±1

2
I + K∗

D)φ‖L2(∂D) + ‖(∓1

2
I + K∗

D)φ‖L2(∂D)

≤ (δ + 2)2

δ2
‖(±1

2
I + K∗

D)φ‖L2(∂D) .

We have proved the following result from [43].

Lemma 2.22 Let D ⊂ B1(0) be a star-shaped domain with respect to the
origin, where B1(0) is the disk of radius 1 and center 0. Define δ(D) :=
infx∈∂D〈x, νx〉. Then, for any φ ∈ L2

0(∂D),

‖φ‖L2(∂D) ≤

(
δ(D) + 2

)2

δ(D)2

∥∥∥∥(±
1

2
I + K∗

D)φ

∥∥∥∥
L2(∂D)

.

Estimate (2.43) will be useful in Chapter 5. A more refined one will be
needed in Chapter 4.

Lemma 2.23 A constant C exists depending only on the Lipschitz character
of D such that

‖φ‖L2(∂D) ≤ C
|k − 1|
k + 1

∥∥∥∥
(
k + 1

2(k − 1)
I −K∗

D

)
φ

∥∥∥∥
L2(∂D)

(2.44)

for all φ ∈ L2
0(∂D).

Proof. By (2.43), a constant C exists depending only on the Lipschitz char-
acter of D such that

‖φ‖L2(∂D) ≤ C‖
(

1

2
I −K∗

D

)
φ‖L2(∂D)

for all φ ∈ L2
0(∂D). Hence we get

‖φ‖L2(∂D) ≤ C
∥∥∥∥
(
k + 1

2(k − 1)
I −K∗

D

)
φ

∥∥∥∥
L2(∂D)

+
C

|k − 1| ‖φ‖L2(∂D) .

It then follows that for k > C + 1

‖φ‖L2(∂D) ≤
C

1 − C
k−1

∥∥∥∥
(
k + 1

2(k − 1)
I −K∗

D

)
φ

∥∥∥∥
L2(∂D)

,

and hence, if k is larger than 2C + 1,

‖φ‖L2(∂D) ≤ 2C

∥∥∥∥
(
k + 1

2(k − 1)
I −K∗

D

)
φ

∥∥∥∥
L2(∂D)

.
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When k is smaller than 1/(C + 1), we can proceed in the same way starting
from the estimate

‖φ‖L2(∂D) ≤ C
∥∥∥∥
(
−1

2
I −K∗

D

)
φ

∥∥∥∥
L2(∂D)

.

Now assume that |k − 1| is small or, equivalently, λ is large. Then

‖φ‖L2(∂D) ≤
1

λ
‖λφ‖L2(∂D) ≤

1

λ
‖(λI −K∗

D)φ‖L2(∂D) +
1

λ
‖K∗

Dφ‖L2(∂D) .

Since ‖K∗
Dφ‖L2(∂D) ≤ C‖φ‖L2(∂D) for some C then, if λ > 2C, we get

‖φ‖L2(∂D) ≤
2

λ
‖(λI −K∗

D)φ‖L2(∂D) .

Since the norm on the right-hand side of (2.44) depends continuously on
k, by a compactness argument, the proof is complete. �

We will also prove the following theorem due to Verchota [298].

Theorem 2.24 Let D be a bounded Lipschitz domain in Rd. Then the sin-
gle layer potential SD maps L2(∂D) into W 2

1 (∂D) boundedly and KD :
W 2

1 (∂D) →W 2
1 (∂D) is a bounded operator.

Proof. That SD maps L2(∂D) into W 2
1 (∂D) boundedly is clear. In fact, by

Corollary 2.20, (2.27), and Theorem 2.21, we get

∥∥∥∥
∂(SDf)

∂T

∥∥∥∥
L2(∂D)

≈
∥∥∥∥∥
∂(SDf)

∂ν

∣∣∣∣
−

∥∥∥∥∥
L2(∂D)

≈ ‖(−1

2
I + K∗

D)f‖L2(∂D) ≤ C‖f‖L2(∂D) .

Thus we have
‖SDf‖W 2

1 (∂D) ≤ C‖f‖L2(∂D) .

Given h ∈W 2
1 (∂D), let v be the solution to the problem ∆v = 0 in D and

v = h on ∂D. Then v ∈ W 1,2(D). By Green’s formula, we get

SD

(
∂v

∂ν

∣∣
−

)
(x) = DD(v|−)(x), x ∈ Rd \D .

It then follows from (2.28) that

(−1

2
I + KD)h = SD

(
∂v

∂ν

∣∣
−

)
on ∂D .
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Therefore we get

‖KDh‖W 2
1 (∂D) ≤

1

2
‖h‖W 2

1 (∂D) +

∥∥∥∥SD

(
∂v

∂ν

∣∣
−

)∥∥∥∥
W 2

1 (∂D)

≤ 1

2
‖h‖W 2

1 (∂D) + C

∥∥∥∥
∂v

∂ν

∣∣
−

∥∥∥∥
L2(∂D)

≤ C‖h‖W 2
1 (∂D) ,

where the last inequality follows from Corollary 2.20. Thus we obtain that
KD :W 2

1 (∂D) →W 2
1 (∂D) is bounded. �

Finally, it is worth emphasizing that the integral operator λI − K∗
D is

singular as λ approaches 1/2 (or k → +∞). The kernel of the operator (1/2)I−
K∗

D, Ker((1/2)I −K∗
D), has the dimension equal to the number of connected

components of D. Since λI − K∗
D = (2λ − 1)K∗

D on Ker((1/2)I − K∗
D), a

straightforward calculation shows that

‖(λI −K∗
D)−1‖L(L2(∂D),L2(∂D)) ≥

1

|2λ− 1|
1

‖K∗
D‖L(L2(∂D),L2(∂D))

,

where L(L2(∂D), L2(∂D)) denotes the space of continuous, linear transfor-
mations from L2(∂D) to L2(∂D). In fact, as long as λ > 1/2, the integral
equation

(λI −K∗
D)φ = g for g ∈ L2(∂D) (2.45)

has a unique solution and one simply discretizes it and solves it. When λ →
(1/2)+, however, a systematic loss of accuracy occurs. The problem is that,
in the limit λ = 1/2, the integral equation (2.45) is not invertible. See [287,
288, 141].

To solve (2.45), we decompose the right-hand side into a constant and a
zero-mean part: g = g0 + (g− g0), g0 = (1/|∂D|)

∫
∂D
g dσ. We also decompose

the unknown density φ into a constant and a zero-mean part: φ = φ0 +
(φ − φ0), φ0 = (1/|∂D|)

∫
∂D φdσ. Since KD(1) = 1/2, the constant part of

the unknown density φ is simply given by φ0 = (1/(λ− (1/2))) g0. Thus, the
integral equation (2.45) can be written as

(λI −K∗
D)(φ − φ0) = g − 1

λ− 1
2

g0(λI −K∗
D)(1) ∈ L2

0(∂D) ,

which is well behaved.
This idea has been suggested (and numerically implemented) by Greengard

and Lee [141] for the calculation of the electrostatic and thermal properties
of systems made of piecewise, homogeneous, high-contrast materials.

2.3.5 Concept of Capacity

We conclude this section by investigating the invertibility of the single layer
potential and by defining the concept of capacity. We shall see that compli-
cations develop when d = 2.
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Lemma 2.25 Let D be a bounded Lipschitz domain in Rd. Let φ ∈ L2(∂D)
satisfy SDφ = 0 on ∂D.

(i) If d ≥ 3, then φ = 0.
(ii) If d = 2 and

∫
∂D φ = 0, then φ = 0.

Proof. If SDφ = 0 on ∂D, then u = SDφ satisfies ∆u = 0 in Rd \ ∂D, u = 0
on ∂D, and as |x| → +∞, we have u(x) = O(|x|2−d) when d ≥ 3. Moreover
u(x) = O(|x|1−d) as |x| → +∞ for d ≥ 2 provided that

∫
∂D φ = 0. Therefore,

for large R,

∫

BR(0)\D

|∇u|2 =

∫

∂R(0)

∂u

∂ν
u =

{
O(R2−d) if d ≥ 3 ,

O(R−2) if d = 2 .

Sending R→ +∞, we deduce that ∇u = 0 in Rd \D, and thus, u is constant
in Rd \D. Since u = 0 on ∂D, it follows that u = 0 in Rd \D. But SDφ = 0
in D, and hence, φ = ∂SDφ/∂ν|+ − ∂SDφ/∂ν|− = 0 on ∂D. �

Theorem 2.26 Let D be a bounded Lipschitz domain in Rd.

(i) If d ≥ 3, then SD : L2(∂D) →W 2
1 (∂D) has a bounded inverse.

(ii) If d = 2, then the operator A : L2(∂D) × R →W 2
1 (∂D) × R defined by

A(φ, a) =

(
SDφ+ a,

∫

∂D

φ

)

has a bounded inverse.
(iii) Suppose d = 2 and let (φe, a) ∈ L2(∂D) × R denote the solution of the

system {
SDφe + a = 0 ,∫

∂D φe = 1 ,
(2.46)

then SD : L2(∂D) →W 2
1 (∂D) has a bounded inverse if and only if a �= 0.

Proof. Since W 2
1 (∂D) →֒ L2(∂D) is compact, it follows from Theorem 2.24

that the operator SD : L2(∂D) → W 2
1 (∂D) is Fredholm with zero index (see

Appendix A.1). But, by Lemma 2.25, we have Ker(SD) = {0} when d ≥ 3,
and therefore, SD has a bounded inverse.

We now establish that A has a bounded inverse. Since SD : L2(∂D) →
W 2

1 (∂D) is Fredholm with zero index, we need only to prove injectivity. In
fact, if SDφ+ a = 0 and

∫
∂D φ = 0, then

∫
∂D SDφφ = 0. But

∫

∂D

(SDφe)φe dσ =

∫

∂D

SDφe

(
∂

∂ν
SDφe

∣∣∣∣
+

− ∂

∂ν
SDφe

∣∣∣∣
−

)

= −
∫

Rd

|∇SDφe|2 dx ,
(2.47)
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and consequently, SDφ = 0 since SDφ→ 0 as |x| → +∞. According to Lemma
2.25, this implies φ = 0 and in turn a = 0.

Turning to part (iii), we note that if a = 0, then SD cannot be invertible
because SDφe = 0. Thus, suppose that a �= 0 and φ ∈ L2(∂D) exists such
that SDφ = 0. Define φ0 = φ− (

∫
∂D φ)φe, and observe that

SDφ0 = −(

∫

∂D

φ)SDφe = a

∫

∂D

φ and

∫

∂D

φ0 = 0 .

Hence
∫

∂D
SDφ0 φ0 = 0 and therefore φ0 = 0. In turn,

∫
∂D
φ = 0 because

a �= 0, giving φ = 0 by Lemma 2.25. Thus, the homogeneous equation SDφ = 0
has only the trivial solution, and SD is invertible. �

Analogously to part (ii) in the above theorem, if d ≥ 3, a unique φe ∈
L2(∂D) exists such that SDφe is constant on ∂D, and

∫
∂D φe = 1. Moreover,

because of (2.47), we get SDφe < 0. The reciprocal of the positive constant
−SDφe is called the capacity of ∂D, which is a quantity we denote by cap(∂D),
so that

1

cap(∂D)
= −SDφe when d ≥ 3 . (2.48)

This terminology has its origins in electrostatics. The capacity of an iso-
lated conductor is defined as the ratio of the charge in equilibrium on it to the
value of the potential at its surface. This definition may be restated as follows.
We form the solution u of the Dirichlet problem for the domain outside the
conductor D, with boundary values 1. The capacity cap(∂D) is given by

cap(∂D) = −
∫

∂D

∂u

∂ν

∣∣∣∣
+

(x) dσ(x)

(
=

∫

Rd\D

|∇u|2 dx
)
.

The solution u behaves like the point source −cap(∂D)Γ (x) at infinity.
In the two-dimensional case, we introduce the logarithmic capacity,

cap(∂D) = e2πa ,

where a is defined by (2.46).
In the case of the unit ball B1(0), it is clear that cap(∂B1(0)) = 1 if d = 2,

and cap(∂B1(0)) = (d− 2)ωd if d ≥ 3.
Additional interesting properties of the capacity are given in the books by

Hille [151], Landkof [210], and Armitage and Gardiner [47].

2.4 Neumann and Dirichlet Functions

Let Ω be a bounded Lipschitz domain in Rd, d ≥ 2. Let N(x, z) be the Neu-
mann function for −∆ in Ω corresponding to a Dirac mass at z. That is, N
is the solution to
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⎧
⎨
⎩

−∆xN(x, z) = δz in Ω ,

∂N

∂νx

∣∣∣
∂Ω

= − 1

|∂Ω| ,
∫

∂Ω

N(x, z) dσ(x) = 0 for z ∈ Ω . (2.49)

Note that the Neumann function N(x, z) is defined as a function of x ∈ Ω for
each fixed z ∈ Ω.

The operator defined by N(x, z) is the solution operator for the Neumann
problem ⎧

⎨

⎩

∆U = 0 in Ω ,

∂U

∂ν

∣∣∣∣
∂Ω

= g ;
(2.50)

namely, the function U defined by

U(x) :=

∫

∂Ω

N(x, z)g(z) dσ(z)

is the solution to (2.50) satisfying
∫

∂Ω U dσ = 0.
Now we discuss some properties of N as a function of x and z.

Lemma 2.27 The Neumann function N is symmetric in its arguments; that
is, N(x, z) = N(z, x) for x �= z ∈ Ω. It furthermore has the form

N(x, z) =

⎧
⎪⎨
⎪⎩

− 1

2π
ln |x− z| +R2(x, z) if d = 2 ,

1

(d− 2)ωd

1

|x− z|d−2
+Rd(x, z) if d ≥ 3 ,

(2.51)

where Rd(·, z) belongs to W
3
2 ,2(Ω) for any z ∈ Ω, d ≥ 2 and solves

⎧
⎨
⎩

∆xRd(x, z) = 0 in Ω ,

∂Rd

∂νx

∣∣
∂Ω

= − 1

|∂Ω| +
1

ωd

〈x − z, νx〉
|x− z|d for x ∈ ∂Ω .

Proof. Pick z1, z2 ∈ Ω with z1 �= z2. Let Br(zp) = {|x − zp| < r}, p = 1, 2.
Choose r > 0 so small that Br(z1) ∩ Br(z2) = ∅. Set N1(x) = N(x, z1) and
N2(x) = N(x, z2). We apply Green’s formula in Ω′ = Ω \Br(z1) ∪Br(z2) to
get

∫

Ω′

(
N1∆N2 −N2∆N1

)
dx =

∫

∂Ω

(
N1
∂N2

∂ν
−N2

∂N1

∂ν

)
dσ

−
∫

∂Br(z1)

(
N1
∂N2

∂ν
−N2

∂N1

∂ν

)
dσ −

∫

∂Br(z2)

(
N1
∂N2

∂ν
−N2

∂N1

∂ν

)
dσ ,

where all the derivatives are with respect to the x-variable with z fixed. Since
Np, p = 1, 2, is harmonic for x �= zp, ∂N1/∂ν = ∂N2/∂ν = −1/|∂Ω|, and∫

∂Ω
(N1 −N2) dσ = 0, we have
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∫

∂Br(z1)

(
N1
∂N2

∂ν
−N2

∂N1

∂ν

)
dσ +

∫

∂Br(z2)

(
N1
∂N2

∂ν
−N2

∂N1

∂ν

)
dσ = 0 .

(2.52)
Thanks to (2.51), which will be proved shortly, the left-hand side of (2.52)
has the same limit as r → 0 as the left-hand side of the following identity:
∫

∂Br(z1)

(
Γ
∂N2

∂ν
−N2

∂Γ

∂ν

)
dσ +

∫

∂Br(z2)

(
N1
∂Γ

∂ν
− Γ ∂N1

∂ν

)
dσ = 0 .

Since
∫

∂Br(z1)

Γ
∂N2

∂ν
dσ → 0 ,

∫

∂Br(z2)

Γ
∂N1

∂ν
dσ → 0 as r → 0 ,

and
∫

∂Br(z1)

N2
∂Γ

∂ν
dσ → N2(z1) ,

∫

∂Br(z2)

N1
∂Γ

∂ν
dσ → N1(z2) as r → 0 ,

we obtain N2(z1) −N1(z2) = 0, or equivalently N(z2, z1) = N(z1, z2) for any
z1 �= z2 ∈ Ω.

Now let Rd, d ≥ 2, be defined by

Rd(x, z) =

⎧
⎪⎨
⎪⎩

N(x, z) +
1

2π
ln |x− z| if d = 2 ,

N(x, z) +
1

(2 − d)ωd

1

|x− z|d−2
if d ≥ 3 .

Since Rd(·, z) is harmonic in Ω and ∂Rd(·, z)/∂ν ∈ L2(∂Ω), it follows from
the standard elliptic regularity theory, (see [172] for example) that Rd(·, z) ∈
W

3
2 ,2(Ω) for any z ∈ Ω. �

For D, a subset of Ω, let

NDf(x) :=

∫

∂D

N(x, y)f(y) dσ(y), x ∈ Ω .

The following lemma from [22] relates the fundamental solution Γ to the
Neumann function N .

Lemma 2.28 For z ∈ Ω and x ∈ ∂Ω, let Γz(x) := Γ (x − z) and Nz(x) :=
N(x, z). Then

(
−1

2
I + KΩ

)
(Nz)(x) = Γz(x) modulo constants, x ∈ ∂Ω , (2.53)

or, to be more precise, for any simply connected Lipschitz domain D compactly
contained in Ω and for any g ∈ L2

0(∂D), we have for any x ∈ ∂Ω
∫

∂D

(
−1

2
I + KΩ

)
(Nz)(x)g(z) dσ(z) =

∫

∂D

Γz(x)g(z) dσ(z) (2.54)
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or, equivalently,

(
−1

2
I + KΩ

)(
(NDg)

∣∣
∂Ω

)
(x) = SDg(x) . (2.55)

Proof. Let f ∈ L2
0(∂Ω) and define

u(z) :=

∫

∂Ω

(
−1

2
I + KΩ

)
(Nz)(x)f(x) dσ(x), z ∈ Ω .

Then

u(z) =

∫

∂Ω

N(x, z)

(
−1

2
I + K∗

Ω

)
f(x) dσ(x) .

Therefore, ∆u = 0 in Ω and

∂u

∂ν

∣∣∣∣
∂Ω

= (−1

2
I + K∗

Ω)f .

Hence by the uniqueness modulo constants of a solution to the Neumann
problem, we have

u(z)− SΩf(z) = constant, z ∈ Ω .

Thus if g ∈ L2
0(∂D), we obtain

∫

∂Ω

∫

∂D

(
−1

2
I + KΩ

)
(Nz)(x)g(z)f(x) dσ(z) dσ(x)

=

∫

∂Ω

∫

∂D

Γz(x)g(z)f(x) dσ(z) dσ(x) .

Since f is arbitrary, we have (2.53) or, equivalently, (2.54). This completes
the proof. �

The following simple observation is useful.

Lemma 2.29 Let f ∈ L2(∂Ω) satisfy
(

1
2I −KΩ

)
f = 0. Then f is constant.

Proof. Let f ∈ L2(∂Ω) be such that ((1/2)I − KΩ)f = 0. Then for any
g ∈ L2(∂Ω) ∫

∂Ω

(
1

2
I −KΩ)f(x)g(x) dσ(x) = 0

or, equivalently, ∫

∂Ω

f(x)(
1

2
I −K∗

Ω)g(x) dσ(x) = 0 .

But Range((1/2)I −K∗
Ω) = L2

0(∂Ω) and so, f is constant. �

In Chapter 5 we will be dealing with conductivity inclusions of the form
D = ǫB + z where B is a bounded Lipschitz domain in Rd. For the purpose
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of use in Chapter 5, we now expand N(x, ǫy + z) asymptotically for x ∈ ∂Ω,
z ∈ Ω, and y ∈ ∂B, and as ǫ→ 0.

Recall that if j = (j1, . . . , jd) is a multi-index (an ordered d-tuple of non-
negative integers), then we write j! = j1! . . . jd!, y

j = yj1
1 . . . y

jd

d , |j| = j1 +

· · · + jd, and ∂j = ∂|j|/∂yj1
1 . . . ∂y

jd

d .
By (2.53) we have the following relation:

(
−1

2
I+KΩ

)[
N(·, ǫy+z)

]
(x) = Γ (x−z−ǫy) modulo constants, x ∈ ∂Ω .

Using the Taylor expansion

Γ (x− ǫy) =
+∞∑

|j|=0

(−1)|j|

j!
ǫ|j|∂jΓ (x)yj ,

we obtain

(
−1

2
I + KΩ

)[
N(·, ǫy + z)

]
(x) =

+∞∑

|j|=0

(−1)|j|

j!
ǫ|j|∂j(Γ (x− z))yj

=

+∞∑

|j|=0

(−1)|j|

j!
ǫ|j|∂j

x

((
−1

2
I + KΩ

)
N(·, z)(x)

)
yj

=

+∞∑

|j|=0

1

j!
ǫ|j|
((

−1

2
I + KΩ

)
∂j

zN(·, z)(x)
)
yj

=

(
−1

2
I + KΩ

)⎡

⎣
+∞∑

|j|=0

1

j!
ǫ|j|∂j

zN(·, z)yj

⎤

⎦ (x) .

Since
∫

∂Ω
N(x,w) dσ(x) = 0 for all w ∈ Ω, we have the following asymp-

totic expansion of the Neumann function.

Lemma 2.30 For x ∈ ∂Ω, z ∈ Ω, and y ∈ ∂B, and as ǫ→ 0,

N(x, ǫy + z) =

+∞∑

|j|=0

1

j!
ǫ|j|∂j

zN(x, z)yj . (2.56)

We mention that the Neumann function for the ball BR(0) is given, for
any x, z ∈ BR(0), by

N(x, z) =
1

4π|x− z| +
1

4π| R
|x|x−

|x|
R z|

+
1

4πR
ln

2

1 − x·z
R2 + 1

R | |x|R z − R
|x|x|

− 1

2πR
for d = 3 ,

(2.57)
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and by

N(x, z) = − 1

2π

(
ln |x− z|+ ln

∣∣∣∣
R

|x|x−
|x|
R
z

∣∣∣∣
)

+
lnR

π
for d = 2 . (2.58)

See [212].
Now we turn to the properties of the Dirichlet function. Let G(x, z) be the

Green’s function for the Dirichlet problem in Ω; that is, the unique solution
to {

∆xG(x, z) = −δz in Ω ,

G(x, z) = 0 on ∂Ω ,

and let Gz(x) = G(x, z). Then for any x ∈ ∂Ω and z ∈ Ω, we can prove in
the same way as (2.53) that

(
1

2
I + K∗

Ω

)−1(
∂Γz(y)

∂νy

)
(x) = −∂Gz

∂νx
(x) . (2.59)

Moreover, we would like to mention the following important properties of
G (see [143]):

(i) the Green’s function G is symmetric in Ω ×Ω ;
(ii) the maximum principle implies that for x, z ∈ Ω with x �= z

0 > G(x, z) > −Γ (x− z) for d ≥ 3 ,

0 > G(x, z) > −Γ (x− z) +
1

2π
ln diam(Ω) for d = 2 ;

(iii) the Green’s function for the ball BR(0) is given by

G(x, z) =
1

(2 − d)ωd

(
|x− z|2−d −

∣∣∣∣
R

|x|x−
|x|
R
z

∣∣∣∣
2−d)

for d ≥ 3 ,

G(x, z) =
1

2π

(
ln |x− z| − ln

∣∣∣∣
R

|x|x−
|x|
R
z

∣∣∣∣
)

for d = 2 ;

(iv) the normal derivative of the Green’s function on the sphere ∂BR(0) is
given by

∂G

∂ν
(x, z) =

R2 − |z|2
ωdR|x− z|d

for any z ∈ BR(0) and x ∈ ∂BR(0) .

We shall also recall, in connection with part (iv), that the function

R2 − |z|2
ωdR|x− z|d

(z ∈ BR(0), x ∈ ∂BR(0))

is the Poisson kernel of the ball BR(0). On the other hand, if we consider the
half-space Rd

+ = {z = (z′, zd) ∈ Rd : zd > 0}, then the function
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2zd
ωd|x− z|d

(z ∈ Rd
+, x ∈ ∂Rd

+)

is the Poisson kernel for Rd
+, and for any g ∈ C0(Rd−1) ∩ L∞(Rd−1), the

following formula holds:

lim
z→y,z∈Rd

+

2zd
ωd

∫

∂Rd
+

g(x′)

|(x′, 0) − z|d dx
′ = g(y) for each y ∈ ∂Rd

+ . (2.60)

2.5 Representation Formula

Let Ω be a bounded domain in Rd with a connected Lipschitz boundary
and conductivity equal to 1. Consider a bounded domain D ⊂⊂ Ω with a
connected Lipschitz boundary and conductivity 0 < k �= 1 < +∞.

Let g ∈ L2
0(∂Ω), and let u and U be, respectively, the (variational) solu-

tions of the Neumann problems

⎧
⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

∇ ·
(

1 + (k − 1)χ(D)

)
∇u = 0 in Ω ,

∂u

∂ν

∣∣∣∣
∂Ω

= g ,

∫

∂Ω

u(x) dσ(x) = 0 ,

(2.61)

and ⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∆U = 0 in Ω ,

∂U

∂ν

∣∣∣∣
∂Ω

= g ,

∫

∂Ω

U(x) dσ(x) = 0 ,

(2.62)

where χ(D) is the characteristic function of D. Clearly, the Lax–Milgram
lemma shows that, given g ∈ L2

0(∂Ω), unique u and U in W 1,2(Ω) exist,
which solve (2.61) and (2.62).

At this point we have all the necessary ingredients to state and prove a
decomposition formula of the steady-state voltage potential u into a harmonic
part and a refraction part, which will be the main tool for both deriving
the asymptotic expansion in Chapter 5 and providing efficient reconstruction
algorithms in Chapter 7. This decomposition formula is unique and seems to
inherit geometric properties of the inclusion D, as shown in Chapter 4.

The following theorem was proved in [180, 181, 183].

Theorem 2.31 Suppose that D is a domain compactly contained in Ω with
a connected Lipschitz boundary and conductivity 0 < k �= 1 < +∞. Then the
solution u of the Neumann problem (2.61) is represented as
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u(x) = H(x) + SDφ(x), x ∈ Rd \ ∂Ω , (2.63)

where the harmonic function H is given by

H(x) = −SΩ(g)(x) + DΩ(f)(x), x ∈ Ω , f := u|∂Ω ∈W 2
1
2
(∂Ω) , (2.64)

and φ ∈ L2
0(∂D) satisfies the integral equation

(
k + 1

2(k − 1)
I −K∗

D

)
φ =

∂H

∂ν

∣∣∣∣
∂D

on ∂D . (2.65)

The decomposition (2.63) into a harmonic part and a refraction part is unique.
Moreover, ∀ n ∈ N, a constant Cn = C(n,Ω, dist(D, ∂Ω)) exists independent
of D and the conductivity k such that

‖H‖Cn(D) ≤ Cn‖g‖L2(∂Ω) . (2.66)

Furthermore, the following holds:

H(x) + SDφ(x) = 0, ∀ x ∈ Rd \Ω . (2.67)

Proof. Consider the following two-phase transmission problem:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇ ·
(

1 + (k − 1)χ(D)

)
∇v = 0 in Rd \ ∂Ω ,

v
∣∣
− − v

∣∣
+

= f on ∂Ω ,

∂v

∂ν

∣∣∣∣
−
− ∂v

∂ν

∣∣∣∣
+

= g on ∂Ω ,

v(x) = O(|x|1−d) as |x| → +∞ .

(2.68)

Let v1 := −SΩg + DΩf + SDφ in Rd. Since φ ∈ L2
0(∂D) and g ∈ L2

0(∂Ω),
v1(x) = O(|x|1−d) and hence v1 is a solution of (2.68) by the jump formulae
(2.27), (2.28), and (2.31). If we put v2 = u in Ω and v2 = 0 in Rd \ Ω,
then v2 is also a solution of (2.68). Therefore, in order to prove (2.63) and
(2.67), it suffices to show that the problem (2.68) has a unique solution in
W 1,2

loc (Rd \ ∂Ω).

Suppose that v ∈ W 1,2
loc (Rd \ ∂Ω) is a solution of (2.68) with f = g = 0.

Then v is a variational solution of ∇ · (1 + (k − 1)χ(D))∇v = 0 in the entire
domain Rd. Therefore, for a large R,

∫

BR(0)

|∇v|2 ≤ 1 + k

k

∫

BR(0)

(
1 + (k − 1)χ(D)

)
|∇v|2

≤ 1 + k

k

∫

∂BR(0)

v
∂v

∂ν

≤ −1 + k

k

∫

Rd\BR(0)

|∇v|2 ≤ 0 ,
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where BR(0) = {|x| < R}. This inequality holds for all R and hence v is
constant. Since v(x) → 0 at infinity, we conclude that v ≡ 0.

To prove the uniqueness of the representation, suppose thatH ′ is harmonic
in Ω and

H + SDφ = H ′ + SDφ
′ in Ω .

Then SD(φ− φ′) is harmonic in Ω and hence

∂

∂ν
SD(φ− φ′)

∣∣∣∣
−

=
∂

∂ν
SD(φ− φ′)

∣∣∣∣
+

on ∂D .

It then follows from (2.27) that φ− φ′ = 0 on ∂D and H = H ′.
We finally prove estimate (2.66). Suppose that dist(D, ∂Ω) > c0 for some

constant c0 > 0. From the definition of H in (2.64), it is easy to see that

‖H‖Cn(D) ≤ Cn

(
‖g‖L2(∂Ω) + ‖u|∂Ω‖L2(∂Ω)

)
, (2.69)

where Cn depends only on n, ∂Ω, and c0.
It suffices then to show as in Corollary 2.20 that

‖u|∂Ω‖L2(∂Ω) ≤ C ‖g‖L2(∂Ω) . (2.70)

To do so, we use the Rellich identity. Let α be a vector field supported in the
set dist(x, ∂Ω) < c0 such that α · νx ≥ δ for some δ > 0, ∀ x ∈ ∂Ω. Using the
Rellich identity (2.35) with this α, we can show that

∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂Ω)

≤ C
(
‖g‖L2(∂Ω) + ‖∇u‖L2(Ω\D)

)
,

where C depends only on ∂Ω and c0. Observe that

‖∇u‖2
L2(Ω\D)

≤
∫

Ω

(
1 + (k − 1)χ(D)

)
∇u · ∇u dx

≤
∫

∂Ω

gu dσ

≤ ‖g‖L2(∂Ω) ‖u|∂Ω‖L2(∂Ω) .

Since
∫

∂Ω u dσ = 0, it follows from the Poincaré inequality (2.1) that

‖u|∂Ω‖L2(∂Ω) ≤ C
∥∥∥∥
∂u

∂T

∥∥∥∥
L2(∂Ω)

.

Thus we obtain

‖u|∂Ω‖2
L2(∂Ω) ≤ C

(
‖g‖2

L2(∂Ω) + ‖g‖L2(∂Ω) ‖u|∂Ω‖L2(∂Ω)

)
,

and hence (2.70). From (2.69) we finally obtain (2.66). �
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It is important to note that, based on this representation formula, Kang
and Seo proved global uniqueness results for the inverse conductivity problem
with one measurement when the conductivity inclusion D is a disk or a ball
in three-dimensional space [180, 182]; see Sect. 3.2.

Another useful expression of the harmonic part H of u is given in the
following lemma.

Lemma 2.32 We have

H(x) =

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

u(x) − (k − 1)

∫

D

∇yΓ (x− y) · ∇u(y) dy, x ∈ Ω ,

−(k − 1)

∫

D

∇yΓ (x− y) · ∇u(y) dy, x ∈ Rd \Ω .
(2.71)

Proof. We claim that

φ = (k − 1)
∂u

∂ν

∣∣∣∣
−
. (2.72)

In fact, it follows from the jump formula (2.27) and (2.63) and (2.65) that

∂u

∂ν

∣∣∣∣
−

=
∂H

∂ν
+
∂

∂ν
SDφ

∣∣∣∣
−

=
∂H

∂ν
+ (−1

2
I + K∗

D)φ =
1

k − 1
φ on ∂D .

Then (2.71) follows from (2.67) and (2.72) by Green’s formula. �

Let g ∈ L2
0(∂Ω) and

U(y) :=

∫

∂Ω

N(x, y)g(x) dσ(x) .

Then U is the solution to the Neumann problem (2.62) and the following
representation holds.

Theorem 2.33 The solution u of (2.61) can be represented as

u(x) = U(x) −NDφ(x), x ∈ ∂Ω , (2.73)

where φ is defined in (2.65).

Proof. By substituting (2.63) into (2.64), we obtain

H(x) = −SΩ(g)(x) + DΩ

(
H |∂Ω + (SDφ)|∂Ω

)
(x), x ∈ Ω .

It then follows from (2.28) that

(
1

2
I−KΩ

)
(H |∂Ω) = −(SΩg)|∂Ω +

(
1

2
I+KΩ

)
((SDφ)|∂Ω) on ∂Ω . (2.74)
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Since U = −SΩ(g) + DΩ(U |∂Ω) in Ω by Green’s formula, we have

(
1

2
I −KΩ

)
(U |∂Ω) = −(SΩg)|∂Ω . (2.75)

Since φ ∈ L2
0(∂D), it follows from (2.53) that

−
(

1

2
I −KΩ

)
((NDφ)|∂Ω) = (SDφ)|∂Ω . (2.76)

Then, from (2.74), (2.75), and (2.76), we conclude that

(
1

2
I −KΩ

)(
H |∂Ω − U |∂Ω +

(
1

2
I + KΩ

)
((NDφ)|∂Ω)

)
= 0 .

Therefore, we have from Lemma 2.29

H |∂Ω − U |∂Ω +

(
1

2
I + KΩ

)
((NDφ)|∂Ω) = C (constant). (2.77)

Note from (2.55) that

(
1

2
I + KΩ)((NDφ)|∂Ω) = (NDφ)|∂Ω + (SDφ)|∂Ω .

Thus we get from (2.63) and (2.77) that

u|∂Ω = U |∂Ω − (NDφ)|∂Ω + C . (2.78)

Since all the functions entering in (2.78) belong to L2
0(∂Ω), we conclude that

C = 0, and the theorem is proved. �

We have a similar representation for solutions of the Dirichlet problem. Let
f ∈ W 2

1
2

(∂Ω), and let v and V be the (variational) solutions of the Dirichlet

problems: ⎧
⎨
⎩

∇ ·
(

1 + (k − 1)χ(D)

)
∇v = 0 in Ω ,

v = f on ∂Ω ,

(2.79)

and {
∆V = 0 in Ω ,

V = f on ∂Ω .
(2.80)

The following representation theorem holds.

Theorem 2.34 Let v and V be the solutions of the Dirichlet problems (2.79)
and (2.80). Then ∂v/∂ν on ∂D can be represented as

∂v

∂ν
(x) =

∂V

∂ν
(x) − ∂

∂ν
GDφ(x), x ∈ ∂Ω , (2.81)
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where φ is defined in (2.65) with H given by (2.64) and g = ∂v/∂ν on ∂Ω,
and

GDφ(x) :=

∫

∂D

G(x, y)φ(y) dσ(y) .

Theorem 2.34 can be proved in the same way as Theorem 2.33. In fact, it
is simpler because of the solvability of the Dirichlet problem or, equivalently,
the invertibility of (1/2) I + K∗

Ω. So we omit the proof.

2.6 Energy Identities

For later use, we shall establish the following energy identities, which are from
[184, 10].

Lemma 2.35 The solutions u and U of (2.61) and (2.62) satisfy

∫

Ω

|∇(u − U)|2 dx+ (k − 1)

∫

D

|∇u|2 dx =

∫

∂Ω

(U − u)g dσ , (2.82)

∫

Ω

(
1 + (k − 1)χ(D)

)
|∇(u − U)|2 dx− (k − 1)

∫

D

|∇U |2 dx (2.83)

= −
∫

∂Ω

(U − u)g dσ .

Proof. From the variational formulations of the Neumann problems (2.61)
and (2.62), it follows that

∫

Ω

∇(u− U) · ∇η dx + (k − 1)

∫

D

∇u · ∇η dx = 0 , (2.84)

for every test function η ∈ W 1,2(Ω). Substituting η = u in (2.84) and inte-
grating by parts, we have

∫

Ω

|∇(u − U)|2 dx+ (k − 1)

∫

D

|∇u|2 dx =

∫

∂Ω

(U − u)g dσ ,

whereas substituting η = u− U yields

∫

Ω

(1+(k−1)χ(D))|∇(u−U)|2 dx−(k−1)

∫

D

|∇U |2 dx = −
∫

∂Ω

(U−u)g dσ .

Then Lemma 2.35 immediately follows from the above two identities. �



2.7 Anisotropic Transmission Problem 51

2.7 Anisotropic Transmission Problem

Let D be a bounded Lipschitz domain in Rd, d = 2, 3. Let A be a positive-
definite symmetric matrix and A∗ be the positive-definite symmetric matrix
such that A−1 = A2

∗. Let ΓA(x) be a fundamental solution of the operator
∇ ·A∇:

ΓA(x) :=

⎧
⎪⎪⎨
⎪⎪⎩

1

2π
√

det(A)
ln ||A∗x||, d = 2 ,

− 1

4π
√

det(A)||A∗x||
, d = 3 ,

where det(A) is the determinant of A and || · || is the usual norm of the vector
in Rd.

The single and double layer potentials associated with A of the density
function φ ∈ L2(∂D) are, respectively, defined by

SA
Dφ(x) :=

∫

∂D

ΓA(x− y)φ(y) dσ(y) , x ∈ Rd,

and

DA
Dφ(x) :=

∫

∂D

νy ·A∇ΓA(x − y)φ(y) dσ(y), x ∈ Rd \ ∂D .

Corresponding to Theorem 2.17 for the single and double layer potentials for
the Laplacian, we have the following jump formulae:

{
νx ·A∇SA

Dφ(x)|+ − νx ·A∇SA
Dφ(x)|− = φ(x) a.e. x ∈ ∂D ,

DA
Dφ(x)|+ −DA

Dφ(x)|− = −φ(x) a.e. x ∈ ∂D .
(2.85)

Now consider Ã to be a constant d× d positive-definite symmetric matrix
with Ã �= A. Throughout the remainder of the book, we will always assume

that Ã − A is either positive-definite or negative-definite and use SÃ
D as a

notation for the single layer potential associated with the domain D and the
matrix Ã.

The following result of Escauriaza and Seo [121] will help us give a repre-
sentation formula for the solution to the anisotropic transmission problem.

Theorem 2.36 For each (F,G) ∈ W 2
1 (∂D) × L2(∂D), a unique solution

(f, g) ∈ L2(∂D) × L2(∂D) of the integral equation exists
⎧
⎨
⎩
SÃ

Df − SA
Dg = F

ν · Ã∇SÃ
Df |− − ν · A∇SA

Dg|+ = G
on ∂D . (2.86)

Moreover, a constant C exists depending only on the largest and smallest
eigenvalues of Ã, A, and Ã−A, and the Lipschitz character of D such that

‖f‖L2(∂D) + ‖g‖L2(∂D) ≤ C(‖F‖W 2
1 (∂D) + ‖G‖L2(∂D)) .
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We can easily see that, if G ∈ L2
0(∂D), then the solution g of (2.86) lies

in L2
0(∂D). Moreover, if G = 0 and F = constant, then g = 0. We summarize

these facts in the following lemma.

Lemma 2.37 Let (f, g) be the solution to (2.86). If G ∈ L2
0(∂D), then g ∈

L2
0(∂D). Moreover, if F is constant and G = 0, then g = 0.

Let Ω be a bounded Lipschitz domain in Rd, d = 2, 3, containing an
inclusion D. Assume that the conductivity of the background Ω \ D is A

and that of D is Ã. The conductivity profile of the body Ω is then given by
χ(Ω \D)A+ χ(D)Ã.

For a given g ∈ L2
0(∂Ω), let u denote the steady-state voltage in the

presence of the anisotropic conductivity inclusion D, i.e., the solution to
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∇ ·
(
χ(Ω \D)A+ χ(D)Ã

)
∇u = 0 in Ω ,

ν · A∇u
∣∣∣∣
∂Ω

= g ,

∫

∂Ω

u(x) dσ(x) = 0 .

(2.87)

Introduce

HA(x) := −SA
Ω(g)(x) + DA

Ω(f)(x), x ∈ Ω, f := u|∂Ω ∈ W 2
1
2
(∂Ω) . (2.88)

The following representation formula is an immediate consequence of (2.86).

Theorem 2.38 Let HA be defined by (2.88). Then the solution u to (2.87)
can be represented as

u(x) =

{
HA(x) + SA

Dφ(x) , x ∈ Ω \D ,
SÃ

Dψ(x) , x ∈ D ,
(2.89)

where the pair (φ, ψ) is the unique solution in L2
0(∂D)×L2(∂D) to the system

of integral equations
⎧
⎨

⎩
SÃ

Dψ − SA
Dφ = HA

ν · Ã∇SÃ
Dψ|− − ν · A∇SA

Dφ|+ = ν ·A∇HA
on ∂D .

2.8 Periodic Isotropic Transmission Problem

We shall now investigate the periodic isotropic transmission problem used in
calculating effective properties of dilute composite materials. The results in
this section are from [38]. Some of the techniques described in this section can
be applied to the mathematical theory of photonic crystals [205, 37].
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Let Y =]−1/2, 1/2[d denote the unit cell andD ⊂ Y . Consider the periodic
transmission problem:

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

∇ ·
(

1 + (k − 1)χ(D)

)
∇up = 0 in Y ,

up − xp periodic (in each direction) with period 1 ,∫

Y

up dx = 0 ,

(2.90)

for p = 1, . . . , d.
In order to derive a representation formula for the solution to the periodic

transmission problem (2.90), we need to introduce a periodic Green’s function.
Let

G♯(x) = −
∑

n∈Zd\{0}

ei2πn·x

4π2|n|2 . (2.91)

Then we get, in the sense of distributions,

∆G♯(x) =
∑

n∈Zd\{0}
ei2πn·x =

∑

n∈Zd

ei2πn·x − 1 ,

and G♯ has mean zero. It then follows from the Poisson summation formula:

∑

n∈Zd

ei2πn·x =
∑

n∈Zd

δ(x+ n) , (2.92)

that
∆G♯(x) =

∑

n∈Zd

δ(x + n) − 1 . (2.93)

The appearance of the constant 1 in (2.93) may be somewhat peculiar. It is
the volume of Y , and an integration by parts shows that it should be there.
In fact, ∫

Y

∆G♯(x)dx =

∫

∂Y

∂G♯

∂ν
dσ ,

and the right-hand side is zero because of the periodicity.
The expression (2.91) for G♯ is called a lattice sum, and its asymptotic

behavior has been studied extensively in many contexts in solid-state physics,
e.g., [308].

We state the next lemma for the general case but give in some detail a
proof only for d = 2, leaving the proof in higher dimensions to the reader.
Formulae (2.94) and (2.95) will be applied later in our study of the effective
properties of composite materials.
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Lemma 2.39 A smooth function Rd(x) exists in the unit cell Y such that

G♯(x) =

⎧
⎪⎨

⎪⎩

1

2π
ln |x| +R2(x), d = 2 ,

1

(2 − d)ωd

1

|x|d−2
+Rd(x), d ≥ 3 .

(2.94)

Moreover, the Taylor expansion of Rd(x) at 0 for d ≥ 2 is given by

Rd(x) = Rd(0) − 1

2d
(x2

1 + . . .+ x2
d) +O(|x|4) . (2.95)

Proof. As mentioned above, we assume that d = 2. The proof we give here
is not the simplest one but has the advantage that it can be extended to
other more complicated periodic Green’s functions. Note that the behavior
G♯(x) ∼ Γ (x) as |x| → 0 is to be expected since the effect of the periodic
boundary conditions is negligible when x is near the origin.

We begin by writing

G♯(x) = −
∑

n∈Z2\{0}

ei2πn·x

4π2|n|2 = − 1

4π2

∑

n∈Z2\{0}

cos 2πn1x1 cos 2πn2x2

n2
1 + n2

2

= − 1

2π2

+∞∑

n1=0

cos 2πn1x1

+∞∑

n2=1

cos 2πn2x2

n2
1 + n2

2

− 1

2π2

+∞∑

n2=0

cos 2πn2x2

+∞∑

n1=1

cos 2πn1x1

n2
1 + n2

2

:= G1 +G2 .

After that, let us invoke three summation identities (see for instance [99, pp.
813–814]):

+∞∑

n2=1

cos 2πn2x2

n2
1 + n2

2

=

⎧
⎪⎪⎨

⎪⎪⎩

− 1

2n2
1

+
π

2n1

coshπ(2x2 − 1)n1

sinhπn1
if n1 �= 0 ,

π2

6
− π2x2 + π2x2

2 if n1 = 0 ,

(2.96)

+∞∑

n1=1

cos 2πn1x1

n1
e−2πn1x2 = πx2 − ln 2− 1

2
ln

(
sinh2 πx2 +sin2 πx1

)
. (2.97)

We then compute

G1 = − 1

2π2

+∞∑

n2=1

cos 2πn2x2

n2
2
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− 1

2π2

+∞∑

n1=1

cos 2πn1x1

(
− 1

2n2
1

+
π

2n1

coshπ(2x2 − 1)n1

sinhπn1

)

= − 1

2π2

+∞∑

n2=1

cos 2πn2x2

n2
2

+
1

4π2

+∞∑

n1=1

cos 2πn1x1

n2
1

− 1

4π

+∞∑

n1=1

cos 2πn1x1

n1

coshπ(2x2 − 1)n1

sinhπn1

= − 1

12
+

1

2
x2 −

1

2
x2

2 +
1

24
− 1

4
x1 +

1

4
x2

1 −
1

4π

+∞∑

n1=1

cos 2πn1x1

n1
e−2πn1x2

− 1

4π

+∞∑

n1=1

cos 2πn1x1

n1

(
coshπ(2x2 − 1)n1

sinhπn1
− e−2πn1x2

)

to arrive at

G1 = − 1

24
+

ln 2

4π
+

1

4
(x2−x1)−

1

4
(2x2

2−x2
1)+

1

8π
ln

(
sinh2 πx2+sin2 πx1

)
+r1(x) ,

where the function r1(x) is given by

r1(x) = − 1

4π

+∞∑

n1=1

cos 2πn1x1

n1

(
coshπ(2x2 − 1)n1

sinhπn1
− e−2πn1x2

)

= − 1

4π

+∞∑

n1=1

cos 2πn1x1

n1

e2πn1x2 + e−2πn1x2

e2πn1 − 1
.

Because of the term e−πn1 , we can easily see that r1 is a C∞-function.
In the same way we can derive

G2 = − 1

24
+

ln 2

4π
+

1

4
(x1−x2)−

1

4
(2x2

1−x2
2)+

1

8π
ln

(
sinh2 πx1+sin2 πx2

)
+r2(x) ,

where

r2(x) = − 1

4π

+∞∑

n1=1

cos 2πn1x2

n1

e2πn1x1 + e−2πn1x1

e2πn1 − 1
.

By a Taylor expansion, we readily see that

ln

(
sinh2 πx2 + sin2 πx1

)
+ ln

(
sinh2 πx1 + sin2 πx2

)

= 4 lnπ + 2 ln(x2
1 + x2

2) + r3(x) ,

where r3(x) is a C∞-function with r3(x) = O(|x|4) as |x| → 0. In short, we
obtain
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G♯(x) =
1

2π
ln |x| +R2(x) ,

where

R2(x) = C − 1

4
(x2

1 + x2
2) + r1(x) + r2(x) + r3(x)

for some constant C. By a Taylor expansion again, one can see that

r1(x) + r2(x) = C +O(|x|4) as |x| → 0 ,

for some constant C. That R2 is harmonic follows from (2.93). This concludes
the proof. �

Note that in the two-dimensional case we can expand R2(x) even further
to get

R2(x) = R2(0) − 1

4
(x2

1 + x2
2) +

m∑

s=3

R
(s)
2 (x) +O(|x|m+1) as |x| → 0 ,

where the harmonic polynomialR
(s)
2 is homogeneous of degree s; i.e.,R

(s)
2 (tx) =

tsR
(s)
2 (x) for all t ∈ R and all x ∈ R2. Since

R2(−x1, x2) = R2(x1, x2) and R2(x1,−x2) = R2(x1, x2) ,

R
(s)
2 ≡ 0 if s is odd, and hence

R2(x) = R2(0)− 1

4
(x2

1 + x2
2)+

m∑

s=2

R
(2s)
2 (x) +O(|x|m+2) as |x| → 0 . (2.98)

We conclude this section by establishing a representation formula for the
solution of the periodic transmission problem (2.90).

Let the periodic single layer potential of the density function φ ∈ L2
0(∂D)

be defined by

GDφ(x) :=

∫

∂D

G♯(x− y)φ(y) dσ(y), x ∈ R2 .

Lemma 2.39 shows that

GDφ(x) = SDφ(x) + RDφ(x) , (2.99)

where RD is a smoothing operator defined by

RDφ(x) :=

∫

∂D

Rd(x− y)φ(y) dσ(y) .
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Thanks to (2.99), we have

∂

∂ν
GDφ

∣∣∣∣
±

(x) =
∂

∂ν
SDφ

∣∣∣∣
±

(x) +
∂

∂ν
RDφ(x), x ∈ ∂D .

Thus we can understand, with the help of Lemma 2.39, ∂GDφ/∂ν|± as a
compact perturbation of ∂SDφ/∂ν|±. Based on this natural idea, we obtain
the following results.

Lemma 2.40 (i) Let φ ∈ L2
0(∂D). The following behaviors at the boundary

hold:
∂

∂ν
GDφ

∣∣∣∣
±

(x) = (±1

2
I + B∗

D)φ(x) on ∂D , (2.100)

where B∗
D : L2

0(∂D) → L2
0(∂D) is given by

B∗
Dφ(x) = p.v.

∫

∂D

∂

∂νx
G♯(x − y)φ(y) dσ(y), x ∈ ∂D . (2.101)

(ii) If φ ∈ L2
0(∂D), then GDφ is harmonic in D and Y \D.

(iii) If |λ| ≥ 1
2 , then the operator λI − B∗

D is invertible on L2
0(∂D).

Proof. Since B∗
D = K∗

D + ∇D where ∇D is a smoothing operator, part (i)
immediately follows from (2.27). Part (ii) follows from (2.93) and the fact that
φ ∈ L2

0(∂D). As a consequence of parts (i) and (ii), it follows that λI − B∗
D

maps L2
0(∂D) into L2

0(∂D). To prove part (iii), we observe that ∇D maps
L2(∂D) into W 2

1 (∂D), and hence it is a compact operator on L2(∂D). Since,
by Theorem 2.21, λI − K∗

D is invertible on L2
0(∂D), it suffices, by applying

the Fredholm alternative, to show that λI −B∗
D is one-to-one on L2

0(∂D). We
shall prove this fact, using the same argument as the one introduced in Lemma
2.18. Let |λ| ≥ 1/2, and suppose that φ ∈ L2

0(∂D) satisfies (λI − B∗
D)φ = 0

and φ �= 0. Let

A :=

∫

D

|∇GDφ|2 dx, B :=

∫

Y \D

|∇GDφ|2 dx .

Then A �= 0. In fact, if A = 0, then GDφ is constant in D. Therefore GDφ in
Y \D is periodic and satisfies GDφ|∂D = constant. Hence GDφ = constant in
Y \D. Therefore, by part (i), we get

φ =
∂

∂ν
GDφ

∣∣∣∣
+

− ∂

∂ν
GDφ

∣∣∣∣
−

= 0 ,

which contradicts our assumption. In a similar way, we can show that B �= 0.
On the other hand, using Green’s formula and periodicity, we have

A =

∫

∂D

(−1

2
I + B∗

D)φ GDφdσ, B = −
∫

∂D

(
1

2
I + B∗

D)φ GDφdσ .
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Since (λI − B∗
D)φ = 0, it follows that

λ =
1

2

B −A
B +A

.

Thus, |λ| < 1/2, which is a contradiction. This completes the proof. �

Analogously to Theorem 2.31 the following result holds, giving a decom-
position formula of the solution of (2.90) into a harmonic part and a refraction
part.

Theorem 2.41 Let up be the unique solution to the transmission problem
(2.90). Then up, p = 1, . . . , d, can be expressed as follows:

up(x) = xp + Cp + GD(
k + 1

2(k − 1)
I − B∗

D)−1(νp)(x) in Y , (2.102)

where Cp is a constant and νp is the p-component of the outward unit normal
ν to ∂D.

Proof. Observe that up, p = 1, . . . , d, satisfies

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆up = 0 in D ∪ (Y \D) ,

up|+ − up|− = 0 on ∂D ,

∂up

∂ν

∣∣∣∣
+

− k∂up

∂ν

∣∣∣∣
−

= 0 on ∂D ,

up − xp periodic with period 1 ,∫

Y

up dx = 0 .

To prove (2.102), define

Vp(x) = GD(
k + 1

2(k − 1)
I − B∗

D)−1(νp)(x) in Y .

Then routine calculations show that
⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∆Vp = 0 in D ∪ (Y \D) ,

Vp|+ − Vp|− = 0 on ∂D ,

∂Vp

∂ν
|+ − k∂Vp

∂ν
|− = (k − 1)νp on ∂D ,

Vp periodic with period 1 .

(2.103)

Thus by choosing Cp so that
∫

Y up dx = 0, we get (2.102), which completes
the proof. �
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2.9 Periodic Anisotropic Transmission Problem

In this section, we derive a Green’s function to the periodic anistropic trans-
mission problem and establish a representation formula for its solution. These
results are from [28].

Consider the periodic anisotropic transmission problem:
⎧
⎪⎨
⎪⎩

∇ · ((χ(Y \D)A+ χ(D)Ã)∇up) = 0 in Y ,

up − xp periodic (in each direction) with period 1 ,∫
Y up = 0 ,

(2.104)

for p = 1, . . . , d. The periodic Green’s function GA
♯ (x) is given by

GA
♯ (x) = −

∑

n∈Zd\{0}

e2πin·x

4π2An · n . (2.105)

In fact, in the sense of distributions, we have

∇ · (A∇GA
♯ (x)) =

∑

n∈Zd

e2πin·x − 1 ,

and hence by the Poisson summation formula (2.92),

∇ · (A∇GA
♯ (x)) =

∑

n∈Zd

δ(x+ n) − 1 . (2.106)

It follows from the standard elliptic regularity theory that GA
♯ (x) − ΓA(x) is

smooth in the unit cell Y .
Moreover, we can show that a symmetric matrix K exists such that

GA
♯ (x) = C + ΓA(x) − x ·Kx+O(|x|4), |x| → 0 .

This matrix K plays an essential role in deriving the effective properties of
anisotropic composites. We write down an explicit form of K in the two-
dimensional case, leaving the general case to the reader.

Let us first fix a notation. If

A =

(
a b
b c

)
, a, c > 0 and ac− b2 > 0 ,

let

α := −b
c

+ i

√
det(A)

c
and β := − b

a
+ i

√
det(A)

a
. (2.107)

We also define real-valued functions θ and η by

θ(z) + iη(z) :=

+∞∑

n=1

n

1 − e−2πinz
, ℑz > 0 . (2.108)
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Observe that η(z) = 0 if z is purely imaginary.
We have from [28] the following lemma, whose proof turns out to be quite

difficult.

Lemma 2.42 Suppose d = 2. A smooth function RA(x) exists in the unit cell
Y such that

GA
♯ (x) = ΓA(x) +RA(x) , (2.109)

and RA(x) takes the form

RA(x) = RA(0) − x ·K x+O(|x|4), |x| → 0 , (2.110)

where K is given by

K =
1

4

⎛
⎜⎝

1

a
0

0
1

c

⎞
⎟⎠+

π√
det(A)

(
1

24
+ θ(α))

⎛
⎜⎝

1 −b
c

−b
c

2b2 − ac
c2

⎞
⎟⎠

+
π√

det(A)
(

1

24
+ θ(β))

⎛
⎜⎝

2b2 − ac
a2

− b
a

− b
a

1

⎞
⎟⎠

+
πη(α)

c

(
0 −1

−1
2b

c

)
+
πη(β)

a

(
2b

a
−1

−1 0

)
. (2.111)

In particular, the function u(x) = −x·Kx satisfies the equation ∇·A∇u = −1
in R2.

Proof. Suppose that

A =

(
a b
b c

)
, a, c > 0 and ac− b2 > 0 .

Then, we have

4π2GA
♯ (x) = −

∑

n∈Z2\{0}

e2πin·x

an2
1 + 2bn1n2 + cn2

2

= −
∑

n1 	=0

+∞∑

n2=−∞

e2πin·x

an2
1 + 2bn1n2 + cn2

2

−
∑

n2 	=0

e2πin2x2

cn2
2

. (2.112)

Since (2.96) gives
+∞∑

n=1

cos(nx)

n2
=
π2

6
− π

2
x+

1

4
x2 ,

we have ∑

n2 	=0

e2πin2x2

cn2
2

=
1

c

(
π2

3
− 2π2x2 + 2π2x2

2

)
. (2.113)
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To compute the first term in (2.112), we use a general formula from [99,
p. 815]: If P (z) is a holomorphic polynomial and α is real, then

+∞∑

n=−∞

eiαn

P (n)
= −2πi

∑

ξ: zeros of P (z)

Residue

(
eiαz

P (z)(e2πiz − 1)
, ξ

)
. (2.114)

Let P (z) := cz2+2bn1z+an
2
1. Then the zeros of P (z) are αn1 and αn1, where

α := −b
c

+ i

√
det(A)

c
.

It then follows from (2.114) that

+∞∑

n2=−∞

e2πin2x2

an2
1 + 2bn1n2 + cn2

2

=
2πi

c(α− α)

[
e2πiαn1x2

n1(e2πiαn1 − 1)
− e2πiαn1x2

n1(e2πiαn1 − 1)

]
.

Since c(α− α) = 2i
√

det(A), we get

∑

n1 	=0

+∞∑

n2=−∞

e2πin·x

an2
1 + 2bn1n2 + cn2

2

=
π√

det(A)

∑

n1 	=0

[
e2πi(x1+αx2)n1

n1(e2πiαn1 − 1)
− e2πi(x1+αx2)n1

n1(e2πiαn1 − 1)

]

= − 2π√
det(A)

ℜ
∑

n1 	=0

e2πi(x1+αx2)n1

n1(e2πiαn1 − 1)
. (2.115)

We have

∑

n1 	=0

e2πi(x1+αx2)n1

n1(e2πiαn1 − 1)
= −

∑

n1>0

e2πi(x1+αx2)n1

n1
+ r1(x) , (2.116)

where

r1(x) : =
∑

n1>0

e2πi(x1+αx2)n1

n1

e2πiαn1

e2πiαn1 − 1
+
∑

n1<0

e2πi(x1+αx2)n1

n1

1

e2πiαn1 − 1

=

+∞∑

n1=1

e2πi(x1+αx2)n1 + e−2πi(x1+αx2)n1

n1

e2πiαn1

e2πiαn1 − 1
.

Observe that since ℑα > 0, the above series converges absolutely and uni-
formly thanks to the factor e2πiαn1 and r1(x) is a smooth function in the
variables x1 and x2 for |x2| < 1. Moreover, one can see by the Taylor expan-
sion that

r1(x) = C1 + 4π2μ(α)(x1 + αx2)
2 +O(|x|4), |x| → 0 , (2.117)
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where

μ(α) = θ(α) + iη(α) :=

+∞∑

n=1

n

1 − e−2πiαn
.

In order to compute the first term in the right-hand side of (2.116), we
invoke formula (2.97). Since

ln(sinh2 πx2 + sin2 πx1) = lnπ2 + ln(x2
1 + x2

2) +
π2

3
(x2

2 − x2
1) +O(|x|4) ,

we get

+∞∑

n1=1

cos(2πn1x1)

n1
e−2πn1x2 = πx2−ln 2π2−1

2
ln(x2

1+x
2
2)+

π2

6
(x2

1−x2
2)+O(|x|4) .

Thus we obtain

ℜ
∑

n1>0

e2πi(x1+αx2)n1

n1
=

+∞∑

n1=1

cos 2π(x1 − b
cx2)n1

n1
e−2π

√
det(A)

c
n1x2

=

√
det(A)

c
πx2 − ln 2π2 − 1

2
ln

[
(x1 −

b

c
x2)

2 +
det(A)

c2
x2

2

]

+
π2

6

[
(x1 −

b

c
x2)

2 − det(A)

c2
x2

2

]
+O(|x|4) .

Let A∗ =
√
A−1 as before. Then one can see that

(x1 −
b

c
x2)

2 +
det(A)

c2
x2

2 =
det(A)

c
(x ·A−1x) =

det(A)

c
‖A∗x‖2 ,

and hence

ℜ
∑

n1>0

e2πi(x1+αx2)n1

n1
= C +

√
det(A)

c
πx2 − ln ‖A∗x‖

+
π2

6

[
(x1 −

b

c
x2)

2 − det(A)

c2
x2

2

]
+O(|x|4) , (2.118)

for some constant C. Combining (2.112), (2.113), (2.115), (2.116), and (2.118)
yields

4π2GA
♯ (x) = C +

2π√
det(A)

ln ‖A∗x‖ −
π3

3
√

det(A)

[
(x1 −

b

c
x2)

2 − det(A)

c2
x2

2

]

− 2π2

c
x2

2 +
8π3

√
det(A)

ℜ(μ(α)(x1 + αx2)
2) +O(|x|4) , (2.119)

for some constant C.
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In order to obtain a formula for GA
♯ (x) in a symmetric form, we now use

4π2GA
♯ (x) = −

∑

n2 	=0

+∞∑

n1=−∞

e2πin·x

an2
1 + 2bn1n2 + cn2

2

−
∑

n1 	=0

e2πin1x1

an2
1

,

and interchange the role of x1 and x2 to get

4π2GA
♯ (x) = C +

2π√
det(A)

ln ‖A∗x‖ −
π3

3
√

det(A)

[
(x2 −

b

a
x1)

2 − det(A)

a2
x2

1

]

− 2π2

a
x2

1 +
8π3

√
det(A)

ℜ(μ(β)(x2 + βx1)
2) +O(|x|4) , (2.120)

for some constant C where

β := − b
a

+ i

√
det(A)

a
.

By taking the average of the formulae in (2.119) and (2.120), we finally
arrive at

GA
♯ (x) = C + ΓA(x) − x ·Kx+O(|x|4), |x| → 0 , (2.121)

where C is a constant and K is the symmetric matrix given by

x ·Kx =
π

12
√

det(A)

[
a2 + b2 − det(A)

2a2
x2

1 −
(
b

a
+
b

c

)
x1x2

+
c2 + b2 − det(A)

2c2
x2

2

]
+

1

4

(
x2

1

a
+
x2

2

c

)

− π√
det(A)

ℜ(μ(α)(x1 + αx2)
2 + μ(β)(x2 + βx1)

2) . (2.122)

The formula (2.111) now follows from (2.122) through elementary but tedious
computation. �

Let Tr(M) denote the trace of the matrix M . Since

∇ ·A∇(x · Bx) = 2Tr(AB)

for any symmetric matrix B, we infer that the quadratic polynomial u defined
by the first matrix in the right-hand side of (2.111) satisfies ∇· (A∇u(x)) = 1,
whereas those defined by the other matrices satisfy

∇ · (A∇u(x)) = 0 .

If A is diagonal, then the formula is particularly simple. If b = 0, then
α = i

√
a/c and β = i

√
c/a, and hence η(α) = η(β) = 0 and K takes the form
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K =
1

4
A−1(I + c(A)E) , (2.123)

where E =

(
1 0
0 −1

)
and

c(A) :=
4π√

det(A)

(
a

24
+ aθ

(
i

√
a

c

)
− c

24
− cθ

(
i

√
c

a

))
. (2.124)

Observe that c(A) = 0 when a = c, i.e., A is isotropic. In fact, c(A) = 0
only when A is isotropic. To see this, write c(A) as

c(A) = g(

√
a

c
) − g(

√
c

a
) ,

where

g(x) = 4πx

[
1

24
+

+∞∑

n=1

n

1 − e2πnx

]
, x > 0 .

We can easily see that g is monotonically increasing. Thus c(A) = 0 if and
only if a = c.

Definition 2.43 A function H is called A-harmonic in an open set D if H
is the solution to

∇ · (A∇H) = 0 in D . (2.125)

In our later study of composites of anisotropic materials, we will need
to extend the representation formula (2.102) to the anisotropic transmission
problem (2.104). To this end we introduce the periodic single layer potential
for a domain D compactly contained in Y as follows:

GA
Dφ(x) =

∫

∂D

GA
♯ (x − y)φ(y) dσ(y) for x ∈ Rd, ∀ φ ∈ L2

0(∂D) .

Observe that GA
Dφ is A-harmonic in D and Y \D provided that φ belongs to

L2
0(∂D) and is periodic. In fact, by (2.106), we get for x ∈ D ∪ (Y \D)

∇ · (A∇GA
Dφ)(x) = −

∫

∂D

φdσ = 0 ,

provided that φ ∈ L2
0(∂D).

Let SA
D and SÃ

D be the (non-periodic) single layer potentials corresponding

to the conductivities A and Ã, respectively. By Lemma 2.42, we have

GA
Dφ(x) = SA

Dφ(x) + RA
Dφ(x), x ∈ Y , (2.126)

where RA
D is defined by

RA
Dφ(x) =

∫

∂D

RA(x− y)φ(y) dσ(y) . (2.127)

We note that since RA(x) is a smooth function in Y , RA
Dφ is smooth in Y for

any φ ∈ L2(∂D). Therefore, we get, in particular,

ν ·A∇GA
Dφ(x)|+ − ν · A∇GA

Dφ(x)|− = φ(x), a.e. x ∈ ∂D . (2.128)
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Lemma 2.44 Let D be a bounded Lipschitz domain compactly contained in
Y . Then the map T♯ : L2(∂D) × L2(∂D) →W 2

1 (∂D) × L2(∂D), defined by

T♯(f, g) =

(
SÃ

Df − GA
Dg, ν · Ã∇SÃ

Df |− − ν ·A∇GA
Dg|+

)
, (2.129)

is invertible, and a positive constant C exists such that

‖(f, g)‖L2(∂D)×L2(∂D) ≤ C‖T♯(f, g)‖W 2
1 (∂D)×L2(∂D) , (2.130)

for all (f, g) ∈ L2(∂D) × L2(∂D).

Proof. Because of (2.109), T♯(f, g) = T (f, g)− TR(g), where

T (f, g) =

(
SÃ

Df − SA
Dg, ν · Ã∇SÃ

Df |− − ν ·A∇SA
Dg|+

)
(2.131)

and

TR(g) =

(
RA

Dg, ν · A∇RA
Dg

)
. (2.132)

Observe that

ν ·A∇RA
Dg ∈ X :=

{
ν · F |F ∈W 2

1 (∂D)

}

andX is compact in L2(∂D). Therefore TR is a compact operator on L2(∂D)×
L2(∂D). Since T is invertible by (2.86), it suffices to show that T♯ is injective
on L2(∂D) × L2(∂D) by the Fredholm alternative.

Suppose that T♯(f, g) = (0, 0). Then

∫

∂D

ν · A∇GA
Dg|+ dσ =

∫

∂D

ν · Ã∇SÃ
Df |− dσ = 0 ,

and hence we get from (2.128) that
∫

∂D
g dσ = 0.

Now, let

u = SÃ
Dfχ(D) + GA

Dgχ(Y \D) .

Then u is periodic and satisfies ∇ · (χ(Y \D)A + χ(D)Ã)∇u = 0 in Y . So
u = C, where C is a constant. In particular, GA

Dg = C in Y \D and so GA
Dg = C

on ∂D. Since GA
Dg is A-harmonic in D, GA

Dg = C in D and hence g = 0 on
∂D by (2.128). Observe that if g = 0, then T♯(f, g) = T (f, g) and hence
T (f, g) = 0. By the invertibility of T , we get (f, g) = (0, 0). This completes
the proof. �

Lemma 2.44 gives us a representation of the solution to (2.104).

Theorem 2.45 Suppose d = 2. Let (fp, gp) ∈ L2(∂D)×L2(∂D), p = 1, 2, be
the solution to

T♯(fp, gp) = (xp, ν · A∇xp) , (2.133)
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where T♯ is defined in (2.129). Then the solution up to (2.104) can be repre-
sented as

up(x) = Cp +

{
xp + GA

Dgp(x) ,

SÃ
Dfp(x) ,

(2.134)

where the constant Cp is chosen so that
∫

Y up dx = 0.

Proof. It is enough to show that gp ∈ L2
0(∂D) so that GA

Dgp is A-harmonic
in Y \D. But since ν · A∇xp ∈ L2

0(∂D), we get ν · A∇GA
Dgp|+ ∈ L2

0(∂D). By
the jump relation (2.128), we get gp ∈ L2

0(∂D), as before. �

2.10 Further Results and Open Problems

The representation formulae (2.63), (2.73), and (2.102) can be extended for
the solution to the transmission problem for the Helmholtz equation; see [25]
and [26]. Based on the work of Mitrea, Mitrea and Pipher[238], similar results
for the time-harmonic Maxwell’s equations could be established.

The numerical solutions of the periodic transmission problems (2.90)
and (2.104) require evaluations of the periodic Green’s functions (2.91) and
(2.105), and so the feasibility of our layer potential technique for solving pe-
riodic transmission problems is strongly influenced by how efficiently these
functions can be computed. The standard representations (2.91) and (2.105)
contain series that converge slowly and so are unsuitable for numerical work.
Nevertheless, many analytic techniques can be used for efficient and accurate
numerical constructions of the periodic Green’s functions. These methods in-
clude those based on Ewald’s summation, Kummer’s transformation, and fast
evaluations of lattice sums through alternative formulations of the periodic
Green’s functions. See [269, 221, 68, 140, 111].



3

Uniqueness for Inverse Conductivity Problems

Introduction

Let Ω be a simply connected Lipschitz domain in Rd, d ≥ 2, and let D be a
subdomain of Ω such that D ⊂ Ω. Let g ∈ L2

0(∂Ω). Fix 0 < k �= 1 < +∞,
and let u be the solution to

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∇ ·
(

1 + (k − 1)χ(D)

)
∇u = 0 in Ω ,

∂u

∂ν

∣∣∣∣
∂Ω

= g ,

∫

∂Ω

u(x) dσ(x) = 0 .

(3.1)

The inverse conductivity problem is to find the inclusion D (and its con-
ductivity k) given f = u|∂Ω for one or finitely many g (one measurement
problem) or for all g (many measurements problem). In some applied situa-
tions, it is f that is prescribed on ∂Ω and g that is measured on ∂Ω. This
makes some difference (not significant theoretically and computationally) in
the case of single boundary measurements but makes no difference in the case
of many boundary measurements, since actually it is the set of Cauchy data
(f, g) that is given.

This problem lays a mathematical foundation to electrical impedance to-
mography, which is a method of imaging the interior of a body by mea-
surements of current flows and voltages on its surface. On the surface one
prescribes current sources (such as electrodes) and measures voltage (or vice
versa) for some or all positions of these sources. The same mathematical model
works in a variety of applications, such as breast cancer imaging [40, 282, 209]
and mine detection [129].

For the many measurements problem there is a well-established theory.
We refer the reader to the survey papers of Sylvester and Uhlmann [286],
and of Uhlmann [295, 296], as well as to the book by Isakov [167]. When
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d ≥ 2, many boundary measurements provide much more information about
the conductivity profile of Ω than a finite number of measurements. Thus,
the inverse conductivity problem with finite measurements is more difficult
than the one with many boundary measurements and not much was known
about it until recently. Fortunately, there has been over the last few years
a considerable amount of interesting work and new techniques dedicated to
both theoretical and numerical aspects of this problem. In this chapter, we
restrict ourselves to uniqueness results. Later, we shall describe some of the
numerical techniques, in particular, those later on for the reconstruction of
diametrically small conductivity inclusions.

This chapter begins with a proof of the uniqueness with many measure-
ments, which will be applied later in our study of the generalized polarization
tensors. After that, we consider the monotone case for which global uniqueness
holds for general domains and prove the unique determination of disk-shaped
inclusions with one boundary measurement.

3.1 Uniqueness With Many Measurements

Our purpose here is to state and prove a special case of the general uniqueness
result due to Isakov [165]; see also Druskin [116]. Let U be the solution to

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∆U = 0 in Ω ,

∂U

∂ν

∣∣∣∣
∂Ω

= g ,

∫

∂Ω

U(x) dσ(x) = 0 .

(3.2)

We will need the following lemma, which was first obtained in [184].

Lemma 3.1 Let u and U be, respectively, the solutions of (3.1) and (3.2).
Then there are positive constants C1 and C2 depending only on k such that

C1

∣∣∣∣
∫

∂Ω

(U − u)g dσ
∣∣∣∣ ≤
∫

D

|∇U |2 dx ≤ C2

∣∣∣∣
∫

∂Ω

(U − u)g dσ
∣∣∣∣ . (3.3)

Moreover, if k > 1, then

C1 =
1

k − 1
, C2 =

(
√
k − 1 + 1)2

k − 1
,

and if 0 < k < 1, then

C1 =
(1 −

√
1 − k)2

1 − k , C2 =
1

1 − k .
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Proof. This lemma is a direct consequence of Lemma 2.35. Suppose first that
k > 1. It follows from (2.82) that

∫

∂Ω

(U − u)g dσ > 0 ,

and hence by (2.83)

∫

∂Ω

(U − u)g dσ ≤ (k − 1)

∫

D

|∇U |2 dx .

On the other hand, using (2.82), we have for any positive τ ,
∫

D

|∇U |2 dx ≤ (1 +
1

τ
)

∫

D

|∇u|2 dx+ (1 + τ)

∫

D

|∇(u− U)|2 dx

≤
(

1 + τ +
1 + 1

τ

k − 1

)∫

∂Ω

(U − u)g dσ .

The factor 1 + τ + (1 + 1/τ)/(k − 1) has its minimum value when τ =
1/

√
k − 1, and in this case, we arrive at

∫

D

|∇U |2 dx ≤ (
√
k − 1 + 1)2

k − 1

∣∣∣∣
∫

∂Ω

(U − u)g dσ
∣∣∣∣ .

If 0 < k < 1, then ∫

∂Ω

(U − u)g dσ < 0 ,

and, it then follows from (2.83) that

∫

D

|∇U |2 dx ≤ 1

1 − k

∣∣∣∣
∫

∂Ω

(U − u)g dσ
∣∣∣∣ .

From (2.82), we see that

∣∣∣∣
∫

∂Ω

(U − u)g dσ
∣∣∣∣ ≤ (1 − k)

∫

D

|∇u|2 dx ,

and obtain that, for any positive τ ,
∫

D

|∇u|2 dx ≤ (1 +
1

τ
)

∫

D

|∇U |2 dx+ (1 + τ)

∫

D

|∇(u− U)|2 dx ,

which implies that

∫

D

|∇u|2 dx ≤ 1 + 1
τ

1 + (k − 1)(1 + τ)

∫

D

|∇U |2 dx .

The minimum of (1 + 1/τ)/(1 + (k− 1)(1 + τ)) with the function value being
positive occurs when τ + 1 = 1/

√
1 − k, and in this case, we obtain
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∣∣∣∣
∫

∂Ω

(U − u)g dσ
∣∣∣∣ ≤

1 − k
(1 −

√
1 − k)2

∫

D

|∇U |2 dx ,

which completes the proof. �

We define the set of Cauchy data

CD,k =
{
(u|∂Ω,

∂u

∂ν

∣∣∣∣
∂Ω

) : u ∈W 1,2(Ω), ∆u = 0 in (Ω\D)∪D, ∂u
∂ν

∣∣∣∣
+

= k
∂u

∂ν

∣∣∣∣
−

}
.

In fact, CD,k is a graph, namely

CD,k =
{
(f, Λ(f)) ∈ W 2

1
2
(∂Ω) ×W 2

− 1
2
(∂Ω)

}
,

where Λ(f) = ∂u/∂ν|∂Ω with u ∈W 1,2(Ω) the solution of

⎧
⎪⎨

⎪⎩

∇ ·
(

1 + (k − 1)χ(D)

)
∇u = 0 in Ω ,

u|∂Ω = f .

The operator Λ is called the Dirichlet-to-Neumann (DtN) map.
The following theorem is a special case of the general uniqueness theorem

due to Isakov [165]. Later, in Chapter 4, we shall use this result for our study
of the generalized polarization tensors.

Theorem 3.2 Let Ω be a Lipschitz bounded domain in Rd, d ≥ 2. Suppose
that D1 and D2 are bounded Lipschitz domains such that, for p = 1, 2, Dp ⊂ Ω
and Ω \ Dp are connected. Suppose that the conductivity of Dp is 0 < kp �=
1 < +∞, p = 1, 2. If CD1,k1 = CD2,k2 , then D1 = D2 and k1 = k2.

Proof. For a fixed but arbitrary g ∈ L2
0(∂Ω), let up, p = 1, 2, be the solution

to ⎧
⎪⎪⎨

⎪⎪⎩

∇ ·
(

1 + (kp − 1)χ(Dp)

)
∇up = 0 in Ω ,

∂up

∂ν

∣∣∣∣
∂Ω

= g ∈ L2
0(∂Ω),

∫

∂Ω

up = 0 ,

and U be the solution to (3.2). If CD1,k1 = CD2,k2 , then u1 = u2 on ∂Ω, and
hence ∫

∂Ω

(U − u1)g dσ =

∫

∂Ω

(U − u2)g dσ .

It then follows from Lemma 3.1 that
∫

D1

|∇U |2 dx ≈
∫

D2

|∇U |2 dx . (3.4)

Observe that (3.4) holds for all U ∈W 1,2(Ω) harmonic in Ω.
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Suppose that D1 �= D2. Then there is z0 in ∂D1 (or ∂D2) such that z0 is
further away from D2 (or D1). For z /∈ D1 ∪D2 let Γz(x) := Γ (x− z) where
Γ is the fundamental solution for ∆. Then, Γz is harmonic in a neighborhood
of D1 ∪D2. Therefore, by the Runge approximation (see Lemma 2.6), there is
a sequence of entire harmonic functions that converges uniformly on D1 ∪D2

to Γz(x). It then follows from (3.4) that
∫

D1

|∇Γz |2 dx ≈
∫

D2

|∇Γz|2 dx , (3.5)

regardless of z.
Since |∇Γz(x)| ≈ |x−z|1−d for x in a vicinity of z, as z → z0, the left-hand

side of (3.5) goes to +∞, whereas the right-hand side stays bounded since z0
is away from D2. This contradiction forces us to conclude that D1 = D2.

Let g ∈ L2
0(∂Ω) be non-trivial. Let f = u1 = u2 on ∂Ω and

λp = (kp + 1)/(2(kp − 1)) for p = 1, 2 .

Let H = −SΩg + DΩf in Rd \ ∂Ω. By the representation formula (2.63), it
follows that for p = 1, 2,

up = H + SDp
(λpI −K∗

Dp
)−1(

∂H

∂ν

∣∣∣∣
∂Dp

) in Ω .

Then

SD1(λ1I −K∗
D1

)−1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD1(λ2I −K∗
D1

)−1(
∂H

∂ν

∣∣∣∣
∂D1

) in Ω \D1 ,

and hence in Ω by the maximum principle (see Lemma 2.4). Thus by the jump
formula, we have

(λ1I −K∗
D1

)−1(
∂H

∂ν

∣∣∣∣
∂D1

) = (λ2I −K∗
D1

)−1(
∂H

∂ν

∣∣∣∣
∂D1

) ,

which gives

(λ1 − λ2)(λ2I −K∗
D1

)−1(
∂H

∂ν

∣∣∣∣
∂D1

) = 0 .

Since ∂H/∂ν �≡ 0 on ∂D1, we get λ1 = λ2, which completes the proof. �

It is worth mentioning that if D1 = D2, then a single measurement is
sufficient to have k1 = k2.

3.2 Uniqueness With One Measurement

Let Ω be a simply connected Lipschitz domain in Rd, and let Dp, p = 1, 2, be
compact subdomains of Ω. Fix 0 < k �= 1 < +∞, and let up, p = 1, 2, be the
solutions of
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⎧
⎪⎪⎨

⎪⎪⎩

∇ ·
(

1 + (k − 1)χ(Dp)

)
∇up = 0 in Ω ,

∂up

∂ν

∣∣∣∣
∂Ω

= g ∈ L2
0(∂Ω),

∫

∂Ω

up = 0 .

(3.6)

The question of uniqueness here is whether from u1 = u2 on ∂Ω for a certain g,
it follows that D1 = D2. This question has been studied extensively recently.
However, it is still wide open. The global uniqueness results thus far are ob-
tained only when D is restricted to convex polyhedrons (with very restricted
g) and balls in three-dimensional space and polygons and disks in the plane
(see [58, 55, 131, 168, 281, 181, 182]). Even the uniqueness within the classes
of ellipses and ellipsoids is not known. The uniqueness for multiple disks and
multiple balls is also a challenging problem with practical implications.

3.2.1 Uniqueness in the Monotone Case

In the following monotone case, global uniqueness holds for general domains
[57, 2].

Theorem 3.3 Let Ω be a simply connected Lipschitz domain in Rd, and let
D1 and D2 be two Lipschitz bounded domains compactly contained within Ω.
Suppose that D1 ⊂ D2; then for any non-zero g ∈ L2

0(∂Ω), if u1 = u2 on ∂Ω
then D1 = D2.

Proof. Assume that D1 ⊂ D2. Then ∂u1/∂ν = ∂u2/∂ν on ∂Ω implies
∫

Ω

(1 + (k − 1)χ(D1))∇u1 · ∇η =

∫

Ω

(1 + (k − 1)χ(D2))∇u2 · ∇η ,

for all η ∈W 1,2(Ω) and hence,
∫

Ω

(1 + (k − 1)χ(D1))∇(u1 − u2) · ∇η = (k − 1)

∫

D2\D1

∇u2 · ∇η . (3.7)

Since u1 = u2 on ∂Ω, we have
∫

Ω

(1 + (k − 1)χ(D1))∇u1 · ∇(u1 − u2) = 0 .

Consequently, substituting η = u1 and η = u1 − u2 in (3.7), we obtain
∫

Ω

(1 + (k − 1)χ(D1))|∇(u1 − u2)|2 + (k − 1)

∫

D2\D1

|∇u2|2 = 0 .

So, if k > 1, then u1 = u2 in Ω, and therefore by the transmission condition,
we conclude that D1 = D2 since otherwise u1 = u2 ≡ 0 in Ω. If 0 < k < 1,
we interchange the roles of D1 and D2 to arrive at

∫

Ω

(1 + (k − 1)χ(D2))|∇(u1 − u2)|2 + (1 − k)
∫

D2\D1

|∇u1|2 = 0 ,

which yields the same conclusion. �
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3.2.2 Uniqueness of Disks With One Measurement

We give here a proof due to Kang and Seo [180] for the unique determination
of disks with one measurement.

Theorem 3.4 Let Ω be a simply connected Lipschitz domain in R2, and let
D1 and D2 be two disk-shaped conductivity inclusions compactly contained in
Ω, having the same conductivity k. For any non-zero g ∈ L2

0(∂Ω), if u1 = u2

on ∂Ω, then D1 = D2.

Proof. Let f = u1 = u2 on ∂Ω and λ = (k + 1)/(2(k − 1)). Let H =
−SΩg + DΩf in R2 \ ∂Ω. Recall from (2.21) that K∗

Dp
≡ 0 on L2

0(∂Dp). By

the representation formula (2.63), it follows that for p = 1, 2,

up = H +
1

λ
SDp

(
∂H

∂ν

∣∣∣∣
∂Dp

) in Ω .

(i) The monotone case. Assume that D1 ⊂ D2. Then, by Theorem 3.3, u1 =
u2 on ∂Ω implies that D1 = D2.

(ii) The disjoint case. If D1 and D2 are disjoint, then

SD1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD2(
∂H

∂ν

∣∣∣∣
∂D2

) in R2 \D1 ∪D2

implies that SD1(∂H/∂ν|∂D1) is harmonic on R2 and hence ∂H/∂ν = 0
on ∂D1 by (2.32), and hence H is a constant function, which is a contra-
diction.

(iii) The non-monotone case. From u1 = u2 on ∂Ω, it follows by using the
representation formula (2.63) that

SD1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD2(
∂H

∂ν

∣∣∣∣
∂D2

) in R2 \D1 ∪D2 .

Assume that D1 and D2 are two disks with a non-empty intersection.
Since

∂

∂ν
SDp

(
∂H

∂ν

∣∣∣∣
∂Dp

)

∣∣∣∣
−

= −1

2

∂H

∂ν

∣∣∣∣
∂Dp

on ∂Dp , p = 1, 2

by (2.21) and (2.27), it follows from the uniqueness of a solution to the
Neumann boundary value problem for the Laplacian that

SDp
(
∂H

∂ν

∣∣∣∣
∂Dp

) = −1

2
H + cp in Dp

for some constant cp. Hence
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SD1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD2(
∂H

∂ν

∣∣∣∣
∂D2

) + constant in D1 ∩D2 .

Since

SD1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD2 (
∂H

∂ν

∣∣∣∣
∂D2

) in R2 \D1 ∪D2 ,

we get by the continuity of the single layer potential that

SD1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD2(
∂H

∂ν

∣∣∣∣
∂D2

) in D1 ∩D2 .

Hence

SD1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD2 (
∂H

∂ν

∣∣∣∣
∂D2

) on ∂(D1 \D2) ∪ ∂(D2 \D1) ,

and by the maximum principle,

SD1(
∂H

∂ν

∣∣∣∣
∂D1

) = SD2(
∂H

∂ν

∣∣∣∣
∂D2

) in R2 .

It implies that SD1(∂H/∂ν|∂D1) is a harmonic function in the entire do-
main R2, and so ∂H/∂ν = 0 on ∂D1 and H is a constant function, which
is a contradiction. �

3.3 Further Results and Open Problems

Given g ∈ L2
0(∂Ω), by comparing u|∂Ω with U |∂Ω, where u and U are the

solutions of (3.1) and (3.2), upper and lower bounds of the size of the inclusion
D can be obtained; see [10, 184]. A Hölder stability estimate for disks can also
be derived under some condition on the Neumann data g; see [123]. Based on
the representation formula (2.63), a numerical algorithm for identifying disk-
shaped conductivity inclusions from one boundary measurement is proposed
and implemented in [185].

One interesting problem is to establish global uniqueness for the inverse
isotropic conductivity problem with one measurement within the classes of
ellipses, ellipsoids, and multiple disks and balls. Another open question con-
cerns uniqueness or non-uniqueness for the inverse anisotropic conductivity
problem with a finite number of measurements.



4

Generalized Isotropic and Anisotropic

Polarization Tensors

Introduction

In this chapter we introduce the notion of generalized polarization tensors
(GPTs) associated with a bounded Lipschitz domain and an isotropic or an
anisotropic conductivity and study their basic properties. The GPTs general-
ize the concepts of classic Pólya–Szegö polarization tensors, which have been
extensively studied by many authors for various purposes [83, 38, 84, 115,
225, 222, 132, 195, 202, 266, 271, 280, 106]. The notion of Pólya–Szegö po-
larization tensors, appeared in problems of potential theory related to certain
questions arising in hydrodynamics and in electrostatics. If the conductivity
of the inclusion is zero, namely, if the inclusion is insulated, the polarization
tensor of Pólya–Szegö is called the virtual mass.

As it will be shown later, in Chapter 5, the GPTs are the basic building
blocks for the full asymptotic expansions of the boundary voltage perturba-
tions due to the presence of a small conductivity inclusion inside a conduc-
tor. The use of these GPTs leads to stable and accurate algorithms for the
numerical computations of the steady-state voltage in the presence of small
conductivity inclusions. It is known that small size features cause difficulties
in the numerical solution of the conductivity problem by the finite element
or finite difference methods, because such features require refined meshes in
their neighborhoods, with their attendant problems [187].

On the other hand, it is important from an imaging point of view to
precisely characterize these GPTs and derive some of their properties, such
as symmetry, positivity, and optimal bounds on their elements, in order to
develop efficient algorithms for reconstructing conductivity inclusions of small
volume. The GPTs seem to contain significant information about the inclusion
and its conductivity, which is yet to be investigated.

The concept of polarization tensors also occurs in several other interesting
contexts, in particular in asymptotic models of dilute electrical composites
[245, 38, 81, 114]. The determination of the effective or macroscopic property
of a two-phase medium consisting of inclusions of one material of known shape
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embedded homogeneously in another one, having physical properties different
from the former one’s, has been one of the classic problems in physics. Later
in this book, we shall present a general unified layer potential technique for
rigorously deriving very accurate asymptotic expansions of electrical effective
properties of dilute media for general inclusions in terms of the volume frac-
tion. Our approach is valid for high contrast mixtures and inclusions with Lip-
schitz boundaries. These asymptotic expansions are expressed via the GPTs
of the inclusions.

This chapter lays down the main concept, which forms the unifying thread
throughout the whole book. We begin by giving two slightly different but
equivalent definitions of the GPTs. We then prove that the knowledge of the
set of all GPTs allows for uniquely determining the domain and the consti-
tutive parameter. Furthermore, we show important properties of symmetry
and positivity of the GPTs and derive isoperimetric inequalities satisfied by
the tensor elements of the GPTs. We also establish relations that can be used
to provide bounds on the weighted volume. We understand an isoperimetric
inequality to be any inequality that relates two or more geometric and/or
physical quantities associated with the same domain. The inequality must
be optimal in the sense that the equality sign holds for some domain or in
the limit as the domain degenerates [263]. The classic isoperimetric inequal-
ity — the one after which all such inequalities are named— states that of all
plane curves of given perimeter the circle encloses the largest area. This in-
equality was known already to the ancient Greeks. The reader is referred to
[271, 53, 263, 265] for a variety of important isoperimetric inequalities. After
that, we consider the polarization tensors associated with multiple inclusions.
We prove their symmetry and positivity. We then estimate their eigenvalues
in terms of the total volume of the inclusions. We also give explicit formulae
for the GPTs in the multi-disk case. We conclude the chapter by establishing
similar results for the (generalized) anisotropic polarization tensors (APTs).
These tensors are defined in the same way as the GPTs. However, they occur
due to not only the presence of discontinuity but also the difference of the
anisotropy.

The properties of the GPTs and APTs investigated here will be used in
Chapter 7 to obtain accurate reconstructions of small conductivity inclusions
from a small number of boundary measurements. They also play an essential
role in deriving the effective properties of dilute electrical composites; see
Chapter 8.

4.1 Definition

Let B be a Lipschitz bounded domain in Rd, and let the conductivity of B be
k, 0 < k �= 1 < +∞. Denote λ := (k + 1)/(2(k − 1)).

To motivate the definition of the GPTs, we begin with deriving the far-field
expansion of the solution to the transmission problem in free space.
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Suppose that the origin O ∈ B. Let H be a harmonic function in Rd, and
let u be the solution to the following problem:

{
∇ · ((1 + (k − 1)χ(B))∇u) = 0 in Rd ,

u(x) −H(x) = O(|x|1−d) as |x| → +∞ .
(4.1)

For a multi-index i = (i1, . . . , id) ∈ Nd, let ∂if = ∂i1
1 · · · ∂id

d f and xi :=

xi1
1 · · ·xid

d . Following the same lines as in the derivation of (2.63), we can
easily prove that we have

u(x) = H(x) + SB(λI −K∗
B)−1(

∂H

∂ν
|∂B)(x) for x ∈ Rd , (4.2)

which together with the Taylor expansion

Γ (x− y) =

+∞∑

i,|i|=0

(−1)|i|

i!
∂i

xΓ (x)yi, y in a compact set, |x| → +∞ ,

yields the far-field expansion

(u−H)(x) =
+∞∑

|i|,|j|=1

(−1)|i|

i!j!
∂i

xΓ (x)∂jH(0)

∫

∂B

(λI−K∗
B)−1

(
νx·∇xi

)
(y)yj dσ(y)

(4.3)
as |x| → +∞.

Definition 4.1 For i, j ∈ Nd, we define the generalized polarization tensor
Mij by

Mij :=

∫

∂B

yjφi(y) dσ(y) , (4.4)

where φi is given by

φi(y) := (λI −K∗
B)−1

(
νx · ∇xi

)
(y), y ∈ ∂B . (4.5)

Here K∗
B is the singular integral operator defined by (2.30). If |i| = |j| = 1,

we denote Mij by (mpq)
d
p,q=1 and call M = (mpq)

d
p,q=1 the polarization tensor

of Pólya–Szegö.

Formula (4.3) shows that through the GPTs we have complete information
about the far-field expansion of u:

(u−H)(x) =

+∞∑

|i|,|j|=1

(−1)|i|

i!j!
∂i

xΓ (x)Mij∂
jH(0)

as |x| → +∞.
We can also represent the GPTs in terms of solutions to transmission

problems. As a first step, we prove the following existence and uniqueness
result.
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Lemma 4.2 For any multi-index i = (i1, . . . , id) ∈ Nd, there is a unique
solution ψi to the following transmission problem:
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆ψi(x) = 0, x ∈ B ∪ (Rd \B) ,

ψi

∣∣
+
(x) − ψi

∣∣
−(x) = 0, x ∈ ∂B ,

∂ψi

∂ν

∣∣∣∣
+

(x) − k∂ψi

∂ν

∣∣∣∣
−

(x) = ν · ∇xi, x ∈ ∂B ,

ψi(x) → 0 as |x| → +∞ if d = 3 ,

ψi(x) −
1

2π
ln |x|

∫

∂B

ν · ∇yi dσ(y) → 0 as |x| → +∞ if d = 2 .

(4.6)

Moreover, ψi satisfies the following decay estimate at infinity:

ψi(x) − Γ (x)

∫

∂B

ν · ∇yi dσ(y) = O

(
1

|x|d−1

)
as |x| → +∞ . (4.7)

Proof. The existence and uniqueness of ψi can be established using single
layer potentials with suitably chosen densities. Fairly simple manipulations
show that ∂ψi/∂ν|− satisfies the integral equation

(λI−K∗
B)

(
∂ψi

∂ν

∣∣∣∣
−

)
(x) =

1

k − 1

(
− 1

2
I+K∗

B

)
(ν ·∇yi)(x) , x ∈ ∂B . (4.8)

Since KB(1) = 1/2, we have
∫

∂B

(−1

2
I + K∗

B)(ν · ∇yi)(x) dσ(x) =

∫

∂B

(ν · ∇xi)(−1

2
I + KB)(1) dσ(x) = 0 ,

and consequently, according to Theorem 2.21, a unique solution exists
∂ψi/∂ν|− ∈ L2

0(∂B) to the integral equation (4.8). Furthermore, we can ex-
press ψi(x) for all x ∈ Rd as follows:

ψi(x) =
1

k − 1
SB(λI −K∗

B)−1(ν · ∇yi)(x) , x ∈ Rd . (4.9)

To obtain the behavior at infinity of ψi we write

ψi(x) =
1

k − 1

∫

∂B

(
Γ (x− y) − Γ (x)

)
(λI −K∗

B)−1(ν · ∇zi)(y) dσ(y)

+Γ (x)
1

k − 1

∫

∂B

(λI −K∗
B)−1(ν · ∇zi)(y) dσ(y) .

Note that since KB(1) = 1/2, (λI −K∗
B)−1(1) = k − 1, and hence

∫

∂B

(λI −K∗
B)−1(ν · ∇yi)(z) dσ(z) =

∫

∂B

(ν · ∇yi)(λI −K∗
B)−1(1) dσ(y)

= (k − 1)

∫

∂B

ν · ∇yi dσ(y) .
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Thus we obtain

ψi(x) − Γ (x)

∫

∂B

ν · ∇yi dσ(y)

=
1

k − 1

∫

∂B

(
Γ (x− y) − Γ (x)

)
(λI −K∗

B)−1(ν · ∇zi)(y) dσ(y) .

Now the desired decay estimate (4.7) follows from (2.14).
Observe that the uniqueness of a solution ψi to (4.6) can be proved in a

straightforward way from the decay estimate (4.7). Let θ be the difference of
two solutions, so that

⎧
⎨
⎩

∇ ·
(

1 + (k − 1)χ(B)

)
∇θ = 0 in Rd,

θ(x) = O(|x|1−d) as |x| → +∞ .

Integrating by parts yields the energy identity

∫

|y|<R

(1 + (k − 1)χ(B))|∇θ|2 =

∫

|y|=R

∂θ

∂ν
(y) θ(y) dσ(y) .

Now let R→ +∞; we have

∂θ

∂ν
(y)θ(y) = O(R−2d+1) for |y| = R ,

so that ∫

Rd

(1 + (k − 1)χ(B))|∇θ|2 = 0 .

This implies that θ is constant in Rd, and in fact θ ≡ 0 in Rd because θ(y)
goes to 0 as |y| → +∞. �

We are now able to prove the following.

Lemma 4.3 For all i, j ∈ Nd,Mij(k,B) can be rewritten in the following
form:

Mij(k,B) = (k−1)

∫

∂B

xj ∂x
i

∂ν
dσ(x)+(k−1)2

∫

∂B

xj ∂ψi

∂ν

∣∣∣∣
−

(x) dσ(x) , (4.10)

where ψi is the unique solution to the transmission problem (4.6).

Proof. From the expression (4.9) of ψi and the identity

−1

2
I + K∗

B = −(λI −K∗
B) + (λ− 1

2
)I ,

we compute by using the jump relation (2.27)



80 4 Generalized Isotropic and Anisotropic Polarization Tensors

∫

∂B

xj ∂ψi

∂ν

∣∣∣∣
−
(x) =

1

k − 1

∫

∂B

xj

[
(λI −K∗

B)−1(−1

2
I + K∗

B)(ν · ∇yi)(x)

]
dσ(x)

=
1

k − 1

∫

∂B

xj

[
(λ− 1

2
)(λI −K∗

B)−1(ν · ∇yi)(x) − ν · ∇xi

]
dσ(x) ,

which immediately leads to (4.10). �

One significant advantage of using boundary integrals for defining the
GPTs is that all the computation can be carried out on ∂B without hav-
ing to deal with unbounded spaces.

The following observation is from [46] and simply follows from a change
of variables.

Lemma 4.4 If |i| + |j| is odd and B is symmetric about the origin, then
Mij(k,B) is zero.

Proof. Set θi(x) = ψi(−x). Then the function θi satisfies
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆θi(x) = 0, x ∈ B ∪ (Rd \B) ,

θi

∣∣∣∣
+

(x) − θi
∣∣∣∣
−

(x) = 0 x ∈ ∂B ,

∂θi
∂ν

∣∣∣∣
+

(x) − k∂θi
∂ν

∣∣∣∣
−

(x) = (−1)|i|ν · ∇xi x ∈ ∂B ,

θi(x) → 0 as |x| → +∞ if d ≥ 3 ,

θi(x) + (−1)|i|+1 1

2π
ln |x|

∫

∂B

ν · ∇yi dσ(y) → 0 as |x| → +∞ if d = 2 ,

which implies that θi(x) = (−1)|i|ψi(x). With the change of variables y = −x
∫

∂B

xj ∂x
i

∂ν
dσ(x) = (−1)|i|+|j|

∫

∂B

yj ∂y
i

∂ν
dσ(y)

and ∫

∂B

xj ∂ψi

∂ν

∣∣∣∣
−

(x) dσ(x) = (−1)|j|+1

∫

∂B

yj ∂ψi

∂ν

∣∣∣∣
−

(−y) dσ(y)

= (−1)|i|+|j|
∫

∂B

yj ∂ψi

∂ν

∣∣∣∣
−

(y) dσ(y) .

Hence Mij(k,B) is zero provided that |i| + |j| is odd. �

The following lemma, which can be proved by simple changes of variables,
is also of importance to us.

Lemma 4.5 Let 0 < k �= 1 < +∞. Let B′ be a domain and B = RB′ where
R is a unitary transformation, and letM(k,B) andM(k,B′) be the first-order
polarization tensors associated with B and B′, respectively. Then

M(k,B) = RM(k,B′)RT .
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4.2 Explicit Formulae

The polarization tensor M of Pólya–Szegö can be explicitly computed for
disks and ellipses in the plane and balls and ellipsoids in three-dimensional
space [195]. The following analytical expression has been derived by Brühl,
Hanke, and Vogelius [73].

Proposition 4.6 If B is an ellipse whose semi-axes are on the x1- and x2-
axes and of length a and b, respectively, then its polarization tensor of Pólya–
Szegö M takes the form

M(k,B) = (k − 1)|B|

⎛
⎜⎝

a+ b

a+ kb
0

0
a+ b

b+ ka

⎞
⎟⎠ , (4.11)

where |B| denotes the volume of B.

Proof. To fix notation, let B be the ellipse with focal interval [−R,R] on the
x1-axis and eccentricity 1/ coshρ, or in other words, the ellipse whose major
axis is of length a = R cosh ρ and lies on the x1-axis, and whose semi-minor
axis is of length b = R sinh ρ and lies on the x2-axis. In order to determine
the solutions ψi, for i = (1, 0) and i = (0, 1) to (4.6), we introduce elliptic
coordinates (r, ω), as follows:

x1 = R cosω cosh r, x2 = R sinω sinh r, r ≥ 0, 0 ≤ ω ≤ 2π ,

in which the ellipse B is given by B = {(r, ω) : r < ρ}. Separation of variables
yields a general solution to the Laplace equation of the form

ψ(r, ω) = A0 +

+∞∑

m=1

(
Am cosmω e−mr +Bm sinmω e−mr + Cm cosmω emr

+ Dm sinmω emr

)

in B \ [−R,R] and in the exterior of B, with different sets of coefficients. For
the solution in B \ [−R,R] to extend to a harmonic function in B, we must
furthermore require that

ψ(0, ω) = ψ(0,−ω) and
∂ψ

∂r
(0, ω) = −∂ψ

∂r
(0,−ω) . (4.12)

The coefficients of the specific solutions ψi, for i = (1, 0) and i = (0, 1),
are now determined by the condition (4.12), together with the transmission
conditions ψi|+ = ψi|−, ∂ψi/∂ν|+ − k∂ψi/∂ν|− = ν · ∇xi on ∂B, and the
behavior at infinity ψi(x) → 0 as |x| → +∞. The result is
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ψ(1,0) = − ab

a+ kb
R1(r) cosω and ψ(0,1) = − ab

b+ ka
R2(r) sinω

with

R1(r) =

⎧
⎪⎪⎨
⎪⎪⎩

cosh r

cosh ρ
for r < ρ,

e−r

e−ρ
for r > ρ,

and R2(r) =

⎧
⎪⎪⎨
⎪⎪⎩

sinh r

sinh ρ
for r < ρ ,

e−r

e−ρ
for r > ρ .

Using this it turns out by Lemma 4.3 that the polarization tensor M takes
the diagonal form (4.11), where |B| = πab is the area of the ellipse. �

For an arbitrary ellipse whose semi-axes are not aligned with the coordi-
nate axes, one can use Lemma 4.5 to compute its Pólya–Szegö polarization
tensor.

Kang and Kim [176] used (2.23) to derive (4.11) by a boundary integral
method. Following [176], we first observe that

Mij(k,B) =

∫

∂B

yjφi(y) dσ(y)

=

∫

∂B

yj

(
∂

∂ν
SBφi

∣∣∣∣
+

− ∂

∂ν
SBφi

∣∣∣∣
−

)
(y) dσ(y) .

Next, using the definition (4.4), we see from (4.9) that SBφi = (k − 1)ψi,
where ψi is the solution to (4.6), and we have

∂

∂ν
SBφi

∣∣∣∣
+

(y) = (k − 1)
∂ψi

∂ν

∣∣∣∣
+

(y)

= (k − 1)

(
∂ψi

∂ν

∣∣∣∣
−

(y) + ν · ∇yi

)

= k
∂

∂ν
SBφi

∣∣∣∣
−

(y) + (k − 1)ν · ∇yi .

Hence,

Mij(k,B) = (k − 1)

∫

∂B

yj ∂

∂ν
SBφi

∣∣∣∣
−

(y) dσ(y) + (k − 1)

∫

∂B

yj ∂y
i

∂ν
dσ(y)

= (k − 1)

∫

∂B

yj

(
− 1

2
I + K∗

B

)
φi(y) dσ(y) + (k − 1)

∫

∂B

yj ∂y
i

∂ν
dσ(y) ,

giving

Mij(k,B) = (k − 1)

∫

∂B

(
− 1

2
I + KB

)
(yj)φi(y) dσ(y)

+ (k − 1)

∫

∂B

yj ∂y
i

∂ν
dσ(y) .

(4.13)
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When |i| = |j| = 1, (2.23) gives

⎛
⎜⎝

a+ kb

a+ b
0

0
b+ ka

a+ b

⎞
⎟⎠M(k,B) = (k − 1)|B|I ,

and hence, (4.11) holds, as desired. This method has been applied to derive
the polarization tensors for an anisotropic conductivity inclusion as well [176].

In the three-dimensional case, a domain for which analogous analytical
expressions for the elements of its polarization tensor M are available is the
ellipsoid. If the coordinate axes are chosen to coincide with the principal axes
of the ellipsoid B whose equation then becomes

x2
1

a2
+
x2

2

b2
+
x2

3

c2
= 1, 0 < c ≤ b ≤ a ,

then M takes the form

M(k,B) = (k − 1)|B|

⎛
⎜⎜⎜⎜⎜⎜⎝

1

(1 −A) + kA
0 0

0
1

(1 −B) + kB
0

0 0
1

(1 − C) + kC

⎞
⎟⎟⎟⎟⎟⎟⎠
,

(4.14)
where the constants A,B, and C are defined by

A =
bc

a2

∫ +∞

1

1

t2
√
t2 − 1 + ( b

a )2
√
t2 − 1 + ( c

a )2
dt ,

B =
bc

a2

∫ +∞

1

1

(t2 − 1 + ( b
a )2)

3
2

√
t2 − 1 + ( c

a )2
dt ,

C =
bc

a2

∫ +∞

1

1√
t2 − 1 + ( b

a )2(t2 − 1 + ( c
a )2)

3
2

dt .

In the special case, a = b = c, the ellipsoid B becomes a sphere and
A = B = C = 1/3. Hence the polarization tensor of Pólya–Szegö associated
with the sphere B is given by

M(k,B) = (k − 1)|B|

⎛
⎜⎜⎜⎜⎜⎝

3

2 + k
0 0

0
3

2 + k
0

0 0
3

2 + k

⎞
⎟⎟⎟⎟⎟⎠
.
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Derivation of the above formulae can be found in [236].
The higher order GPTs can be explicitly computed for disks and ellipses

in the plane and balls in three-dimensional space. Recall that a polynomial is
homogeneous of degree n if it is a finite linear combination of monomials xi

where |i| = n. From [220] the following results hold.

Proposition 4.7(i) Let B be the disk of radius R and center 0. Suppose that
ai and bj are constants such that f =

∑
aiy

i, g =
∑
bjy

j are harmonic
polynomials of homogeneous degrees n and m, respectively. Then

∑
aibjMij(k,B) =

⎧
⎨
⎩

nπR2n

λ
if f = g ,

0 otherwise ,

up to a multiplicative constant that is independent of k and B.
(ii) Let B be the ellipse with focal interval [−R,R] on the x1-axis and eccen-

tricity 1/ coshρ. Suppose that ai and bj are constants such that f =
∑
aiy

i

and g =
∑
bjy

j are harmonic polynomials of homogeneous degrees n and
m, respectively. Then, up to a multiplicative constant that is independent
of k and B,

∑
aibjMij(k,B) = (k − 1)

mπRm+n

2m+n−1
×

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

min( n
2 , m−2

2 )∑

p=1

4p

m+ 2p

(
m− 1
m
2 − p

)(
n

n
2 − p

)
c2p sinh 4pρ

+H(n−m+ 2)

(
n

n−m
2

)
cm sinh 2mρ

if n and m are even,

min( n−1
2 , m−3

2 )∑

p=0

4p+ 2

m+ 2p+ 1

(
m− 1

m−1
2 − p

)(
n

n−1
2 − p

)
c2p+1 sinh(4p+ 2)ρ

+H(n−m+ 2)

(
n

n−m
2

)
cm sinh 2mρ

if n and m are odd,

0 otherwise,

where

(
n
p

)
= n!/((n− p)!p!),

cn =
sinhnρ+ coshnρ

k sinhnρ+ coshnρ
, (4.15)

and H is the characteristic function of ]0,+∞[.
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(iii) Let B be the ball of radius R and center 0. Then

∑
aibjMij(k,B) =

(k − 1)n(2n+ 1)

nk + n+ 1
R2n+1δnmδll′ ,

where
∑
aiy

i = |y|nYn,l(y/|y|) and
∑
bjy

j = |y|mYm,l′(y/|y|). Here
{Yn,1, . . . , Yn,2n+1} is a set of orthonormal harmonics of degree n and δnm

denotes the Kronecker symbol.

Proof. Let ψ =
∑
aiψi, where ψi is the solution to (4.6). By (4.9) we know

that

ψ =
1

k − 1
SB(λI −K∗

B)−1(
∂f

∂ν
) . (4.16)

With this formula, we have that

(k − 1)

∫

∂B

g
∂ψ

∂ν

∣∣∣∣
+

dσ =

∫

∂B

g(
1

2
I + K∗

B)(λI −K∗
B)−1(

∂f

∂ν
) dσ

= −
∫

∂B

g
∂f

∂ν
dσ + (λ+

1

2
)

∫

∂B

g(λI −K∗
B)−1(

∂f

∂ν
) dσ

= −
∫

∂B

g
∂f

∂ν
dσ +

k

k − 1

∑
aibjMij(k,B) ,

and therefore

∑
aibjMij(k,B) = (1 − 1

k
)
[ ∫

∂B

g
∂f

∂ν
dσ + (k − 1)

∫

∂B

g
∂ψ

∂ν

∣∣∣∣
+

dσ
]
. (4.17)

Define φ := (k−1)ψ+f. Obviously, φ is the unique solution to the following
transmission problem:

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

∆φ = 0 in B ∪ R2 \B ,
φ|+ − φ|− = 0 on ∂B ,

∂φ

∂ν

∣∣∣∣
+

− k∂φ
∂ν

∣∣∣∣
−

= 0 on ∂B ,

(φ− f)(x) → 0 as |x| → +∞ .

(4.18)

Formula (4.17) can now be simplified as follows:

∑
aibjMij(k,B) = (1 − 1

k
)

∫

∂B

g
∂φ

∂ν

∣∣∣∣
+

dσ

= (k − 1)

∫

∂B

g
∂φ

∂ν

∣∣∣∣
−
dσ

= (k − 1)

∫

B

∇g · ∇φdx .

(4.19)
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We claim that there are functions U− and U+ holomorphic in B and R2\B,
respectively, so that

φ =

{
ℜU− in B ,

ℜU+ in R2 \B .
In fact, the existence of U− is obvious since B is simply connected. In view
of (4.16), we have

ψ(z) =
1

(k − 1)2π

∫

∂B

ln(z − ζ)(λI −K∗
B)−1(

∂f

∂ν
)(ζ) dσ(ζ), z ∈ R2 \B ,

and the integral is well-defined since
∫

∂B
(λI −K∗

B)−1(∂f
∂ν )dσ = 0.

The transmission condition in (4.18) implies

k

k − 1
U− =

k + 1

2(k − 1)
U+ +

1

2
U+ + iC on ∂B , (4.20)

for some real constant C. By using the polynomial expansion of holomorphic
functions together with (4.20), it is easy to show that the solution φ of (4.18)
with f = ℜzn, z = x1 + ix2, is precisely the real part of the function

U−(z) =
2

k + 1
zn .

Thus, with g = ℜzm, (4.19) reads as follows:

∑
aibjMij(k,B) = (k − 1)

∫

B

∇(ℜzm) · ∇(ℜU−) dx

=
2(k − 1)

(k + 1)

∫

B

∇(ℜzm) · ∇(ℜzn) dx

=
mn

λ
ℜ
∫

B

zm−1zn−1 dx

=
nπR2n

λ
δnm (z = x1 + ix2) .

In precisely the same fashion, we may show that if f = ℑzn and g = ℑzm,
then

∑
aibjMij(k,B) = (nπR2n/λ)δnm, whereas if f = ℑzn and g = ℜzm (or

vice versa), then
∑
aibjMij(k,B) = 0. Since a harmonic polynomial of degree,

say n, is either the real or the imaginary part of zn, up to a multiplicative
constant, the proof of (i) is complete.

We now prove (ii). In order to determine the function φ, we introduce, as
in the proof of Proposition 4.6, the modified-elliptic coordinates on C\[−R,R]

z = Φ(ξ) := R cosh(r + iω) (r ≥ 0, 0 ≤ ω < 2π) ,

in which the ellipseB is given by {ξ = r+iω : r < ρ}. Let u(ξ) = φ◦Φ(ξ). Then
holomorphic functions U+ and U− exist in Φ−1(C) \ {r ≤ ρ} and {r < ρ},
respectively, so that
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u =

{
ℜU+ in R2 \B ,
ℜU− in B .

By the transmission conditions satisfied by φ and the conformality of the
map Φ, we have

k

k − 1
U− =

k + 1

2(k − 1)
U+ +

1

2
U+ + iC on r = ρ , (4.21)

for some real constant C. Next, suppose for a moment that

U+(ξ) − C′ coshnξ → 0 as |ξ| → +∞ ,

for some constant C′, then we have

U−(ξ) = C′
(
ℜ sinhnρ+ coshnρ

k sinhnρ+ coshnρ
+ iℑ sinhnρ+ coshnρ

sinhnρ+ k coshnρ

)
coshnξ .

(4.22)
Let us now calculate

∑
aibjMij(k,B) for f = ℜzn and g = ℜzm. We shall

find φ satisfying (4.18) and (φ− f)(x) → 0 as |x| → +∞. Therefore, by using
the fact that

U+(ξ) − f ◦ Φ(ξ) → 0 as |ξ| → +∞ ,

we obtain according to (4.22) that, for f(z) = ℜzn,

U−(ξ) =

⎧
⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

n
2∑

p=1

Rn

2n−1

(
n

n
2 − p

)
c2p cosh 2pξ +

Rn

2n

(
n
n
2

)
if n is even,

n−1
2∑

p=0

Rn

2n−1

(
n

n−1
2 − p

)
c2p+1 cosh(2p+ 1)ξ if n is odd,

(4.23)
where cn is given in (4.15). With this result in hand, (4.19) reads as follows:

∑
aibjMij(k,B) = (k − 1)

∫

B

∇(ℜzm) · ∇(ℜU−) dx (z = x1 + ix2)

= (k − 1)
mRm+n−1

2m+n−3
×

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

ℜ
∫

B

m−2
2∑

s=0

n
2∑

p=1

(
m− 1

m−2
2 − s

)(
n

n
2 − p

)
c2p cosh(2s+ 1)ξ

∂

∂ξ
cosh 2tξ dx

if n and m are even,

ℜ
∫

B

m−1
2∑

s=0

n−1
2∑

p=0

(
m− 1

m−1
2 − s

)(
n

n−1
2 − p

)
c2p+1

1 + δ0s
cosh 2sξ

∂

∂ξ
cosh(2p+ 1)ξdx

if n and m are odd,

0 otherwise.
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But, by a change of variables, we can show that

ℜ
∫

B

coshnξ
∂ coshmξ

∂z
dx =

πR

4
sinh 2mρ

(
δ(n+1)m − δ(n−1)m + δ(n−1)(−m)

)

form ≥ 1, and ℜ
∫

B coshnξ dx = 0, which yields the desired formula. Similarly
to (i), we compute the other cases to complete the proof of (ii).

To prove (iii) we observe that the function φ is given in this case by

φ(y) =

⎧
⎪⎪⎨

⎪⎪⎩

2n+ 1

nk + n+ 1
|y|nYn,l(

y

|y| ), y ∈ B ,
−kn+ n

kn+ n+ 1
R2n+1|y|−n−1Yn,l(

y

|y| ) + |y|nYn,l(
y

|y| ), y ∈ R3 \B ,

and therefore

∑
aibjMij(k,B) = (k − 1)

∫

∂B

(
∑

bjy
j)
∂φ

∂ν

∣∣∣∣
−
dσ

= (k − 1)

∫

∂B

n(2n+ 1)

nk + n+ 1
Rn+n′+1Yn′,l′(θ)Yn,l(θ) dσ(θ) ,

which, by the orthogonality relation
∫

∂B Yn′,l′(θ)Yn,l(θ) dσ(θ) = δnn′δll′ , gives
the claim. �

When B is the disk of radius R and center 0, we see from (4.13) and (2.21)
that

k + 1

2
Mij(k,B) =

k − 1

4πR

(∫

∂B

yj dσ(y)

)
×
∫

∂B

φi(y) dσ(y)

+ (k − 1)

∫

∂B

yj ∂y
i

∂ν
dσ(y) .

Since
∫

∂B φi(y) dσ(y) = (k − 1)
∫

∂B ∂y
i/∂ν dσ(y), it follows that

Mij(k,B) =
1

λ

[
k − 1

4πR

(∫

∂B

yj dσ(y)

)
×
∫

∂B

∂yi

∂ν
dσ(y) +

∫

∂B

yj ∂y
i

∂ν
dσ(y)

]
,

giving the formula in (i).

4.3 Extreme Conductivity Cases

We begin by noting that the definition (4.4) of GPTs is valid even for k = 0
or +∞. If k = 0, namely, if B is insulated, then

Mij(0, B) :=

∫

∂B

yj

(
−1

2
I −K∗

B

)−1

(νy · ∇yi)(y) dσ(y) ,
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whereas if k = +∞, namely, if B is perfectly conducting and the constants
ai, i ∈ I, where I is a finite index set, are such that

∑
i aiy

i is a harmonic
polynomial, then

∑

i

aiMij(+∞, B) :=

∫

∂B

yj

(
1

2
I −K∗

B

)−1

(νy · ∇
∑

i

aiy
i)(y) dσ(y) .

When |i| = |j| = 1, these definitions exactly match those introduced by
Pólya–Szegö [271] and Schiffer and Szegö [280].1

The following lemma is easy to prove.

Lemma 4.8 The following convergences hold:

(i) Let i, j ∈ Nd. Then

Mij(k,B) →Mij(0, B) as k → 0 .

(ii) Let the constants ai, i ∈ I, where I is a finite index set, be such that∑
i aiy

i is a harmonic polynomial. Then

∑

i

aiMij(k,B) →
∑

i

aiMij(+∞, B) as k → +∞ .

Suppose d ≥ 3. Denote by

κ =
1

|∂B|

∫

∂B

(
SB(−1

2
I + K∗

B)−1(ν)(y) − y
)
dσ(y) .

If we form the solution v(x) to the Dirichlet problem for the domain outside
the conductor B, with boundary values x, then, as |x| → +∞,

v(x) = κ cap(∂B)

[
Γ (x) + ∂Γ (x)

∫

∂B

yφe(y) dσ(y)

]

+ M(+∞, B)∂Γ (x) +O(
1

|x|d ) ,

where cap(∂B) is the capacity of B, which is defined by (2.48), φe is the
unique function in L2(∂B) such that SBφe is constant on ∂B and

∫
∂B φe = 1,

and

M(+∞, B) =

∫

∂B

(−1

2
I + K∗

B)−1(ν)(y)y dσ(y) .

Alternatively, the solution w of ∆w = 0 in Rd \B, w(x) = x+ λ on ∂B, and
w(x) = O(|x|2−d) as |x| → +∞, behaves like the dipole M(+∞, B)∂Γ (x) at
infinity.

The GPTs seem to carry important geometric and potential theoretics
properties of the domain B. In the following sections we investigate some of
these properties.

1 When k = 0, it is called the virtual mass.
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4.4 Uniqueness Result

In this section we prove that the knowledge of all GPTs uniquely determines
the geometry and the constitutive parameter of the inclusion. To do so, we
relate the GPTs to the Dirichlet-to-Neumann (DtN) map. We prove that we
can recover the DtN map from the set of all the GPTs, and, hence by the
uniqueness result in Theorem 3.2, B and k are uniquely determined from all
GPTs.

Let Ω be a bounded Lipschitz domain in Rd compactly containing B.
Recall that the DtN map Λ : W 2

1
2

(∂Ω) → W 2
− 1

2

(∂Ω) corresponding to k and

B is defined by, for f ∈ W 2
1
2

(∂Ω),

Λ(f) :=
∂u

∂ν

∣∣∣∣
∂Ω

,

where u is the unique variational solution to
⎧
⎪⎨

⎪⎩

∇ ·
(

1 + (k − 1)χ(B)

)
∇u = 0 in Ω ,

u|∂Ω = f .

Let Mij(k,B) denote the GPTs associated with the domain B and con-
ductivity k. The following theorem asserts that we can recover the DtN map
and hence B and k from all GPTs.

Theorem 4.9 Let k1, k2 be numbers different from 1, and let B1, B2 be
bounded Lipschitz domains in Rd. Let Ω be a domain compactly containing
B1 ∪B2, and let Λp be the DtN map corresponding to kp and Bp, p = 1, 2,
on ∂Ω. If Mij(k1, B1) = Mij(k2, B2) for all multi-indices i, j ∈ Nd, then
Λ1 = Λ2, and hence k1 = k2 and B1 = B2.

Proof. Let λp = (kp + 1)/(2(kp − 1)), p = 1, 2. Let H be an entire harmonic
function in Rd. Since

Γ (x− y) =
+∞∑

|j|=0

1

j!
∂jΓ (x)yj , |x| → +∞ , (4.24)

and y in a compact set, we obtain, for all sufficiently large x,

SBp
(λpI −K∗

Bp
)−1(ν · ∇H |∂Bp

)(x)

=

∫

∂Bp

Γ (x− y)(λpI −K∗
Bp

)−1(ν · ∇H |∂Bp
)(y) dσ(y)

=
∞∑

|i|=1

+∞∑

|j|=1

∂iH(0)

i!j!
∂jΓ (x)

∫

∂Bp

yj(λpI −K∗
Bp

)−1(ν · ∇yi|∂Bp
)(y) dσ(y)

=

+∞∑

|i|=1

+∞∑

|j|=1

∂iH(0)

i!j!
∂jΓ (x)Mij(kp, Bp) .
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If Mij(k1, B1) = Mij(k2, B2) for all i and j, then

SB1(λ1I−K∗
B1

)−1(ν ·∇H |∂B1)(x) = SB2(λ2I−K∗
B2

)−1(ν ·∇H |∂B2)(x) (4.25)

for all large x. By the unique continuation property of harmonic functions, we
conclude that (4.25) holds for x ∈ Rd \B1 ∪B2 and entire harmonic functions
H .

Let f ∈ W 2
1
2

(∂Ω) and u1 be the W 1,2(Ω)-solution to the boundary value

problem ∇ · ((1 + (k1 − 1)χ(B1))∇u) = 0 in Ω with u|∂Ω = f . Let H(x) :=
−SΩ(Λ1(f))(x) + DΩ(f)(x), x ∈ Ω.

Then by the representation formula in Theorem 2.31, we have

u1(x) = H(x) + SB1(λ1I −K∗
B1

)−1(ν · ∇H |∂B1)(x), x ∈ Ω .

Define u2 by

u2(x) = H(x) + SB2(λ2I −K∗
B2

)−1(ν · ∇H |∂B2)(x), x ∈ Ω .

Then u2 is aW 1,2(Ω) solution to the equation ∇·((1+(k2−1)χ(B2))∇u) = 0
in Ω. Since H is harmonic in Ω, then, by the Runge approximation, there is
a sequence Hn of entire harmonic functions converging to H uniformly on
any compact subset of Ω. Since B1 ∪B2 is a compact subset of Ω, it follows
from (4.25) that u1 = u2 in Ω′ \B1 ∪B2, where Ω′ is any relatively compact
subset of Ω. By the unique continuation property of harmonic functions, we
get u1 = u2 in Ω \B1 ∪B2. Therefore, we obtain

Λ1(f) =
∂u1

∂ν

∣∣∣∣
∂Ω

=
∂u2

∂ν

∣∣∣∣
∂Ω

= Λ2(f) .

Since f is arbitrary, we conclude that Λ1 = Λ2.
It now follows from Theorem 3.2 that k1 = k2 andB1 = B2. This completes

the proof. �

Theorem 4.9 shows that the set of all GPTs completely characterizes the
domain and its conductivity. However, it seems difficult to characterize the ge-
ometric information about the domain carried by individualMij . Nevertheless
we will see that the first-order tensor carries information about the volume
and orientation of the inclusion and that higher order ones carry information
about the weighted volume. Other interesting physical properties of GPTs are
investigated in the following sections.

4.5 Symmetry and Positivity of GPTs

We now consider the symmetry and positivity of GPT’s. When |i| = |j| = 1,
these properties were first proved in [84]. For symmetry we have the following
theorem.
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Theorem 4.10 Suppose that ai, i ∈ I, and bj, j ∈ J, where I and J are
finite index sets, are constants such that

∑
i aiy

i and
∑

j bjy
j are harmonic

polynomials. Then ∑

i,j

aibjMij =
∑

i,j

aibjMji . (4.26)

Proof. Note that

∑

i,j

aibjMij =

∫

∂B

∑

j

bjy
j
∑

i

aiφi(y) dσ(y) ,

with φi given by (4.5). Put f(y) =
∑

i aiy
i, g(y) =

∑
j bjy

j , φ =
∑

i aiφi =

(λI −K∗
B)−1(∂f

∂ν ), and ψ = (λI −K∗
B)−1( ∂g

∂ν ). Then SBφ and SBψ satisfy the
transmission conditions

∂

∂ν
SBφ|+ − k ∂

∂ν
SBφ|− = (k − 1)

∂f

∂ν

and
∂

∂ν
SBψ|+ − k ∂

∂ν
SBψ|− = (k − 1)

∂g

∂ν

on ∂B. Recall that

∑

i,j

aibjMij =

∫

∂B

gφ dσ and
∑

i,j

aibjMji =

∫

∂B

fψ dσ .

By (2.27) and the transmission condition, we have

∫

∂B

gφ dσ =

∫

∂B

g

[
∂SBφ

∂ν

∣∣∣∣
+

− ∂SBφ

∂ν

∣∣∣∣
−

]
dσ

= (k − 1)

∫

∂B

g
∂

∂ν
(SBφ+ f)

∣∣∣∣
−
dσ .

(4.27)

We then immediately obtain

∫

∂B

gφ dσ = (k − 1)

∫

∂B

(SBψ + g)
∂

∂ν
(SBφ+ f)

∣∣∣∣
−
dσ

−
∫

∂B

SBψ
∂

∂ν
SBφ

∣∣∣∣
+

dσ +

∫

∂B

SBψ
∂

∂ν
SBφ

∣∣∣∣
−
dσ

= (k − 1)

∫

B

∇(SBψ + g) · ∇(SBφ+ f) dx

+

∫

Rd\B

∇SBψ · ∇SBφdx+

∫

B

∇SBψ · ∇SBφdx .

The symmetry property (4.26) follows from the above identity. �
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Suppose that f = g in the proof of Theorem 4.10. It then follows from
(4.27) that ∫

∂B

fφ dσ = (k − 1)

∫

∂B

∂f

∂ν
(SBφ+ f) dσ . (4.28)

On the other hand, it follows from the transmission condition that

∫

∂B

fφ dσ = (k − 1)

∫

∂B

(SBφ+ f)
∂

∂ν
(SBφ+ f)

∣∣∣∣
−
dσ

−(k − 1)

∫

∂B

SBφ
∂

∂ν
SBφ

∣∣∣∣
−
dσ − (k − 1)

∫

∂B

SBφ
∂f

∂ν
dσ

= (k − 1)

∫

∂B

(SBφ+ f)
∂

∂ν
(SBφ+ f)

∣∣∣∣
−
dσ

−
(

1 − 1

k

)∫

∂B

SBφ
∂

∂ν
SBφ

∣∣∣∣
+

dσ −
(

1 − 1

k

)∫

∂B

SBφ
∂f

∂ν
dσ .

(4.29)

Define the quadratic form QD(u) by

QD(u) :=

∫

D

|∇u|2 dx , (4.30)

where D is a Lipschitz domain in Rd. Then, by equating (4.28) and (4.29), we
obtain
∫

∂B

SBφ
∂f

∂ν
dσ =

k

k + 1
QB(SBφ+ f) +

1

k + 1
Q

Rd\B(SBφ) −
k

k + 1
QB(f) .

Substituting this identity into (4.28), we get

∫

∂B

fφ dσ =
k(k − 1)

k + 1
QB(SBφ+ f) +

k − 1

k + 1
Q

Rd\B(SBφ)

+
k − 1

k + 1
QB(f) .

So we obtain the following theorem of positivity.

Theorem 4.11 Suppose that ai, i ∈ I, where I is a finite index set, are
constants such that f(y) =

∑
i∈I aiy

i is a harmonic polynomial. Let φ =
(λI −K∗

B)−1(∂f/∂ν). Then

∑

i,j∈I

aiajMij =
k − 1

k + 1

[
kQB(SBφ+ f) +Q

Rd\B(SBφ) +QB(f)

]
. (4.31)

Theorem 4.11 says that, if k > 1, then GPTs are positive-definite, and
they are negative definite if 0 < k < 1.
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4.6 Estimates of the Harmonic Moments

If f(x) =
∑
aix

i is a harmonic polynomial, then QB(f) =
∫

B |∇(
∑
aix

i)|2 dx,
where QB is defined by (4.30). In particular, if f(x) = xp, p = 1, . . . , d, then
QB(f) = |B|. One can observe from (4.31) that, if

∑
i∈I aix

i is a harmonic
polynomial, then

∣∣∣∣
∑

i,j∈I

aiajMij

∣∣∣∣ ≥
|k − 1|
k + 1

∫

B

∣∣∣∣∇
(∑

aix
i
) ∣∣∣∣

2

dx .

We now derive an upper bound for
∑

i,j∈I aiajMij in terms of the harmonic

moments, defined as the set of
∫

B |∇f |2 where f is a harmonic polynomial.

Lemma 4.12 A constant C exists depending only on the Lipschitz character
of B such that, if f(x) =

∑
i∈I aix

i is a harmonic polynomial, then

∫

B

|∇f |2 dx ≤ k + 1

|k − 1|

∣∣∣∣
∑

i,j∈I

aiajMij

∣∣∣∣ ≤ C
∫

B

|∇f |2 dx . (4.32)

Proof. By the definition of GPTs, we have

∑

i,j∈I

aiajMij =

∫

∂B

f(y)(λI −K∗
B)−1

(
∂f

∂ν

∣∣∣∣
∂B

)
(y) dσ(y) .

Since
∫

∂B
(λI −K∗

B)−1(∂f
∂ν |∂B) dσ = 0, we get

∑

i,j∈I

aiajMij =

∫

∂B

(f(y) − f0)(λI −K∗
B)−1

(
∂f

∂ν

∣∣∣∣
∂B

)
(y) dσ(y) ,

where f0 := 1
|∂B|

∫
∂B
f dσ. It thus follows from Lemma 2.23 that

∣∣∣∣
∑

i,j∈I

aiajMij

∣∣∣∣ ≤ C
|k − 1|
k + 1

‖f − f0‖L2(∂B)

∥∥∥∥
∂f

∂ν

∥∥∥∥
L2(∂B)

.

By the Poincaré inequality,

‖f − f0‖L2(∂B) ≤ C‖∇f‖L2(∂B) .

Thus the proof is complete by Lemma 2.7. �

We now set up the variational characterization of (4.31), which will help us
to improve estimates (4.32) for

∑
i,j∈I aiajMij . To this end, we first introduce

the functional spaces

W3 :=

{
w ∈W 1,2

loc (R3) :
w

r
∈ L2(R3),∇w ∈ L2(R3)

}
(4.33)
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and

W2 :=

{
w ∈W 1,2

loc (R2) :
w√

1 + r2 ln(2 + r2)
∈ L2(R2),∇w ∈ L2(R2)

}
,

(4.34)
where r = |x|. Recall that ∆ sets an isomorphism from Wd(Rd) to its dual
(Wd(Rd)∗; see, for example, [255].

Define φ =
∑
ai(λI −K∗

B)−1(∂xi/∂ν), and set wB = SBφ. Then

{
∇ · (1 + (k − 1)χ(B))∇(wB + f) = 0 in Rd ,

wB = O(|x|1−d) as |x| → +∞ ,
(4.35)

since
∫

∂B φ = 0, which implies that for all v ∈Wd(Rd),

∫

Rd

(
1 + (k − 1)χ(B)

)(
∇wB + (1 − 1

k
)χ(B)∇f

)
· ∇v = 0 . (4.36)

Therefore, wB is the minimizer of the functional

IB(w) :=

∫

Rd

(1 + (k − 1)χ(B))

∣∣∣∣∇w + (1 − 1

k
)χ(B)∇f

∣∣∣∣
2

=

∫

Rd

(1 + (k − 1)χ(B))|∇w|2 +
(k − 1)2

k

∫

B

|∇f |2

+2(k − 1)

∫

B

∇w · ∇f ,

(4.37)

namely,
IB(wB) = inf

w∈Wd

IB(w).

We then get from (4.31) and (4.36) with v = wB the following variational
characterization of M :

∑

i,j∈I

aiajMij = IB(wB) + (1 − 1

k
)

∫

B

|∇f |2

= inf
w∈Wd

IB(w) + (1 − 1

k
)

∫

B

|∇f |2 . (4.38)

Substituting v = wB in (4.36), we get

−
∫

Rd

(1 + (k − 1)χ(B))|∇wB |2 = (k − 1)

∫

B

∇f · ∇wB .

Thus,

IB(wB) = −
∫

Rd

(1 + (k − 1)χ(B))|∇wB |2 +
(k − 1)2

k

∫

B

|∇f |2 ,
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and we therefore arrive at

∑

i,j∈I

aiajMij = −
∫

Rd

(1 + (k − 1)χ(B))|∇wB |2 + (k − 1)

∫

B

|∇f |2 . (4.39)

Combining (4.38) and (4.39) we obtain the following theorem.

Theorem 4.13 Assume that ai, i ∈ I, where I is a finite index set, are
constants such that f(y) =

∑
i∈I aiy

i is a harmonic polynomial. Then

(1 − 1

k
)

∫

B

|∇f |2 ≤
∑

i,j∈I

aiajMij(k,B) ≤ (k − 1)

∫

B

|∇f |2 . (4.40)

Based on the above inequalities the harmonic moments of the inclusion
B can be estimated from the GPTs. Note that we do not know whether the
bounds in (4.40) are optimal. However, (4.40) yields the optimal estimates
when |i| = |j| = 1.

Corollary 4.14 Let M = (mpq)
d
p,q=1 be the polarization tensor of Pólya–

Szegö associated with the bounded Lipschitz domain B and conductivity 0 <
k �= 1 < +∞, and let κ be an eigenvalue of M . Then

(1 − 1

k
)|B| ≤ κ ≤ (k − 1)|B| . (4.41)

We can also find upper and lower bounds on the diagonal elements
(mpp)p=1,...,d using (4.31). We have

mpp =
k − 1

k + 1

[
k

∫

B

|∇SBφp + ep|2 +

∫

Rd\B

|∇SBφp|2 + |B|
]
,

where φp = (λI −K∗
B)−1(νp). For τ ∈ R, we compute

∫

B

|τ∇(SBφp + yp) + ep|2

= τ2

∫

B

|∇SBφp + ep|2 + 2τ

∫

B

∇(SBφp + yp) · ep + |B|

= τ2

∫

B

|∇SBφp + ep|2 + 2τ

∫

∂B

(
∂

∂ν
SBφp

∣∣∣∣
−

+ νp

)
yp + |B| .

Since
∂

∂ν
SBφp

∣∣∣∣
−

= (−1

2
I + K∗

B)φp = (λ− 1

2
)φp − νp ,

we obtain
∫

B

|∇SBφp + ep|2 =
1

τ2

∫

B

|τ∇(SBφp + yp) + ep|2 −
2

τ
(λ− 1

2
)mpp − 1

τ2
|B| ,
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and hence

mpp

k − 1

(
1 +

2k

τ(k + 1)

)
= |B|(1 − k

τ2
)

1

k + 1

+
1

k + 1

[
k

τ2

∫

B

|τ∇(SBφp + yp) + ep|2 +

∫

Rd\B

|∇SBφp|2
]
.

Taking τ = −1 in the above identity we arrive at

mpp

k − 1
= |B| + 1

1 − k

[
k

∫

B

| − ∇(SBφp + yp) + ep|2 +

∫

Rd\B

|∇SBφp|2
]
,

and therefore
mpp ≤ (k − 1)|B| .

Taking τ = −k yields

mpp ≥ (1 − 1

k
)|B| .

The following optimal upper and lower bounds for the diagonal elements of
the Polarization Tensor of Pólya–Szegö hold.

Lemma 4.15 If M = (mpq)
d
p,q=1 is the polarization tensor of Pólya–Szegö

associated with the bounded Lipschitz domain B and conductivity 0 < k �=
1 < +∞, then

(1 − 1

k
)|B| ≤ mpp ≤ (k − 1)|B|, p = 1, . . . , d . (4.42)

The bounds (4.41) and (4.42) are optimal in the sense that they are
achieved by the diagonal elements of thin ellipses (for d = 2) and thin
spheroids (for d = 3); see (4.11) and (4.14). Later, we shall need optimal
bounds on the trace of M . In this connection, we note that the bounds
d|B|(1 − 1/k) and d|B|(k − 1) on the trace Tr(M) of the matrix M , which
follow directly from (4.41), are not optimal. See the next section.

4.7 Optimal Bounds for the Polarization Tensor

The aim of this section is to derive important isoperimetric inequalities sat-
isfied by the polarization tensor of Pólya–Szegö. The following theorem was
obtained by Lipton [222] and Capdeboscq and Vogelius [82, 83].

Theorem 4.16 IfM is the polarization tensor of Pólya–Szegö associated with
the bounded Lipschitz domain B, and conductivity 0 < k �= 1 < +∞, then

1

k − 1
Tr(M) ≤ (d− 1 +

1

k
)|B| (4.43)

and

(k − 1)Tr(M−1) ≤ d− 1 + k

|B| . (4.44)
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Proof. Suppose k > 1 and B is of unit volume, |B| = 1, without loss of
generality. Let ξ = (ξp)

d
p=1, f =

∑
ξpxp, φ =

∑
ξp(λI −K∗

B)−1(∂xp/∂ν), and
set wB = SBφ. Then by (4.38) we have

d∑

p,q=1

mpqξpξq = inf
w∈Wd

IB(w) + (1 − 1

k
)|ξ|2, d = 2, 3 . (4.45)

The proof of the bounds (4.43) and (4.44) now relies on the Hashin-
Shtrikman variational technique as described by Kohn and Milton [197]. In-
troduce a constant reference medium with conductivity c < 1. By writing
the first term of the right-hand side of the above variational characterization
of M as a maximum over “dual fields,” and then interchanging the order of
maximization and minimization, we obtain the following variational principle:

d∑

p,q=1

mpqξpξq = sup
v∈L2(Rd)d

Fc(v) + (1 − 1

k
)|ξ|2 , (4.46)

with

Fc(v) = −
∫

Rd

1

1 + (k − 1)χ(B) − c |v|
2 dx+ c(1 − 1

c
)2|ξ|2

+ 2(1 − 1

k
)ξ

∫

B

v dx+
1

c

∫

Rd

L(v + c(1 − 1

k
)χ(B)ξ) · (v + c(1 − 1

k
)χ(B)ξ) ,

and L denoting the operator L = −∇∆−1∇·.
In fact, we have

IB(w) =

∫

Rd

(γB − c)
∣∣∣∣∇w + (1 − 1

k
)χ(B)ξ

∣∣∣∣
2

+ c

∫

Rd

∣∣∣∣∇w + (1 − 1

k
)χ(B)ξ

∣∣∣∣
2

,

where γB = 1 + (k − 1)χ(B). Since

(γB − c)|a|2 ≥ 2a · b− 1

γB − c |b|
2 ∀a, b ∈ Rd,

we get

inf
w∈Wd

IB(w) = inf
w∈Wd

sup
v∈L2(Rd)d

∫

Rd

[
2
(
∇w + (1 − 1

k
)χ(B)ξ

)
· v − 1

γB − c |v|
2

+ c
∣∣∇w + (1 − 1

k
)χ(B)ξ

∣∣2
]

= sup
v∈L2(Rd)d

inf
w∈Wd

∫

Rd

[
2
(
∇w + (1 − 1

k
)χ(B)ξ

)
· v − 1

γB − c |v|
2

+ c
∣∣∇w + (1 − 1

k
)χ(B)ξ

∣∣2
]
,
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where the interchange of inf and sup is possible thanks to [119, Prop. 2.2]. For
v ∈ L2(Rd)d, define a functional J by

J(w) :=

∫

Rd

[
c
∣∣∇w + (1 − 1

k
)χ(B)ξ

∣∣2 + 2∇w · v
]
.

The minimizer wv ∈ Wd of J is the solution to

∆w = −1

c
∇ ·
(
v + (1 − 1

k
)χ(B)ξ

)

and satisfies

c

∫

Rd

∇wv ·
(
∇wv + (1 − 1

k
)χ(B)ξ

)
=

∫

Rd

∇wv · v .

It then follows that

inf
w∈Wd

IB(w) = sup
v∈L2(Rd)d

∫

Rd

[
− 1

c
η · ∇∆−1∇ · η − 1

γB − c |v|
2

+ 2(1 − 1

k
)χ(B)ξ · v + c(1 − 1

k
)2χ(B)|ξ|2 ,

where η = v+(1− 1
k )χ(B)ξ. By replacing v with η−c(1− 1

k )χ(B)ξ, we obtain
(4.46).

Similarly, we introduce a constant reference medium with conductivity
c > k. By writing the first term of the right-hand side of (4.45) as a minimum
over “dual fields,” and then interchanging the order of the two minimizations,
we arrive at the variational principle

d∑

p,q=1

mpqξpξq = inf
v∈L2(Rd)d

Fc(v) + (1 − 1

k
)|ξ|2 .

Changing variables to ṽ = v + c(1 − 1
k )χ(B)ξ, we get that the above

variational principles are equivalent to

d∑

p,q=1

(mpq −
1 − c
k − cδpq)ξpξq = sup

ṽ∈L2(Rd)d

Gc(ṽ) (4.47)

for c < 1, and

d∑

p,q=1

(mpq −
1 − c
k − cδpq)ξpξq = inf

ṽ∈L2(Rd)d
Gc(ṽ) (4.48)

for c > k, with
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Gc(ṽ) = −
∫

Rd

1

1 + (k − 1)χ(B) − c |ṽ|
2 dx+

2k

k − c (1 − 1

k
)ξ

∫

B

ṽ dx

+
1

c

∫

Rd

L(ṽ) · ṽ .

By only using test functions of the form ṽ = τ(1 − 1
k )χ(B)ξ in (4.48), where

τ is a constant, we obtain

d∑

p,q=1

(mpq −
1 − c
k − cδpq)ξpξq ≤ (k − 1)

[
(

2

k − cτ − τ
2 1

k − c )|ξ|
2

+τ2 1

c
(1 − 1

k
)2
∫

B

L(χ(B)ξ) · ξ
]
,

provided c > k.
We claim that the trace of the symmetric tensor

∫
B L(χ(B)ξ) · ξ equals

−1. In fact, one can easily see by taking the Fourier transform that
∫

B

L(χ(B)ξ) · ξ = −
∫

Rd

∣∣y · χ̂(B)ξ
∣∣2dy ,

where ˆ denote the Fourier transform. Hence the trace of the operator ξ �→∫
B
L(χ(B)ξ) · ξ equals −1. It then follows that

Tr(M) ≤ (k − 1)min
τ∈R

[
d
1 − c
k − c + 2dτ

1

k − c − τ
2(d

1

k − c +
1

c
)

]

= (k − 1)(d− 1 +
1

c
)(1 +

k − c
dc

)−1 ,

provided c > k. In the limit as c tends to k this becomes exactly the bound
(4.43).

If we only use test functions of the form ṽ = χ(B)η, then (4.47) yields
(
M − 1 − c

k − c

)
ξ · ξ − 2

1

k − cξ · η ≥ − 1

k − cη · η +
1

c

∫

B

L(χ(B)η) · η .

Insertion of

ξ =
1

k − c

(
M − 1 − c

k − c

)−1

η

into the above inequality gives

Tr

(
M − 1 − c

k − c

)−1

≤ (k − c)(d +
k

c
− 1) ,

which, in the limit as c tends to 1, becomes exactly the bound (4.44). �

Suppose that B is of unit volume, |B| = 1. The above theorem says, in
particular, that if d = 2, k > 1, and κ1 and κ2 are two eigenvalues ofM(k,B),
then
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κ1 + κ2 ≤ (k − 1)(k + 1)

k
(4.49)

and
1

κ1
+

1

κ2
≤ k + 1

k − 1
. (4.50)

Figure 4.1 shows these bounds graphically. The square box [1 − 1/k, k− 1]×
[1−1/k, k−1] in Figure 4.1 represents the estimates (4.41). This box is called
a Wiener box in the composite materials community.

(k−1)/k 

k−1 

k−1 

(k−1)/k 

1/x
1
+1/x

2
=(k+1)/(k−1) 

x
1
+x

2
=(k−1)(k+1)/k 

A

B 

 0

Fig. 4.1. The optimal bounds for the polarization tensor in R2.

The bounds in (4.43) and (4.44) are referred to as the Hashin–Shtrikman
bounds after the names of the two authors who derived a similar type of
bounds for composite materials using variational methods.

Capdeboscq and Vogelius showed that the bounds (4.43) and (4.44) are
optimal in two dimensions in the sense that each point inside the bounds is
a pair of eigenvalues of the PT associated with a domain of unit area [82].
They showed that each point inside the bounds is attained as a PT associated
with a coated ellipse or a washer of elliptic shape [83]. In fact, every point on
the lower bound 1/κ1 + 1/κ2 = (k + 1)/(k − 1) corresponds to an ellipse as
one can see it from (4.11), and as the ellipses get thinner, the corresponding
points on the lower bound move to the upper or lower corner. If we start from
an ellipse corresponding to a point on the lower bound, and make confocal
washers of elliptic shape, then corresponding points move toward the upper
bound following a certain curve as the washers get thinner and larger. These
curves make foliations and cover all regions inside the bounds except the upper
bound. This result is exact, and PT for the elliptic washer can be computed
using elliptic coordinates. These optimal estimates were efficiently used to
estimate the size of unknown inclusions [82]; see Chapter 7.

On the other hand, it is shown numerically that each point inside the
bounds is attained by a simply connected domain [16]. It turns out that, if
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we start from a disk-shaped domain and change it to make it look like a thin
and long cross as in Figure 4.2, the corresponding eigenvalues move from the
intersection point of the lower hyperbola and the line κ1 = κ2 toward the
intersection point of the upper bound and the line κ1 = κ2 following the
line κ1 = κ2. Note that the intersection point of the lower hyperbola and
the line κ1 = κ2 is the pair of eigenvalues of the PT associated with the
disk. We also note that the cross-shaped domain in Figure 4.2 is invariant
under rotation by π/2, and hence the corresponding PT is of the form λI
for some λ where I is the 2 × 2 identity-matrix. Thus by interpolating a
cross-shape domain and an ellipse, we can obtain foliation of the region inside
the bounds (4.49) and (4.50). It should be noted that the result of [16] is
numerical; exact computation of PTs associated with cross-shape domains
seems unlikely. However, it has been proved in [16] that the PT associated
with a cross approaches to the upper bound as crosses get thinner and longer.
In connection with this result, Capdeboscq and Kang obtained a non-trivial
bound showing that, if an inclusion has finite extent and is not thin, then it
cannot attain the upper HS bound on the PT [80].

. . . . .  

Fig. 4.2. The variation of cross-domains starting from disk.

As has been pointed out by Kozlov in [201, 202], the derivation of optimal
bounds for the polarization tensor of Pólya–Szegö and the estimates of its
possible values are direct analogues of the corresponding estimates for the
effective conductivity matrix known in the theory of composite materials [145,
223, 248, 235]. See Chapter 8.

Finally we would like to mention the following important conjecture
of Pólya–Szegö that is related to Theorem 4.16: If the polarization tensor
M(k,B) associated with the domain B and the conductivity k has the mini-
mal trace or

Tr(M(k,B)) = (k − 1)|B| d2

(d− 1 + k)
,

then B is a disk in the plane and a ball in three-dimensional space.
Quite recently Kang and Milton proved that the conjecture is true in two

and three dimensions [178, 179]. In fact, they showed that, if the lower Hashin–
Shtrikman bound (4.44) is attained by a simply connected domain B, or in
other words,

|B|(k − 1)Tr(M−1) ≤ d− 1 + k ,
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then B must be an ellipse or an ellipsoid. The conjecture of Pólya–Szegö
follows immediately from this result since for the ellipses and the ellipsoids
the polarization tensors can be computed explicitly. See (4.11).

4.8 Monotonocity

Another interesting result that can be obtained by using the variational prin-
ciple (4.38) is the following: (1/(k−1))M(k,B) is a monotonically increasing
positive-definite matrix if we replace the given domain B by another B′ that
contains B. The following holds.

Theorem 4.17 Let B′ � B. Suppose that ai, i ∈ I, where I is a finite index
set, are constants such that f(y) =

∑
i∈I aiy

i is a harmonic polynomial. Then

∑

i,j∈I

aiajMij(k,B) >
∑

i,j∈I

aiajMij(k,B
′) if k > 1 (4.51)

and

∑

i,j∈I

aiajMij(k,B) <
∑

i,j∈I

aiajMij(k,B
′) if 0 < k < 1 . (4.52)

Proof. Suppose that k > 1. We may argue in a similar way when 0 < k < 1.
We get from (4.38) that

∑

i,j∈I

aiaj

(
Mij(k,B) −Mij(k,B

′)

)

= IB(wB) − IB′(wB′) + (1 − 1

k
)

∫

B\B′

|∇f |2

≥ IB(wB) − IB′(wB) + (1 − 1

k
)

∫

B\B′

|∇f |2 .

Making use of the second identity in (4.37), we obtain

∑

i,j∈I

aiaj

(
Mij(k,B) −Mij(k,B

′)

)

≥ (k − 1)

(∫

B\B′

|∇wB |2 + 2

∫

B\B′

∇wB · ∇f +

∫

B\B′

|∇f |2
)

≥ (k − 1)

∫

B\B′

|∇(wB + f)|2 > 0 ,

which yields the desired monotonicity result. �
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4.9 Estimates of the Center of Mass

We now investigate the relation of GPTs with the centroid of B. Assume that
B is a two-dimensional disk with radius r; then, (2.21) yields

K∗
Bφ(x) = KBφ(x) =

1

4πr

∫

∂B

φ(y) dσ(y) ,

which gives that K∗
B(φ) = 0 for all φ ∈ L2

0(∂B). Thus, if f(y) =
∑

i aiy
i is

harmonic, then

∑

i

ai(λI −K∗
B)−1(νy · ∇yi)(x) =

1

λ
νx · ∇f .

Therefore, we have

∑

i

aiMij =
1

λ

∫

∂B

yjνy · ∇f dσ(y) =
1

λ

∫

B

∇yj · ∇f dy .

Thus, if i = j = ep, p = 1, . . . , d, then Mij = λ−1|B|, and if i = ep and
j = 2ep, then Mij = 2λ−1|B|x∗p, where x∗ is the center of the ball. Here

{ep}d
p=1 is an orthonormal basis of Rd.

Suppose now that d = 3 and B = Br(x
∗) is a ball of center x∗ and radius

r. Then, by (2.22), K∗
Bφ(x) = − 1

2rSBφ(x) for all x ∈ ∂B.
Let f be a harmonic polynomial homogeneous of degree n with respect to

the center x∗. Set

φ(x) = SB(
∂f

∂ν
|∂B)(x), x ∈ Rd \B .

By (4.24) we have

φ(x) =

+∞∑

p=1

∫

∂B

∑

|j|=p

1

j!
∂jΓ (x− x∗)(y − x∗)j ∂f

∂ν
(y) dσ(y)

=

∫

∂B

∑

|j|=n

1

j!
∂jΓ (x− x∗)(y − x∗)j ∂f

∂ν
(y) dσ(y) .

In particular, φ(x), x ∈ R3 \B, is homogeneous of degree −n− 1 with respect
to x∗.

By (2.27), we get

∂φ

∂ν

∣∣∣∣
+

(x) =

(
1

2
I + K∗

B

)(
∂f

∂ν

∣∣∣∣
∂B

)
(x)

=
1

2

∂f

∂ν
(x) − 1

2r
SB

(
∂f

∂ν

∣∣∣∣
∂B

)
(x), x ∈ ∂B .
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Therefore,
x− x∗
r

· ∇φ+
1

2r
φ =

1

2

∂f

∂ν
(x) on ∂B .

It then follows from the homogeneity of φ and f that (x−x∗)·∇φ = −(n+1)φ,
and hence,

φ = − r

2n+ 1

∂f

∂ν
on ∂B .

So far we have proved that, if f is a harmonic polynomial homogeneous of
degree n with respect to the center of the ball B, then

K∗
B

(
∂f

∂ν

∣∣∣∣
∂B

)
(x) = − 1

2r
SB

(
∂f

∂ν

∣∣∣∣
∂B

)
(x) =

1

2(2n+ 1)

∂f

∂ν
(x), x ∈ ∂B .

It then follows that

(λI −K∗
B)−1

(
∂f

∂ν

∣∣∣∣
∂B

)
=

(k − 1)(2n+ 1)

kn+ n+ 1

∂f

∂ν
on ∂B . (4.53)

In particular, if f(x) = xp, p = 1, 2, 3, then

∂f

∂ν
=
∂

∂ν
(xp − x∗p) .

Thus by (4.53) we get

(λI −K∗
B)−1

(
∂f

∂ν

∣∣∣∣
∂B

)
=

3(k − 1)

k + 2

∂f

∂ν
on ∂B .

Therefore, if |i| = 1, then

Mij =
3(k − 1)

k + 2

∫

B

∇yj · ∇yi dy . (4.54)

Observe that, if j = 2ep and i = ep, p = 1, . . . , d, then

∫

B

∇yj · ∇yi dy = 2

∫

B

yp dy = 2x∗p|B| .

So far we have proved the following theorem.

Theorem 4.18 Suppose that B = Br(x
∗) is a ball in Rd, d = 2, 3. Let il := el

and jl := 2el, l = 1, . . . , d. Then

Milil
=
d(k − 1)

k + d− 1
|B|, l = 1, . . . , d ,

and

(Mi1j1 , . . . ,Midjd
) =

2d(k − 1)

k + d− 1
|B|x∗ .
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For a general bounded Lipschitz domain B, we have the following theorem.

Theorem 4.19 Let B be a bounded Lipschitz domain and x∗ the center of
mass of B. Let il := el and jl := 2el, l = 1, . . . , d. Then C exists, which
depends only on the Lipschitz character of B such that

∣∣∣∣
Miljl

Milil

− 2x∗l

∣∣∣∣ ≤ C
|k − 1|
k + 1

diam(B) . (4.55)

Proof. Since

(λI −K∗
B)−1(νl) = λ−1νl + λ−1(λI −K∗

B)−1K∗
B(νl) ,

it follows from (2.44) that

‖(λI −K∗
B)−1(νl) − λ−1νl‖L2(∂B) ≤ C|λ|−1‖(λI −K∗

B)−1K∗
B(νl)‖L2(∂B)

≤ C|λ|−2‖K∗
B(νl)‖L2(∂B) ≤ C|λ|−2|∂B|1/2 .

Note that

Miljl
− 2x∗lMilil

=

∫

∂B

(yl − x∗l )2(λI −K∗
B)−1(νl)(y) dσ(y) .

We also note that ∫

∂B

(yl − x∗l )2νl(y) dσ(y) = 0 .

It then follows from the Cauchy–Schwarz inequality that

|Miljl
− 2x∗lMilil

| =

∣∣∣∣
∫

∂B

(yl − x∗l )2
[
(λI −K∗

B)−1(νl)(y) − λ−1νl(y)

]
dσ(y)

∣∣∣∣

≤ Cdiam(B)2|∂B||λ|−2 .

Then (4.55) follows from (4.40). This completes the proof. �

Theorem 4.19 says that, if either k is close to 1 or the diameter of B is
small, then (Miljl

/2Milil
)l=1,...,d, where jl = 2el, is a good approximation of

the centroid of B.

4.10 Polarization Tensors of Multiple Inclusions

Our goal in this section is to investigate properties of polarization tensors
associated with multiple inclusions such as symmetry and positivity, which,
in the most natural way, generalize those already derived for a single inclusion
in the above sections. We also estimate their eigenvalues in terms of the total
volume of the inclusions and explicitly compute them in the multi-disk case.
These results are from [29].

LetBs for s = 1, . . . ,m, be a bounded Lipschitz domain in Rd. Throughout
this section, we assume that:



4.10 Polarization Tensors of Multiple Inclusions 107

(H1) Positive constants C1 and C2 exist such that

C1 ≤ diamBs ≤ C2, and C1 ≤ dist(Bs, Bs′) ≤ C2, s �= s′ .

(H2) The conductivity of the inclusion Bs for s = 1, . . . ,m, is equal to some
positive constant ks �= 1.

4.10.1 Definition

To begin, we prove the following theorem.

Theorem 4.20 Let H be a harmonic function in Rd for d = 2 or 3. Let u be
the solution of the transmission problem

⎧
⎪⎨
⎪⎩

∇ ·
(
χ(Ω \

m⋃

s=1

Bs) +

m∑

s=1

ksχ(Bs)

)
∇u = 0 in Rd ,

u(x) −H(x) = O(|x|1−d) as |x| → +∞ .

(4.56)

There are unique functions φ(l) ∈ L2
0(∂Bl), l = 1, . . . ,m, such that

u(x) = H(x) +

m∑

l=1

SBl
φ(l)(x) . (4.57)

The potentials φ(l), l = 1, . . . ,m, satisfy

(λlI −K∗
Bl

)φ(l) −
∑

s	=l

∂(SBs
φ(s))

∂ν(l)

∣∣∣∣
∂Bl

=
∂H

∂ν(l)

∣∣∣∣
∂Bl

on ∂Bl , (4.58)

where ν(l) denotes the outward unit normal to ∂Bl and

λl =
kl + 1

2(kl − 1)
.

Proof. It is easy to see from (2.27) that u defined by (4.57) and (4.58) is the
solution of (4.56). Thus it is enough to show that the integral equation (4.58)
has a unique solution.

LetX := L2
0(∂B1)×· · ·×L2

0(∂Bm). We prove that the operator T : X → X
defined by

T (φ(1), · · · , φ(m)) = T0(φ
(1), · · · , φ(m)) + T1(φ

(1), · · · , φ(m))

:=
(
(λ1I −K∗

B1
)φ(1), · · · , (λmI −K∗

Bm
)φ(m)

)

−

⎛
⎝
∑

s	=1

∂(SBs
φ(s))

∂ν(1)

∣∣∣∣
∂B1

, · · · ,
∑

s	=m

∂(SBs
φ(s))

∂ν(m)

∣∣∣∣
∂Bm

⎞
⎠
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is invertible. By Theorem 2.21, T0 is invertible on X . On the other hand,
since the domains Bs are a fixed distance apart, it is easy to see that T1 is
a compact operator on X . Thus, by the Fredholm alternative, it suffices to
show that T is injective on X .

If T (φ(1), · · · , φ(m)) = 0, then u(x) :=
∑m

l=1 SBl
φ(l)(x), x ∈ Rd is the

solution of (4.56) with H = 0. By the uniqueness of the solution to (4.56), we
get u ≡ 0. In particular, SBl

φ(l) is smooth across ∂Bl, l = 1, . . . ,m. Therefore,

φ(l) =
∂(SBl

φ(l))

∂ν(l)

∣∣∣∣
+

− ∂(SBl
φ(l))

∂ν(l)

∣∣∣∣
−

= 0 .

This completes the proof. �

With the above theorem, we can proceed to introduce the polarization
tensors of multiple inclusions.

Definition 4.21 Let i = (i1, . . . , id), j = (j1, . . . , jd) ∈ Nd be multi-indices.

For l = 1, . . . ,m, let φ
(l)
i be the solution of

(λlI −K∗
Bl

)φ
(l)
i −

∑

s	=l

∂(SBs
φ

(s)
i )

∂ν(l)

∣∣
∂Bl

=
∂xi

∂ν(l)

∣∣
∂Bl

on ∂Bl . (4.59)

Then the generalized polarization tensor Mij is defined to be

Mij =

m∑

l=1

∫

∂Bl

xjφ
(l)
i (x) dσ(x) . (4.60)

If |i| = |j| = 1, we denoteMij bympq, p, q = 1, . . . , d. We callM = (mpq)
d
p,q=1

the (first-order) polarization tensor.

4.10.2 Properties

Like the single inclusion case, the properties that we will present now will be
derived via some integral identities.

Theorem 4.22 Suppose that ai and bj are constants such that
∑

i aiy
i and∑

j bjy
j are harmonic polynomials. Then

∑

i,j

aibjMij =
∑

i,j

aibjMji . (4.61)

Proof. Reasoning as in the proof of Theorem 4.10 we put f(y) :=
∑

i aiy
i,

g(y) :=
∑

j bjy
j, φ(l) :=

∑
i aiφ

(l)
i , and ψ(l) :=

∑
j bjφ

(l)
j to easily see that

∑

i,j

aibjMij =
m∑

l=1

∫

∂Bl

gφ(l) dσ and
∑

i,j

aibjMji =
m∑

l=1

∫

∂Bl

fψ(l) dσ .
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We also put

Φ(x) :=

m∑

l=1

SBl
φ(l) and Ψ(x) :=

m∑

l=1

SBl
ψ(l) . (4.62)

From the definition of φ
(l)
i , one can readily get

kl
∂(f + Φ)

∂ν(l)

∣∣∣∣
−

=
∂(f + Φ)

∂ν(l)

∣∣∣∣
+

on ∂Bl , (4.63)

and the same relation for g + Ψ holds. From (4.59) we obtain

∂(SBl
φ(l))

∂ν(l)

∣∣∣∣
+

− kl
∂(SBl

φ(l))

∂ν(l)

∣∣∣∣
−

=
∑

i

ai

[
∂(SBl

φ
(l)
i )

∂ν(l)

∣∣∣∣
+

− kl
∂(SBl

φ
(l)
i )

∂ν(l)

∣∣∣∣
−

]

= (kl − 1)
∑

i

ai
∂

∂ν(l)

⎡
⎣xi +

∑

s	=l

SBs
φ

(s)
i

⎤
⎦

= (kl − 1)
∂

∂ν(l)

⎡
⎣f +

∑

s	=l

SBs
φ

(s)
i

⎤
⎦ on ∂Bl .

Thus, it follows from (4.63) that

φ(l) =
∂(SBl

φ(l))

∂ν(l)

∣∣∣∣
+

− ∂(SBl
φ(l))

∂ν(l)

∣∣∣∣
−

= (kl − 1)
∂(f + Φ)

∂ν(l)

∣∣∣∣
−

on ∂Bl . (4.64)

Therefore, we get

∑

i,j

aibjMij =

m∑

l=1

(kl − 1)

∫

∂Bl

g
∂(f + Φ)

∂ν

∣∣∣∣
−
dσ

=

m∑

l=1

(kl − 1)

∫

∂Bl

(g + Ψ)
∂(f + Φ)

∂ν

∣∣∣∣
−
dσ

−
m∑

l=1

(kl − 1)

∫

∂Bl

Ψ
∂(f + Φ)

∂ν

∣∣∣∣
−
dσ

=

m∑

l=1

(kl − 1)

∫

∂Bl

(g + Ψ)
∂(f + Φ)

∂ν

∣∣∣∣
−
dσ

−
m∑

l=1

∫

∂Bl

Ψ

[
∂(SBl

φ(l))

∂ν

∣∣∣∣
+

− ∂(SBl
φ(l))

∂ν

∣∣∣∣
−

]
dσ .
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Observe now that

m∑

l=1

∫

∂Bl

Ψ
∂(SBl

φ(l))

∂ν

∣∣∣∣
+

dσ =
∑

s,l

∫

∂Bl

SBs
ψ(s) ∂(SBl

φ(l))

∂ν

∣∣∣∣
+

dσ

= −
m∑

l=1

∫

Rd\Bl

∇SBl
ψ(l) · ∇SBl

φ(l) dx

− 1

2

∑

l 	=s

∫

Rd\Bl∪Bs

∇SBs
ψ(s) · ∇SBl

φ(l) dx ,

and on the other hand,

m∑

l=1

∫

∂Bl

Ψ
∂(SBl

φ(l))

∂ν

∣∣∣∣
−
dσ =

∑

s,l

∫

Bl

∇SBs
ψ(s) · ∇SBl

φ(l) dx

=

m∑

l=1

∫

Bl

∇SBl
ψ(l) · ∇SBl

φ(l) dx+
1

2

∑

s	=l

∫

Bl∪Bs

∇SBs
ψ(s) · ∇SBl

φ(l) dx .

Then we finally obtain

∑

i,j

aibjMij =

m∑

l=1

(kl − 1)〈(g + Ψ), (f + Φ)〉Bl

+

m∑

l=1

〈SBl
ψ(l),SBl

φ(l)〉Rd +
1

2

∑

s	=l

〈SBs
ψ(s),SBl

φ(l)〉Rd .

(4.65)

Here, the notation 〈u, v〉D :=
∫

D ∇u · ∇v dx has been used. The symmetry
(4.61) follows immediately from (4.65) and the proof is complete. �

Theorem 4.23 Suppose that either kl − 1 > 0 or kl − 1 < 0 for all l =
1, . . . ,m. Let

κ := max
1≤l≤m

∣∣∣∣1 − 1

kl

∣∣∣∣ .

For any ai such that
∑

i aiy
i is harmonic,

∣∣∣∣∣∣

∑

i,j

aiajMij

∣∣∣∣∣∣
≥ |κ− 1|
m+ 1

m∑

l=1

|kl − 1|
∫

Bl

∣∣∣∣∣∇(
∑

i

aiy
i)

∣∣∣∣∣

2

dy . (4.66)

In particular, if kl − 1 > 0 (resp. < 0) for all l = 1, . . . ,m, then M =

(mpq)
d
p,q=1 is positive (resp. negative) definite and if

∑d
p=1 a

2
p = 1, then

∣∣∣∣∣

d∑

p,q=1

apaqmpq

∣∣∣∣∣ ≥
|κ− 1|
m+ 1

m∑

l=1

|kl − 1| |Bl| .
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Proof. Suppose that either kl − 1 > 0 or kl − 1 < 0 for all l = 1, . . . ,m.
Recall that the quadratic form QD(u) is defined by QD(u) := 〈u, u〉D. It then
follows from (4.65) that

∑

i,j

aiajMij =

m∑

l=1

(kl − 1)QBl
(f + Φ) +

m∑

l=1

QRd(SBl
φ(l))

+
1

2

∑

s	=l

〈SBs
φ(s),SBl

φ(l)〉Rd

=
m∑

l=1

(kl − 1)QBl
(f + Φ) +QRd(Φ) ,

(4.67)

where Φ is defined in (4.62). On the other hand, because of (4.63), we get

(kl − 1)
∂f

∂ν(l)
=

∂Φ

∂ν(l)

∣∣∣∣
+

− kl
∂Φ

∂ν(l)

∣∣∣∣
−

on ∂Bl, l = 1, . . . ,m .

Thus, it follows from (4.64) that

∑

i,j

aiajMij =

m∑

l=1

(kl − 1)

∫

∂Bl

f
∂(f + Φ)

∂ν

∣∣∣∣
−
dσ

=

m∑

l=1

(kl − 1)QBl
(f) +

m∑

l=1

(kl − 1)

∫

∂Bl

∂f

∂ν
Φdσ

=

m∑

l=1

(kl − 1)QBl
(f) +

m∑

l=1

∫

∂Bl

∂Φ

∂ν

∣∣∣∣
+

Φdσ −
m∑

l=1

kl

∫

∂Bl

∂Φ

∂ν

∣∣∣∣
−
Φdσ

=

m∑

l=1

(kl − 1)QBl
(f) −

m∑

l=1

QRd(Φ) −
m∑

l=1

(kl − 1)QBl
(Φ) . (4.68)

By equating (4.67) and (4.68), we have

m∑

l=1

(kl − 1)QBl
(f + Φ) +QRd(Φ)

=

m∑

l=1

(kl − 1)QBl
(f) −

m∑

l=1

QRd(Φ) −
m∑

l=1

(kl − 1)QBl
(Φ) ,

(4.69)

and consequently, one gets

m∑

l=1

(kl − 1)QBl
(f) ≥

m∑

l=1

klQBl
(Φ) . (4.70)
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It also follows from (4.69) that

QRd(Φ) =
1

m+ 1

m∑

l=1

(kl − 1)

[
QBl

(f) −QBl
(f + Φ) −QBl

(Φ)

]
. (4.71)

Substituting (4.71) into (4.67), we obtain

∑

i,j

aiajMij =
m

m+ 1

m∑

l=1

(kl − 1)QBl
(f + Φ)

+
1

m+ 1

m∑

l=1

(kl − 1)

[
QBl

(f) −QBl
(Φ)

]
,

and hence

∑

i,j

aiajMij ≥ 1

m+ 1

m∑

l=1

(kl − 1)

[
QBl

(f) −QBl
(Φ)

]
. (4.72)

But by (4.70), we get

m∑

l=1

(kl − 1)QBl
(Φ) =

m∑

l=1

(kl − 1)

kl
klQBl

(Φ)

≤ κ
m∑

l=1

klQBl
(Φ) ≤ κ

m∑

l=1

(kl − 1)QBl
(f) ,

and hence, (4.66) follows immediately from (4.72). This completes the
proof. �

Based on the definition (4.60), polarization tensors associated with multi-
ple disks and balls are explicitly computed in [29, 220]. We only give in the
next section these calculations in the two-dimensional case. It should also be
noted that Cheng and Greengard gave in Theorem 2.2 of their interesting
paper [91] a solution to the two- and three-disk conductivity problem based
on a method of images.

4.11 Explicit Formulae for the Polarization Tensor of

Multiple Disks

In this section, we explicitly compute the solution φ(l) of the integral equation
(4.58) in the case where all domains Bl are two-dimensional disks. These
calculations are from [29].

Let Bl = Br1(zl) be the disk with center zl and radius rl for l = 1, . . . ,m.
Let Rl, l = 1, . . . ,m, be the reflection with respect to the disk Bl; i.e.,
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Rl(x) :=
r2l (x− zl)
|x− zl|2

+ zl .

We also define the reflection of a function f by

(Rlf)(x) = f(Rl(x)), x ∈ R2, l = 1, . . . ,m .

The following lemma will be useful later.

Lemma 4.24 For a function u harmonic in Bl, we have

SBl

(
∂u

∂ν(l)

∣∣
∂Bl

)
(x) = −1

2
Rlu(x) +

1

2
u(zl), x ∈ R2 \Bl . (4.73)

Proof. By (2.27), we have

∂

∂ν(l)
SBl

(
∂u

∂ν(l)

∣∣
∂Bl

) ∣∣∣∣
+

(x) = (
1

2
I + K∗

Bl
)

(
∂u

∂ν(l)

∣∣
∂Bl

)
(x), x ∈ ∂Bl .

Since Bl is a disk and
∫

∂Bl

∂u
∂ν(l) dσ = 0, one can get that K∗

Bl
( ∂u

∂ν(l)

∣∣
∂Bl

) = 0

on ∂Bl. Therefore, we get

∂

∂ν(l)
SBl

(
∂u

∂ν(l)

∣∣
∂Bl

) ∣∣∣∣
+

(x) =
1

2

∂u

∂ν(l)

∣∣
∂Bl

(x) ,

and thus

SBl

(
∂u

∂ν(l)

∣∣
∂Bl

)
(x) = −1

2
Rlu(x) + C

for some constant C. Since
∫

∂Bl

∂u
∂ν(l) dσ = 0 and hence SBl

( ∂u
∂ν(l)

∣∣
∂Bl

)(x) → 0

as |x| → +∞, we have C = (1/2)u(zl). This completes the proof. �

Our main result in this section is the following theorem.

Theorem 4.25 For l = 1, . . . ,m, let

Sl = {Θ = (p1, · · · , pn), n ∈ N, ps ∈ {1, · · · ,m} : p1 �= l, ps �= ps+1} .
For Θ = (p1, . . . , pn) ∈ Sl, let

RΘ = Rp1Rp2 · · ·Rpn
and ΛΘ =

n∏

s=1

(
− 1

2λps

)
.

Then, for a given harmonic function H, the solution of (4.58) is given by

φ(l) =
1

λl

∑

Θ∈Sl

ΛΘ
∂

∂ν(l)
(RΘH)

∣∣∣
∂Bl

+
1

λl

∂H

∂ν(l)

∣∣∣
∂Bl

, l = 1, · · · ,m , (4.74)

provided that

min
1≤s	=s′≤m

dist(Bs, Bs′) > (
√
m− 1 − 1) max

1≤s≤m
rs . (4.75)

The series in (4.74) converges absolutely.
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Proof. We first prove that the series in (4.74) converges absolutely on ∂Bl.
Observe that

|∇(RΘH)(x)| ≤ |RΘ∇H(x)|
n∏

s=1

∣∣DRps
(Rps−1 · · ·Rp1(x))

∣∣ . (4.76)

Assuming (4.75) and using

|DRs(x)| ≤
r2s

|x− zs|2
, x ∈ R2 \Bs, s = 1, . . . ,m , (4.77)

it follows from (4.76) that for x ∈ ∂Bl we have

|∇(RΘH)(x)| ≤ Λ
n∏

s=1

r2ps

(c+ rps
)2

≤ Λ
(

rmax

(c+ rmax)

)2n

< Λ

(
δ

m− 1

)n

(4.78)
for some δ < 1, where

c = min
1≤s	=s′≤m

dist(Bs, Bs′), rmax = max
1≤s≤m

rs, and Λ = ‖∇H‖L∞(
⋃

m
s=1 Bs) .

Note that the number of those Θ’s, which have n components, is (m− 1)n. It
can be deduced from (4.78) that for x ∈ ∂Bl,

∑

Θ∈Sl

∣∣∣∣ΛΘ
∂

∂ν(l)
(RΘH)(x)

∣∣∣∣ ≤ Λ
+∞∑

n=1

(
δ

m− 1

)n

(m− 1)n < C ,

for some constant C independent of x.
We now prove that φ(l) satisfies (4.58). Let us first observe the following:

For each l = 1, . . . ,m,

⋃

s	=l

{
(s,Θ), (s) | Θ ∈ Ss

}
= Sl . (4.79)

Recalling that K∗
Bl
φ(l) = 0, l = 1, . . . ,m, and using (4.73), (4.74), and (4.79),

we arrive at

∑

s	=l

∂(SBs
φ(s))

∂ν(l)

∣∣
∂Bl

=
∑

s	=l

∂

∂ν(l)

(
−1

2λs
Rs

[ ∑

Θ∈Ss

ΛΘ(RΘH) +H
]
)

=
∑

Θ∈Sl

ΛΘ
∂

∂ν(l)
(RΘH)

= λlφ
(l) − ∂H

∂ν(l)

∣∣
∂Bl

,

which is exactly the desired result. �

An immediate application of the above theorem is the derivation of the
explicit form of the first-order polarization tensor.
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Theorem 4.26 Suppose d = 2. The first-order polarization tensor (mpq)p,q=1,2

is given by

mpq =

m∑

l=1

|Bl|
1

λl

[
∑

Θ∈Sl

ΛΘ
∂

∂xq
(RΘ(xp))(zl) + δpq

]
, p, q = 1, 2 , (4.80)

provided that (4.75) is fulfilled.

Proof. Let H(x) = xp and φ
(l)
p be the corresponding solution of (4.58). Then

by (4.74), we have

φ(l)
p =

1

λl

∂

∂ν(l)

[
∑

Θ∈Sl

ΛΘ(RΘ(xp)) +H

]
, p = 1, 2, l = 1, · · · ,m .

It then follows from the divergence theorem and the mean value property of
harmonic functions that
∫

∂Bl

xqφ
(l)
p dσ =

1

λl

[
∑

Θ∈Sl

ΛΘ

∫

∂Bl

xq
∂

∂ν(l)
(RΘ(xp))(x) dσ +

∫

∂Bl

xq
∂xp

∂ν(l)
dσ

]

=
1

λl

[
∑

Θ∈Sl

ΛΘ

∫

Bl

∂

∂xq
(RΘ(xp))(x) dσ + δpq|Bl|

]

= |Bl|
1

λl

[
∑

Θ∈Sl

ΛΘ
∂

∂xq
(RΘ(xp))(zl) + δpq

]
.

Thus we get the explicit expression (4.80) as desired. �

Let us now write formulae (4.74) and (4.80) in a more explicit way assum-
ing that there are only two disk-shaped inclusions. We note that in this case
the assumption (4.75) is trivially fulfilled. If m = 2, then RΘ for Θ ∈ S1 takes
the form

RΘ = (R2R1)
sR2R

n
1 for some s = 0, 1, . . . , and n = 0, 1 , (4.81)

and RΘ for Θ ∈ S2 becomes

RΘ = (R1R2)
sR1R

n
2 for some s = 0, 1, . . . , and n = 0, 1 . (4.82)

Here R0
p = I, p = 1, 2.

Corollary 4.27 If m = 2, then the solution (φ(1), φ(2)) of the integral equa-
tion (4.58) is given by

φ(1) =
1

λ1

+∞∑

s=0

1

(4λ1λ2)s

∂

∂ν(1)

[
(R2R1)

s(I − 1

2λ2
R2)H

]∣∣∣
∂B1

,

φ(2) =
1

λ2

+∞∑

s=0

1

(4λ1λ2)s

∂

∂ν(2)

[
(R1R2)

s(I − 1

2λ1
R1)H

]∣∣∣
∂B2

.

(4.83)
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Proof. It follows from (4.74), (4.81), and (4.82) that

φ(1) =
1

λ1

∂

∂ν(1)

×
[

+∞∑

s=0

1

(4λ1λ2)s
(R2R1)

s
(
− 1

2λ2
R2 +

1

4λ1λ2
R2R1

)
H +H

]∣∣∣∣∣
∂B1

,

φ(2) =
1

λ2

∂

∂ν(2)

×
[

+∞∑

s=0

1

(4λ1λ2)s
(R1R2)

s
(
− 1

2λ1
R1 +

1

4λ1λ2
R1R2

)
H +H

]∣∣∣∣∣
∂B2

.

By rearranging the summations, we get (4.83). �

Corollary 4.28 Let m = 2. Suppose that the centers of the disks B1 and B2

are on the x1-axis. Then the polarization tensor mpq is given by

m12 = m21 = 0 ,

m11 =
|B1|
λ1

+
|B2|
λ2

+
|B1|
λ1

+∞∑

s=0

1

(4λ1λ2)s

[
(R2R1)

s
( 1

2λ2
g2

+
1

4λ1λ2
R2(g1)g2

) s−1∏

s′=0

(R2R1)
s′

(R2(g1)g2)

]
(z1)

+
|B2|
λ2

+∞∑

s=0

1

(4λ1λ2)s

[
(R1R2)

s
( 1

2λ1
g1

+
1

4λ1λ2
R1(g2)g1

) s−1∏

s′=0

(R1R2)
s′

(R1(g2)g1)

]
(z2) ,

m22 =
|B1|
λ1

+
|B2|
λ2

+
|B1|
λ1

+∞∑

s=0

1

(4λ1λ2)s

[
(R2R1)

s
(
− 1

2λ2
g2

+
1

4λ1λ2
R2(g1)g2

) s−1∏

s′=0

(R2R1)
s′

(R2(g1)g2)

]
(z1)

+
|B2|
λ2

+∞∑

s=0

1

(4λ1λ2)s

[
(R1R2)

s
(
− 1

2λ1
g1

+
1

4λ1λ2
R1(g2)g1

) s−1∏

s′=0

(R1R2)
s′

(R1(g2)g1)

]
(z2) ,
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where the functions g1 and g2 are defined by

gp(x) :=
r2p

|x− zp|2
, x ∈ R2 \Bp, p = 1, 2 .

Proof. By Theorem 4.26, (4.81), and (4.82), we have

mpq =
|B1|
λ1

[+∞∑

s=0

(4λ1λ2)
−s ∂

∂xq

(
(R2R1)

s(− 1

2λ2
R2

+
1

4λ1λ2
R2R1)(xp)

)
(z1) + δpq

]

+
|B2|
λ2

[+∞∑

s=0

(4λ1λ2)
−s ∂

∂xq

(
(R1R2)

s(− 1

2λ1
R1

+
1

4λ1λ2
R1R2)(xp)

)
(z2) + δpq

]
.

Easy computations show that for x on the x1-axis,

DRp(x) = gp(x)

(
−1 0
0 1

)
, p = 1, 2 ,

and

∇Rpf(x) = gp(x)

(
−1 0
0 1

)
· (Rp∇f)(x), p = 1, 2 .

Therefore we get for H = xp,

∇
(
(R2R1)

sR2(H)
)
(x)

=

[
(R2R1)

sg2(x)
s−1∏

s′=0

(R2R1)
s′

(R2(g1)g2)(x)

](
−1 0
0 1

)
· ∇H ,

∇
(
(R2R1)

sR2R1(H)
)
(x) =

[
s∏

s′=0

(R2R1)
s′

(R2(g1)g2)(x)

](
1 0
0 1

)
· ∇H .

One can get similar formulae for ∇((R1R2)
sR1(H)) and ∇((R1R2)

sR1R2(H)).
By substituting these formulae into the first equation of the proof, we obtain
Corollary 4.28. �

4.11.1 Representation by Equivalent Ellipses

Suppose d = 2, and let M = (mpq)
2
p,q=1 be the first-order polarization tensor

of the inclusions ∪m
s=1Bs. We define the overall conductivity k of B = ∪m

s=1Bs

by

k − 1

k + 1

m∑

s=1

|Bs| :=
m∑

s=1

ks − 1

ks + 1
|Bs| (4.84)
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and its center z by

k − 1

k + 1
z

m∑

s=1

|Bs| =

m∑

s=1

ks − 1

ks + 1

∫

Bs

xdx . (4.85)

Note that, if ks is the same for all s, then k = ks and z is the center of mass
of B.

In this section we represent and visualize the multiple inclusions ∪m
s=1Bs

by means of an ellipse E of center z with the same polarization tensor. We
call E the equivalent ellipse of ∪m

s=1Bs.
At this point let us review a method to find an ellipse from a given first-

order polarization tensor. This method is due to Brühl, Hanke, and Vogelius
[73] and is based on Proposition 4.6. Let E ′ be an ellipse whose semi-axes are
on the x1- and x2-axes and of length a and b, respectively. Let E = RE ′, where

R =

(
cos θ − sin θ
sin θ cos θ

)
and θ ∈ [0, π]. Let M be the polarization tensor of E . We

want to recover a, b, and θ from M knowing the conductivity k = k.
Recall that the polarization tensor M ′ for E ′ takes the form

M ′ = (k − 1)|E ′|

⎛
⎜⎝

a+ b

a+ kb
0

0
a+ b

b+ ka

⎞
⎟⎠ ,

and that of E is given by M = RM ′RT . Suppose that the eigenvalues of M
are κ1 and κ2 and corresponding eigenvectors of unit length are (e11, e12)

T

and (e21, e22)
T . Then it can be shown that

a =

√
p

πq
, b =

√
pq

π
, θ = arctan

e21
e11

,

where
1

p
=
k − 1

k + 1

(
1

κ1
+

1

κ2

)
and q =

κ2 − kκ1

κ1 − kκ2
.

We now show some numerical examples of equivalent ellipses. We repre-
sent the set of inclusions B = ∪m

s=1Bs by an equivalent ellipse of center z and
conductivity k. We assume that the inclusion Bs takes the following form:

∂Bs =

{(
as
0 + as

1 cos(t) + as
2 cos(2t), bs0 + bs1 sin(t) + bs2 sin(2t)

)
, 0 ≤ t < 2π

}
.

In order to evaluate the first-order polarization tensor of multiple inclusions,

we solve the integral equation (2.65) with H(x) = xp to find φ
(s)
p for p = 1, 2

and s = 1, . . . ,m, and then we calculate
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15

Fig. 4.3. When the two disks have the same radius and the conductivity of the
one on the right-hand side is increasing, the equivalent ellipse moves toward the
right inclusion. In the table k and z are the overall conductivity and center defined
by (4.84) and (4.85) and a, b, θ are the semi-axes lengths and angle of orientation
measured in radians of the equivalent ellipse.

mpq =
m∑

s=1

∫

∂Bs

xqφ
(s)
p (x) dσ(x) .

Figures 4.3 and 4.4 show how the equivalent ellipse changes as the con-
ductivities and the sizes of the inclusions Bs vary. The solid line represents
the actual inclusions, and the dashed lines are the equivalent ellipses.

The above calculation extends to the three-dimensional case. Based on the
analytical expression (4.14), the parameters a, b, and c of an ellipsoid B can
be recovered from the eigenvalues of its polarization tensor M(k,B).

4.12 Anisotropic Polarization Tensors

In this section we define and prove some important properties of the (general-
ized) anisotropic polarization tensors (APTs) associated with an anisotropic
inclusion embedded in an anisotropic background.

Let B be a bounded Lipschitz domain in Rd, d = 2, 3. Suppose that the
conductivity of B is Ã and that of Rd \ B is A, where A and Ã are constant
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Fig. 4.4. When the conductivities of the two disks are the same and the radius of
the disk on the right-hand side is increasing, the equivalent ellipse moves toward the
right inclusion.

d× d positive-definite symmetric matrices with A �= Ã. The matrix Ã−A is
assumed to be either positive-definite or negative-definite. The conductivity
profile of B is

γB := χ(Rd \B)A+ χ(B)Ã .

We now define APT, as follows.

Definition 4.29 For a multi-index i ∈ Nd with |i| ≥ 1, let (fi, gi) ∈
L2(∂B) × L2(∂B) be the unique solution to

⎧
⎨
⎩
SÃ

Bfi − SA
Bgi = xi

ν · Ã∇SÃ
Bfi|− − ν · A∇SA

Bgi|+ = ν ·A∇xi
on ∂B . (4.86)

For a pair of multi-indices i, j ∈ Nd, define the generalized anisotropic polar-
ization tensors associated with the domain B and anisotropic conductivities
Ã and A, or the conductivity profile γB, by

Mij = Mij(A, Ã, B) =

∫

∂B

xjgi(x) dσ(x) .

When i = ep and j = eq for p, q = 1, · · · , d, where (e1, . . . , ed) is the standard
basis for Rd, denote Mij by M := (mpq)p,q=1,...,d with
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mpq =

∫

∂B

xqgp(x) dσ(x) .

Here gp = gi for i = ep.

We note that the first-order APT was first introduced in [175] and it is
proved there that M is symmetric and positive (negative, resp.) definite if

Ã − A is positive (negative, resp.) definite. The generalized APTs enjoy the
same properties.

Before establishing these properties, we first demonstrate that the APTs
are a natural extension of the generalized polarization tensors for the isotropic
case.

For a multi-index i ∈ Nd with |i| ≥ 1, let

θi := (SÃ
Bfi)χ(B) + (SA

Bgi)χ(Rd \B) .

Then θi is the solution to the following transmission problem:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇ · (A∇θi) = 0 in Rd \B ,
∇ · (Ã∇θi) = 0 in B ,

θi|− − θi|+ = xi on ∂B ,

ν · Ã∇θi|− − ν · A∇θi|+ = ν ·A∇xi on ∂B ,

θi(x) → 0 as |x| → +∞ if d = 3 ,

θi(x) −
1

2π
√

det(A)
ln ||A∗x||

∫

∂B

θi(y) dσ(y) → 0 as |x| → +∞ if d = 2 .

(4.87)
It then follows from (2.85) and (4.86) that for any pair of multi-indices i, j,

Mij =

∫

∂B

xjgi dσ

=

∫

∂B

xj(ν · A∇SA
Bgi|+ − ν ·A∇SA

Bgi|−) dσ

=

∫

∂B

xj(ν · Ã∇SÃ
Bfi|− − ν ·A∇xi) dσ −

∫

∂B

ν ·A∇xj(SÃ
Bfi − xi) dσ

=

∫

∂B

(
ν · (Ã−A)∇xj

)
θi|− dσ .

In particular, if A and Ã are isotropic, or A = I and Ã = kI, where I is the
identity matrix, then

Mij = (k − 1)

∫

∂B

∂xj

∂ν
θi dσ = (k − 1)

[∫

∂B

xj ∂x
i

∂ν
+

∫

∂B

xj ∂θi
∂ν

∣∣∣
+
dσ

]
,

which is exactly (up to a multiplicative constant) the isotropic generalized
polarization tensor as defined in (4.10), since
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θi =

{
(k − 1)ψi in Rd \B ,
(k − 1)ψi + xi in B ,

where ψi is the solution of (4.6).
Next, we write a transformation formula for the first-order APT. We de-

note the first-order APT, M = (mpq)1≤p,q≤d, which is associated with the

conductivity distribution γB by M(A, Ã;B). Then the following lemma can
be proved by a simple change of variables.

Lemma 4.30 For any unitary transformation R, the following holds:

M(A, Ã;B) = RM(RTAR,RT ÃR;R−1(B))RT ,

where T denotes the transpose.

Finally, we derive an explicit formula for the first-order APT M(I, Ã;B)
due to Kang and Kim [176]. Define (f, g) ∈ L2(∂B)×L2(∂B) as the solution of

{
SÃ

Bf − SBg = x

ν · Ã∇SÃ
Bf |− − ν · ∇SBg|+ = ν · ∇x

on ∂B .

As in the derivation of formula (4.13), we write

M(I, Ã;B) =

∫

∂B

xg(x) dσ(x)

=

∫

∂B

x

(
ν · ∇SBg|+ − ν · ∇SBg|−

)
(x) dσ(x)

=

∫

∂B

xν ·
(
Ã∇SÃ

Bf |− −∇x−∇SBg|−
)

(x) dσ(x) .

Since ∇ · (Ã∇x) = 0, by integrating by parts, we see that

∫

∂B

xν · Ã∇SÃ
Bf |−(x) dσ(x) =

∫

∂B

ν · ∇(Ãx)SÃ
Bf(x) dσ(x) ,

and hence, a straightforward calculation shows that

M(I, Ã;B) = (Ã− I)
∫

∂B

x(−1

2
I + K∗

B)(g)(x) dσ(x) + (Ã− I)|B| .

Using (2.23), we obtain the formula below.

Proposition 4.31 If B is an ellipse whose semi-axes are on the x1-and x2-
axes and of length a and b, respectively, then its first-order APT M(I, Ã;B)
takes the form

M(I, Ã;B) = |B|
(
I + (Ã− I)(1

2
I − C)

)−1

(Ã− I) ,
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where the matrix

C =
a− b

2(a+ b)

(
1 0

0 −1

)
.

In particular, if B is a disk, then

M(I, Ã;B) = 2|B|(Ã+ I)−1(Ã− I) . (4.88)

For an arbitrary ellipse whose semi-axes are not aligned with the coordi-
nate axes, one can use Lemma 4.30 to compute its first-order APT.

We are now ready to prove some important properties of the APT such as
symmetry and positivity. For the first-order APT these properties were ob-
tained in [175]. The estimates for positivity of generalized APTs established
in [28] give better results than the ones in [175].

With definition 2.43, we state and prove the following result.

Theorem 4.32 (Symmetry) Let I and J be finite sets of multi-indices, and
let {ai|i ∈ I} and {bj|j ∈ J} be such that

∑
i∈I aix

i and
∑

j∈J bjx
j are A-

harmonic. Then ∑

i∈I

∑

j∈J

aibjMij =
∑

i∈I

∑

j∈J

aibjMji . (4.89)

In particular, mpq = mqp, p, q = 1, · · · , d.

Proof. Let

v1(x) =
∑

i∈I

aix
i , v2(x) =

∑

j∈J

bjx
j ,

ψ1(x) =
∑

i∈I

aifi(x) , ψ2(x) =
∑

j∈J

bjfj(x) ,

φ1(x) =
∑

i∈I

aigi(x), φ2(x) =
∑

j∈J

bjgj(x) ,

where (fi, gi) is the solution to (4.86). Then, we get

∑

i∈I

∑

j∈J

aibjMij =

∫

∂B

(∑

j∈J

bjx
j
)(∑

i∈I

aigi(x)
)
dσ =

∫

∂B

v2(x)φ1(x) dσ .

One can see from the linearity of the integral equation that (ψp, φp), p = 1, 2,
is the solution to

{
SÃ

Bψp − SA
Bφp = vp

ν · Ã∇SÃ
Bψp|− − ν · A∇SA

Bφp|+ = ν · A∇vp
on ∂B . (4.90)
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It then follows from (4.90) and the jump relations that

∑

i∈I

∑

j∈J

aibjMij =

∫

∂B

v2
(
ν ·A∇SA

Bφ1|+ − ν · A∇SA
Bφ1|−

)

=

∫

∂B

v2

(
ν · Ã∇SÃ

Bψ1|− − ν ·A∇v1
)
−
∫

∂B

v2ν ·A∇SA
Bφ1|−

=

∫

∂B

(SÃ
Bψ2 − SA

Bφ2)ν · Ã∇SÃ
Bψ1|− −

∫

∂B

v2ν ·A∇v1 −
∫

∂B

SA
Bφ1ν · A∇v2

=

∫

∂B

SÃ
Bψ2ν · Ã∇SÃ

Bψ1|− −
∫

∂B

SA
Bφ2

(
ν ·A∇SA

Bφ1|+ + ν · A∇v1
)

−
∫

∂B

v2ν · A∇v1 −
∫

∂B

SA
Bφ1ν · A∇v2 .

Thus we arrive at

∑

i∈I

∑

j∈J

aibjMij =

∫

B

Ã∇SÃ
Bψ1 · ∇SÃ

Bψ2 +

∫

Rd\B

A∇SA
Bφ1 · ∇SA

Bφ2

−
∫

B

A∇v1 · ∇v2 −
∫

∂B

(
SA

Bφ2ν · A∇v1 + SA
Bφ1ν · A∇v2

)
. (4.91)

Similarly, we get

∑

i∈I

∑

j∈J

aibjMji =

∫

B

Ã∇SÃ
Bψ2 · ∇SÃ

Bψ1 +

∫

Rd\B

A∇SA
Bφ2 · ∇SA

Bφ1

−
∫

B

A∇v2 · ∇v1 −
∫

∂B

(
SA

Bφ1ν · A∇v2 + SA
Bφ2ν · A∇v1

)
. (4.92)

Since A and Ã are symmetric matrices, the proof is completed. �

The formula (4.91) says, in particular, that

∑

i,j∈I

aiajMij =

∫

B

Ã∇SÃ
Bψ · ∇SÃ

Bψ +

∫

Rd\B

A∇SA
Bφ · ∇SA

Bφ

−
∫

B

A∇v · ∇v − 2

∫

∂B

SA
Bφν ·A∇v dσ , (4.93)

where ψ := ψ1 = ψ2, φ := φ1 = φ2, and v = v1 = v2 in the proof of Theorem
4.32. Define

w =

{
SÃ

Bψ − v in B ,

SA
Bφ in Rd \B .

(4.94)
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It then follows from (4.93) that

∑

i,j∈J

aiajMij =

∫

B

Ã∇(w + v) · ∇(w + v) +

∫

Rd\B

A∇w · ∇w

−
∫

B

A∇v · ∇v − 2

∫

∂B

wν ·A∇v dσ

=

∫

Rd

γB∇w · ∇w + 2

∫

B

(Ã− A)∇w · ∇v +

∫

B

(Ã−A)∇v · ∇v . (4.95)

Observe from (4.90) that w satisfies
{
∇ · (γB∇(w + v)) = 0 in Rd ,

w(x) = O(|x|1−d) as |x| → +∞ .
(4.96)

Since ν ·A∇v|+ = ν · A∇v|− on ∂B, it follows from (4.96) that
∫

Rd

γB(∇w + χ(B)(I − Ã−1A)∇v) · ∇f (4.97)

=

∫

B

(
Ã∇w + (Ã−A)∇v

)
· ∇f +

∫

Rd\B

A∇w · ∇f

=

∫

∂B

(
ν · Ã∇(w + v)|− − ν ·A∇(w + v)|+

)
f dσ = 0 ,

for all f ∈ Wd(Rd). Hence (4.97) yields that w is the minimizer of the func-
tional

IB(f) =

∫

Rd

γB(∇f+χ(B)(I−Ã−1A)∇v)·(∇f+χ(B)(I−Ã−1A)∇v) , (4.98)

namely,
IB(w) = inf

f∈Wd(Rd)
IB(f) . (4.99)

Moreover, by substituting w in place of f in (4.97), we get
∫

B

(Ã−A)∇w · ∇v = −
∫

Rd

γB∇w · ∇w , (4.100)

and hence

IB(w) =

∫

Rd

γB(∇w + χ(B)(I − Ã−1A)∇v) · (∇w + χ(B)(I − Ã−1A)∇v)

=

∫

Rd

γB∇w · ∇w + 2

∫

Rd

γB∇w · χ(B)(I − Ã−1A)∇v

+

∫

B

(Ã−A)∇v · (I − Ã−1A)∇v

= −
∫

Rd

γB∇w · ∇w +

∫

B

(Ã−A)∇v · (I − Ã−1A)∇v . (4.101)
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It then follows from (4.95), (4.100), and (4.101) that

∑

i,j∈J

aiajMij = −
∫

Rd

γB∇w · ∇w +

∫

B

(Ã−A)∇v · ∇v

= IB(w) +

∫

B

(Ã−A)∇v · Ã−1A∇v .

In conclusion, we obtain

∑

i,j∈J

aiajMij = inf
f∈Wd(Rd)

IB(f) +

∫

B

(Ã−A)∇v · Ã−1A∇v . (4.102)

Theorem 4.33 Let {ai|i ∈ J} be a set of coefficients such that v(x) =∑
i∈J aix

i is A-harmonic. Then we obtain the following bounds:

∫

B

(Ã−A)∇v · Ã−1A∇v ≤
∑

i,j∈J

aiajMij ≤
∫

B

(Ã−A)∇v · ∇v . (4.103)

Proof. We obtain the first inequality since IB(f) ≥ 0 for all f ∈Wd(Rd) and
the second one by applying f = 0. �

By taking v(x) = ξ · x for ξ ∈ Rd, we get the following corollary for the
first-order APT.

Corollary 4.34 Let M = (Mij)|i|=|j|=1 be the matrix of the first-order APT.
Then

|B|(Ã −A)ξ · Ã−1Aξ ≤Mξ · ξ ≤ |B|(Ã −A)ξ · ξ, ξ ∈ Rd . (4.104)

In particular, M is positive (negative, resp.) definite if Ã−A is positive (neg-
ative, resp.) definite.

As an immediate consequence of (4.103), we obtain the following estimates
for the isotropic case.

Corollary 4.35 Let A = γI and Ã = γ̃I for positive constants γ and γ̃ with
γ �= γ̃, and let {ai|i ∈ J} be a set of coefficients such that v =

∑
i∈I aix

i is har-
monic, where J is a set of multi-indices. Then we get the following inequalities:

γ

γ̃
(γ̃ − γ)

∫

B

|∇v|2 ≤
∑

i,j∈J

aiajMij ≤ (γ̃ − γ)
∫

B

|∇v|2 . (4.105)

In particular, if κ is an eigenvalue of the polarization tensorM = (mij)|i|=|j|=1,
then

γ

γ̃
(γ̃ − γ)|B| ≤ κ ≤ (γ̃ − γ)|B| . (4.106)

Taking γ = 1 and γ̃ = k, we return once again to the estimate in Lemma
4.14.
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4.13 Further Results and Open Problems

In this chapter we have examined symmetry, positivity, isoperimetric inequal-
ities, and monotonicity properties of the GPTs along with their relationship
to the harmonic moments of the inclusion. It has also been observed that the
knowledge of all the GPTs uniquely determines the DtN map and, hence,
the shape and the conductivity of the inclusion. Many important questions
remain. In particular, it would be interesting to know how much information
one can get from the knowledge of a finite number of these GPTs. Of similar
importance would be the question of the quantification of the stability of the
inverses of the maps (k,B) →Mij(k,B) and (A, Ã, B) →Mij(A, Ã, B).

In the interesting work of Capdeboscq and Vogelius [81, 82, 83], a (first-
order) polarization tensor concerning bounded measurable sets ωǫ of small
Lebesgue measure has been introduced. In the particular case for which
ωǫ =

∑m
s=1 ǫBs+zs, where {zs} is a set ofm distinct points, and each Bs ∈ Rd

is a bounded, Lipschitz domain containing the origin, their polarization re-
duces to the one studied in this chapter. As pointed out in [81], it may be
impossible to construct higher-order polarization tensors in the general setting
provided by Capdeboscq and Vogelius.





5

Full Asymptotic Formula for the Potentials

Introduction

In this chapter we derive full asymptotic expansions of the steady-state volt-
age potentials in the presence of a finite number of diametrically small in-
clusions with conductivities different from the background conductivity. The
derivations are rigorous and based on layer potential techniques and the de-
composition formulae (2.63) and (2.89) of the steady-state voltage potentials
into a harmonic part and a refraction part. The asymptotic expansions in
this chapter are valid for inclusions with Lipschitz boundaries and those with
extreme conductivities (zero or infinite conductivity).

One of the main results of this chapter is the full asymptotic expansion of
the solution u of

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∇ ·
(
χ

(
Ω \

m⋃

s=1

Ds

)
+

m∑

s=1

ksχ(Ds)

)
∇u = 0 in Ω ,

∂u

∂ν

∣∣∣∣
∂Ω

= g .

(5.1)

The leading-order term in this asymptotic formula, which expresses that the
conductivity inclusion can be modeled by a dipole has been derived by Cedio-
Fengya, Moskow, and Vogelius [84]; see also the prior work of Friedman and
Vogelius [132] for the case of perfectly conducting or insulating inclusions. A
very general representation formula for the boundary voltage perturbations
caused by the internal conductivity inclusions of small volume fraction has
been obtained by Capdeboscq and Vogelius [81].

Theorem 5.1 Suppose that the inclusion consists of a single component,
D = ǫB + z, and let u be the solution of (5.1). The following pointwise
asymptotic expansion on ∂Ω holds for d = 2, 3:
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u(x) = U(x) − ǫd−2
n∑

|i|=1

n−|i|+1∑

|j|=1

ǫ|i|+|j|

i!j!

×
[((

I +

n+2−|i|−|j|−d∑

p=1

ǫd+p−1Qp

)
(∂lU(z))

)

i

Mij∂
j
zN(x, z)

]

+O(ǫd+n) ,

(5.2)

where the remainder O(ǫd+n) is dominated by Cǫd+n‖g‖L2(∂Ω) for some C
independent of x ∈ ∂Ω. Here U is the background solution; N(x, z) is the
Neumann function, that is, the solution to (2.49); Mij, i, j ∈ Nd, are the gen-
eralized polarization tensors introduced in (4.4); and the matrix Qp is defined
in (5.18).

In particular, if n = d, then we simplify formula (5.2) to obtain:

u(x) = U(x) −
d∑

|i|=1

d−|i|+1∑

|j|=1

ǫ|i|+|j|+d−2

i!j!
∂iU(z)Mij∂

j
zN(x, z) + O(ǫ2d) . (5.3)

We have a similar expansion for the solutions of the Dirichlet problem
(Theorem 5.7).

In the expression (5.3), the remainder O(ǫ2d) is dominated by C′ǫ2d, where
the constant C′ can be precisely quantified in terms of the Lipschitz character
of B and dist(D, ∂Ω); see [43, 13].

The constant C′ blows up if dist(D, ∂Ω) → 0 or B has a “bad” Lipschitz
character; i.e., the constant C in (2.43) goes to +∞ (or, in view of Lemma
2.22, δ(B) = minx∈∂B〈x, νx〉 → 0 if B is a star-shaped domain with respect
to the origin in two-dimensional space).

When B has a “bad” Lipschitz character we must use, in place of (5.3), the
asymptotic formula corresponding to a small thin inclusion, which has been
formally derived by Beretta, Mukherjee, and Vogelius in [65] and rigorously
justified by Beretta, Francini, and Vogelius in their recent paper [64]; see also
[63].

In the case where the small inclusion is nearly touching the boundary
(dist(D, ∂Ω) → 0) a more complicated asymptotic formula first established in
[13] should be used instead of (5.3). The dipole-type expansion (5.3) is valid
when the potential u within the inclusion D is nearly constant. On decreasing
dist(D, ∂Ω), this assumption begins to fail because higher-order multi-poles
become significant due to the interaction between D and ∂Ω. Chapter 6 will
provide some essential insight for understanding this interaction.

The derivation of the asymptotic expansions for any fixed number m of
well-separated inclusions (these are a fixed distance apart) follows by iter-
ation of the arguments that we will present for the case m = 1. In other
words, we may develop asymptotic formulae involving the difference between
the fields u and U on ∂Ω with s inclusions and those with s − 1 inclusions,
s = m, . . . , 1, and then at the end essentially form the sum of thesem formulae
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(the reference fields change, but that may easily be remedied). The derivation
of each of the m formulae is virtually identical. Suppose D takes the form
D = ∪m

s=1(ǫsBs + zs), and the conductivity of the inclusion ǫsBs + zs is ks,
s = 1, . . . ,m, then by iterating the formula (5.3) we can derive the following
expansion in the case when there are several well-separated inclusions:

u(x) = U(x) −
m∑

s=1

d∑

|i|=1

d−|i|+1∑

|j|=1

ǫ
|i|+|j|+d−2
s

i!j!
∂iU(zs)Mij(ks, Bs)∂

j
zN(x, zs)

(5.4)
+O(ǫ2d) .

5.1 Energy Estimates

Let us begin with the following estimate of the trace of u−U on the boundary
∂Ω.

Proposition 5.2 If ∂Ω and ∂D are Lipschitz boundaries, then a positive
constant C exists independent of ǫ, k, and g such that, for ǫ small enough,

||u− U ||L2(∂Ω) ≤

⎧
⎨
⎩
C(k − 1) ||g||L2(∂Ω)ǫ

d if k > 1 ,

C(
1

k
− 1) ||g||L2(∂Ω)ǫ

d if 0 < k < 1 .

Proof. We first observe that

DΩ(u − U)(x) = H(x) , x ∈ Rd \Ω , (5.5)

which follows immediately from the fact that DΩ(U |∂Ω)(x) − SΩ(g)(x) = 0
for x ∈ Rd \Ω.

Recall that according to (2.43), a positive constant C exists that depends
only on the Lipschitz character of Ω such that

||f ||L2(∂Ω) ≤ C
∥∥∥∥(−

1

2
I + KΩ)f

∥∥∥∥
L2(∂Ω)

∀ f ∈ L2
0(∂Ω) . (5.6)

Employing this inequality, we write

||u− U ||2L2(∂Ω) ≤ C||(−
1

2
I + KΩ)(u− U)||2L2(∂Ω) .

It then follows from the jump formula (2.28) that

||u− U ||2L2(∂Ω) ≤ C lim
t→0+

∫

∂Ω

∣∣∣∣DΩ(u− U)(x+ tνx)

∣∣∣∣
2

dσ(x) ,
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which gives with the help of (2.71) and (5.5) that

||u− U ||2L2(∂Ω) ≤ C(k − 1)2
∫

∂Ω

∣∣∣∣
∫

D

∇yΓ (x− y) · ∇u(y) dy
∣∣∣∣
2

dσ(x) .

Thus we get by the Cauchy–Schwarz inequality

||u−U ||2L2(∂Ω) ≤ C(k− 1)2(

∫

D

|∇u(y)|2 dy)
∫

∂Ω

(

∫

D

|∇yΓ (x− y)|2 dy) dσ(x) .
(5.7)

If k > 1, then using the energy identity (2.82), we arrive at

||u− U ||L2(∂Ω) ≤ C(k − 1)||g||L2(∂Ω)

∫

∂Ω

(

∫

D

|∇yΓ (x− y)|2 dy) dσ(x) .

But a positive constant C exists depending only on |B| and dist(D, ∂Ω) such
that ∫

∂Ω

(

∫

D

|∇yΓ (x− y)|2 dy) dσ(x) ≤ Cǫd ,

for ǫ small enough. Inserting this into the above inequality immediately yields
the desired estimate for k > 1.

If 0 < k < 1, then by using (2.83), we have
∫

D

|∇u(y)|2 dy ≤ 2

∫

D

|∇(u− U)(y)|2 dy + 2

∫

D

|∇U(y)|2 dy

≤ 2

k

∫

Ω

(
1 + (k − 1)χ(D)

)
|∇(u− U)(y)|2 dy + 2

∫

D

|∇U(y)|2 dy

≤ 2

k(1 − k) ||u− U ||L2(∂Ω)||g||L2(∂Ω) .

Here we have used the energy identity (2.83). Combining (5.7) with the above
estimate, we deduce that for 0 < k < 1 the desired estimate holds and the
proof of the proposition is then complete. �

As a direct consequence of Proposition 5.2 and its proof, we get the fol-
lowing corollary.

Corollary 5.3 Let 0 < k �= 1 < +∞. A constant C(k) exists independent of
ǫ such that

‖∇u‖L2(D) ≤ C(k) ǫ
d
2 .

Next we employ the Rellich identity stated in Lemma 2.19 to estimate the
L2-norm of the tangential derivative of u− U on the boundary ∂Ω as ǫ goes
to zero.

Lemma 5.4 Let T be the tangent vector to ∂Ω at x. If Ω is a Lipschitz
domain, then a positive constant C exists depending only on the Lipschitz
character of Ω such that

∥∥∥∥
∂

∂T
(u− U)

∥∥∥∥
L2(∂Ω)

≤ C ||g||L2(∂Ω)ǫ
d
2 . (5.8)
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Proof. Let

Ωǫ =

{
x ∈ Ω, dist(x, ∂Ω) >

(
C − max

x∈∂B
|x|
)
ǫ

}

and α be a smooth vector field such that the support of α lies in Rd \Ωǫ and
〈α, ν〉 > c1 > 0 on ∂Ω (here, c1 depends only on the Lipschitz character of
∂Ω). Using the Rellich identity (2.35) with this α, we obtain

∫

∂Ω

〈α, ν〉
∣∣∣∣
∂

∂T
(u−U)

∣∣∣∣
2

=

∫

Ω

−2〈∇α∇(u−U),∇(u−U)〉+(∇·α)|∇(u−U)|2 ,

since ∂(u− U)/∂ν = 0 on ∂Ω. Hence

∫

∂Ω

〈α, ν〉
∣∣∣∣
∂

∂T
(u− U)

∣∣∣∣
2

≤ C
∫

Ω

|∇(u− U)|2. (5.9)

Combining the energy identity (2.82) together with Proposition 5.2 leads us
to the estimates

∫

Ω

|∇(u − U)|2 ≤
∫

∂Ω

(U − u)g

≤ ||U − u||L2(∂Ω) ||g||L2(∂Ω)

≤ Cǫd||g||2L2(∂Ω) .

Therefore (5.9) implies that the estimate (5.8) holds. �

Proposition 5.5 If ∂Ω is of class C2, then a positive constant C exists that
is independent of ǫ, k, and g such that

||u− U ||L∞(∂Ω) ≤ C |k − 1| ||g||L2(∂Ω)ǫ
d ,

for ǫ small enough.

Proof. Since ∂Ω is of class C2, we have

||u− U ||L∞(∂Ω) ≤ C
∥∥∥∥(−

1

2
I + KΩ)(u− U)

∥∥∥∥
L∞(∂Ω)

,

where C depends only on the C2 character of Ω and therefore

||u− U ||L∞(∂Ω) ≤ C lim
t→0+

sup
x∈∂Ω

∣∣∣∣DΩ(u− U)(x + tνx)

∣∣∣∣ .
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Using (2.71), we readily get

||u− U ||L∞(∂Ω) ≤ C|k − 1| sup
x∈∂Ω

∣∣∣∣
∫

D

∇yΓ (x− y) · ∇u(y) dy
∣∣∣∣

≤ C|k − 1| sup
x∈∂Ω

(∫

D

|∇yΓ (x− y)|2 dy
) 1

2

||∇u||L2(D) .

Since
||∇u||L2(D) ≤ Cǫd/2||g||L2(∂Ω)

by (2.82) and supx∈∂Ω(
∫

D |∇yΓ (x−y)|2 dy)1/2 is bounded by Cǫd/2, we obtain
the desired result. �

Next, the following estimates hold.

Proposition 5.6 (i) If Ω is a Lipschitz domain, then

||H − U ||L2(∂Ω) ≤ C||u− U ||L2(∂Ω) ≤ C|k − 1| ||g||L2(∂Ω)ǫ
d .

(ii) If Ω is of class C2, then

||H − U ||L∞(∂Ω) ≤ C||u− U ||L∞(∂Ω) ≤ C|k − 1| ||g||L2(∂Ω)ǫ
d .

(iii) If Ω is of class C2, then

||H − U ||L∞(Ω) ≤ C|k − 1| ||g||L2(∂Ω)ǫ
d .

(iv) If Ω is of class C2, then

||H − U ||W 1,2(Ω) ≤ C|k − 1| 12 ||g||L2(∂Ω)ǫ
3d
4 .

(v) If Ω and D ⊂⊂ Ω are Lipschitz domains, then

||∇H −∇U ||L∞(D) ≤ C||u − U ||L2(∂Ω) ≤ C|k − 1|||g||L2(∂Ω)ǫ
d ,

where C depends on dist(∂Ω,D).

Proof. Parts (i) and (ii) follow from the fact that

H − U = (
1

2
I + KΩ)(u − U) on ∂Ω

together with the facts that

||KΩv||L2(∂Ω) ≤ C||v||L2(∂Ω) if Ω is a Lipschitz domain,

||KΩv||L∞(∂Ω) ≤ C′||v||L∞(∂Ω) if Ω is of class C2 ,

where the constants C and C′ depend only on the Lipschitz and C2 characters
of Ω, respectively. Part (iii) is a direct application of the maximum principle
to the harmonic function H − U and (ii).



5.2 Asymptotic Expansion 135

To prove (iv) we write

||∇(H − U)||2L2(Ω) =

∫

∂Ω

∂

∂ν
(H − U)(H − U)

≤ ||H − U ||L2(∂Ω)||
∂

∂ν
(H − U)||L2(∂Ω) .

Since, by using the fact from Theorem 2.24 that KΩ :W 2
1 (∂Ω) →W 2

1 (∂Ω) is
a bounded operator together with Lemma 5.4, we have

|| ∂
∂ν

(H−U)||L2(∂Ω) ≤ C||H−U ||W 2
1 (∂Ω) ≤ C||u−U ||W 2

1 (∂Ω) ≤ Cǫ
d
2 ||g||L2(∂Ω) .

Therefore we get

||∇(H − U)||2L2(Ω) ≤ C|k − 1|||g||2L2(∂Ω)ǫ
3d
2 .

Now, since ∇(H − U) = ∇DΩ(u − U), we obtain

||∇H −∇U ||L∞(D) ≤ sup
x∈D

∫

∂Ω

|∇xΓ (x− y)|2 dσ(y) ||u− U ||L2(∂Ω) ,

and consequently (v) holds, where the constant C depends on dist(∂Ω,D).
This finishes the proof of the proposition. �

5.2 Asymptotic Expansion

As stated in the above theorem, we restrict our derivation to the case of a
single inclusion (m = 1). We only give the details when considering the dif-
ference between the fields corresponding to one and zero inclusions. In order
to further simplify notation we assume that the single inclusion D has the
form D = ǫB + z, where z ∈ Ω and B is a bounded Lipschitz domain in
Rd containing the origin. Here and throughout this book, ǫB denotes the set
{ǫx|x ∈ B}. Suppose that the conductivity of D is a positive constant k �= 1.
Let λ := (k+ 1)/(2(k − 1)) as before. Then by (2.73) and (2.65), the solution
u of (2.61) takes the form

u(x) = U(x) −ND(λI −K∗
D)−1

(
∂H

∂ν

∣∣∣∣
∂D

)
(x) , x ∈ ∂Ω ,

where U is the background potential given in (2.62).
Define

Hn(x) :=

n∑

|i|=0

1

i!
(∂iH)(z)(x− z)i.

Here we use the multi-index notation i = (i1, . . . , id) ∈ Nd. Then we have
from (2.66) that
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∥∥∥∥
∂H

∂ν
− ∂Hn

∂ν

∥∥∥∥
L2(∂D)

≤ sup
x∈∂D

|∇H(x) −∇Hn(x)||∂D|1/2

≤ ‖H‖Cn+1(D)|x− z|n|∂D|1/2

≤ C‖g‖L2(∂Ω)ǫ
n|∂D|1/2 .

Note that

if

∫

∂D

h dσ = 0 , then

∫

∂D

(λI −K∗
D)−1h dσ = 0 . (5.10)

If
∫

∂D h dσ = 0, then we have for x ∈ ∂Ω that

∣∣ND(λI −K∗
D)−1h(x)

∣∣ =
∣∣∣∣
∫

∂D

[
N(x, y) −N(x, z)

]
(λI −K∗

D)−1h(y) dσ(y)

∣∣∣∣

≤ Cǫ |∂D|1/2 ‖h‖L2(∂D) .

Since ∆H = ∆Hn = 0 in D, it then follows that

sup
x∈∂Ω

∣∣∣∣ND(λI −K∗
D)−1

(
∂H

∂ν

∣∣∣∣
∂D

− ∂Hn

∂ν

∣∣∣∣
∂D

)
(x)

∣∣∣∣

≤ Cǫ|∂D|1/2

∥∥∥∥
∂H

∂ν
− ∂Hn

∂ν

∥∥∥∥
L2(∂D)

≤ C‖g‖L2(∂Ω)ǫ
d+n .

Therefore, we have

u(x) = U(x)−ND(λI −K∗
D)−1

(
∂Hn

∂ν

∣∣∣∣
∂D

)
(x) +O(ǫd+n), x ∈ ∂Ω , (5.11)

where the O(ǫd+n) term is dominated by C‖g‖L2(∂Ω)ǫ
d+n for some C depend-

ing only on c0. Note that

(λI−K∗
D)−1

(
∂Hn

∂ν

∣∣∣∣
∂D

)
(x) =

n∑

|i|=1

(∂iH)(z)(λI−K∗
D)−1

(
1

i!
νx·∇(x−z)i

)
(x) .

Since D = ǫB+z, one can prove by using the change of variables y = (x− z)/ǫ
and the expression of K∗

D defined by (2.29) that

(λI −K∗
D)−1

(
νx ·∇(x− z)i

)
(x) = ǫ|i|−1(λI −K∗

B)−1

(
νy ·∇yi

)(
1

ǫ
(x− z)

)
.

Put

φi(x) := (λI −K∗
B)−1

(
νy · ∇yi

)
(x), x ∈ ∂B . (5.12)
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Then we get

ND(λI −K∗
D)−1

(
∂Hn

∂ν

∣∣∣∣
∂D

)
(x) (5.13)

=
n∑

|i|=1

1

i!
(∂iH)(z)ǫ|i|−1

∫

∂D

N(x, y)φi(ǫ
−1(y − z)) dσ(y)

=

n∑

|i|=1

1

i!
(∂iH)(z)ǫ|i|+d−2

∫

∂B

N(x, ǫy + z)φi(y) dσ(y) .

We now have from (2.56) and (5.13)

ND(λI −K∗
D)−1

(
∂Hn

∂ν

∣∣∣∣
∂D

)
(x)

=

n∑

|i|=1

1

i!
(∂iH)(z)ǫ|i|+d−2

+∞∑

|j|=0

1

j!
ǫ|j|∂j

zN(x, z)

∫

∂B

yjφi(y)dσ(y) .

Observe that since H is a harmonic function in Ω we may compute

∑

|i|=l

1

i!
(∂iH)(z)∆(yi) = ∆y

⎛
⎝
∑

|i|=l

1

i!
(∂iH)(z)yi

⎞
⎠ = 0 ,

and therefore, by Green’s formula, it follows that
∫

∂B

∑

|i|=l

1

i!
(∂iH)(z)∇(yi) · νy dσ(y) = 0 .

Thus, in view of (5.10) and (5.12), the following identity holds:

∑

|i|=l

1

i!
(∂iH)(z)

∫

∂B

φi(y)dσ(y) = 0 ∀ l ≥ 1 .

Recalling now from Lemma 2.30 the fact that

ǫd−2N(x, ǫy + z) = ǫd−2

n−|i|+1∑

|j|=0

1

j!
ǫ|j|∂j

zN(x, z)yj +O(ǫd+n−|i|)

for all i, 1 ≤ |i| ≤ n, and the definition of GPTs, we obtain the following
pointwise asymptotic formula. For x ∈ ∂Ω,

u(x) = U(x) − ǫd−2
n∑

|i|=1

n−|i|+1∑

|j|=1

ǫ|i|+|j|

i!j!
(∂iH)(z)Mij∂

j
zN(x, z)

+ O(ǫd+n) .

(5.14)
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Observing that the formula (5.14) still contains ∂iH factors, we see that
the remaining task is to convert (5.14) to a formula given solely by U and its
derivatives.

As a simplest case, let us now take n = 1 to find the leading-order term in
the asymptotic expansion of u|∂Ω as ǫ → 0. According to (v) in Proposition
5.6 we have

|∇H(z) −∇U(z)| ≤ Cǫd‖g‖L2(∂Ω) , (5.15)

and therefore, we deduce from (5.14) that

u(x) = U(x) − ǫd
∑

|i|=1,|j|=1

(∂iU)(z)Mij∂
jN(x, z) +O(ǫd+1) , x ∈ ∂Ω ,

which is, in view of (4.10), exactly the formula derived in [132] and [84] when
D has a C1+α-boundary for some α > 0.

We now return to (5.14). Recalling that by Green’s formula U = −SΩ(g)+
DΩ(U |∂Ω) in Ω, substitution of (5.14) into (2.64) immediately yields that, for
any x ∈ Ω,

H(x) = U(x)

−ǫd−2
n∑

|i|=1

n−|i|+1∑

|j|=1

ǫ|i|+|j|

i!j!
(∂iH)(z)MijDΩ(∂j

zN(·, z))(x) +O(ǫd+n) .
(5.16)

In (5.16) the remainder O(ǫd+n) is uniform in the Cn-norm on any compact
subset of Ω for any n, and therefore

(∂lH)(z) +

n∑

|i|=1

ǫd−2

n−|i|+1∑

|j|=1

ǫ|i|+|j|(∂iH)(z)Pijl = (∂lU)(z) +O(ǫd+n) (5.17)

for all l ∈ Nd with |l| ≤ n, where

Pijl =
1

i!j!
Mij∂

l
xDΩ(∂j

zN(·, z))
∣∣∣∣
x=z

.

Define the operator

Pǫ : (vl)l∈Nd,|l|≤n �→
(
vl + ǫd−2

n∑

|i|=1

n−|i|+1∑

|j|=1

ǫ|i|+|j|viPijl

)

l∈Nd,|l|≤n

.

Observe that
Pǫ = I + ǫdR1 + · · · + ǫn+d−1Rn−1 .

Defining the matrices Qp, p = 1, . . . , n− 1, by

(I + ǫdR1 + · · · + ǫn+d−1Rn−1)
−1 = I + ǫdQ1 + · · · + ǫn+d−1Qn−1

+ O(ǫn+d)
(5.18)
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for small ǫ, we finally obtain that

((∂iH)(z))i∈Nd,|i|≤n =

(
I +

n∑

p=1

ǫd+p−1Qp

)
((∂iU)(z))i∈Nd,|i|≤n +O(ǫd+n) ,

(5.19)
which yields the main result of this chapter stated in Theorem 5.1.

We also have a complete asymptotic expansion of the solutions of the
Dirichlet problem.

Theorem 5.7 Suppose that the inclusion consists of a single component, and
let v be the solution of (5.1) with the Neumann condition replaced by the
Dirichlet condition v|∂Ω = f . Let V be the solution of ∆V = 0 in Ω with
V |∂Ω = f . The following pointwise asymptotic expansion on ∂Ω holds for
d = 2, 3:

∂v

∂ν
(x) =

∂V

∂ν
(x) − ǫd−2

n∑

|i|=1

n−|i|+1∑

|j|=1

ǫ|i|+|j|

i!j!

×
[((

I +

n+2−|i|−|j|−d∑

p=1

ǫd+p−1Qp

)
(∂lV (z))

)

i

Mij∂
j
z

∂

∂νx
G(x, z)

]

+O(ǫd+n) ,
(5.20)

where the remainder O(ǫd+n) is dominated by Cǫd+n‖f‖W 2
1
2

(∂Ω) for some C

independent of x ∈ ∂Ω. Here G(x, z) is the Dirichlet Green’s function; Mij,
i, j ∈ Nd, are the GPTs; and Qp is the operator defined in (5.18), where Pijl

is defined, in this case, by

Pijl =
1

i!j!
Mij∂

l
xSΩ

(
∂j

z

(
∂

∂νx
G

)
(·, z)

)∣∣∣∣
x=z

.

Theorem 5.7 can be proved in exactly the same manner as Theorem 5.1.
We begin with Theorem 2.34. Then the same arguments give us

v(x) = V (x) − ǫd−2
n∑

|i|=1

n−|i|+1∑

|j|=1

ǫ|i|+|j|

i!j!
(∂iH)(z)Mij∂

j
zG(x, z) + O(ǫd+n) .

From this we can get (5.20) as before.
Before concluding this section, we shall make a remark. The following for-

mulae (5.21) and (5.22) are not exactly asymptotic formulae since the function
H still depends on ǫ. However, since these formulae are simple and useful for
solving the inverse problem in Chapter 7, we make a record of them as a
theorem.
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Theorem 5.8 We have

u(x) = H(x) + ǫd−2
n∑

|i|=1

n−|i|+1∑

|j|=1

ǫ|i|+|j|

i!j!
∂iH(z)Mij∂

jΓ (x− z)

+O(ǫd+n) ,

(5.21)

where x ∈ ∂Ω and the O(ǫd+n) term is dominated by C‖g‖L2(∂Ω)ǫ
d+n for

some C depending only on c0, and H is given in (2.64). Moreover,

H(x) = −
n∑

|i|=1

n−|i|+1∑

|j|=1

1

i!j!
ǫ|i|+|j|+d−2∂iH(z)Mij∂

jΓ (x−z)+O(ǫd+n) , (5.22)

for all x ∈ Rd \Ω .

Proof. Beginning with the representation formula (2.63), one can show in
the same way as in the derivation of (5.11) that

u(x) = H(x) + SD(λI −K∗
D)−1

(
∂Hn

∂ν

∣∣∣∣
∂D

)
(x) +O(ǫd+n) , x ∈ ∂Ω ,

for x ∈ ∂Ω. Then the rest is parallel to the previous arguments.
The formula (5.22) can be derived using (2.67). �

5.3 Derivation of the Asymptotic Formula for Closely

Spaced Small Inclusions

An asymptotic formula similar to (5.2) was obtained for closely spaced inclu-
sions in [29]. In this section we present the formula and its derivation in brief.

Let D denote a set of m closely spaced inclusions inside Ω:

D = ∪m
s=1Ds := ∪m

s=1(ǫBs + z) ,

where z ∈ Ω, ǫ > 0 is small and Bs, for s = 1, . . . ,m, is a bounded Lipschitz
domain in Rd. We suppose in addition to (H1) and (H2) in Sect. 4.10 that the
set D is well separated from the boundary ∂Ω, i.e., dist(D, ∂Ω) > c0 > 0.

Let g ∈ L2
0(∂Ω). The voltage potential in the presence of the set D of

conductivity inclusions is denoted by u. It is the solution to
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

∇·
(
χ(Ω \

m⋃

s=1

Ds) +

m∑

s=1

ksχ(Ds)
)
∇u = 0 in Ω ,

∂u

∂ν

∣∣∣∣
∂Ω

= g ,

∫

∂Ω

u = 0 .

(5.23)

The background voltage potential is denoted by U as before.
Based on the arguments given in Theorem 2.31, the following theorem was

proved in [207].
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Theorem 5.9 The solution u of the problem (5.23) can be represented as

u(x) = H(x) +
m∑

s=1

SDs
ψ(s)(x) , x ∈ Ω , (5.24)

where the harmonic function H is given by

H(x) = −SΩ(g)(x) + DΩ(f)(x), x ∈ Ω, f := u|∂Ω ,

and ψ(s) ∈ L2
0(∂Ds), s = 1, · · · ,m, satisfies the integral equation

(λsI −K∗
Ds

)ψ(s) −
∑

l 	=s

∂(SDl
ψ(l))

∂ν(s)

∣∣
∂Ds

=
∂H

∂ν(s)

∣∣
∂Ds

on ∂Ds .

Moreover, ∀ n ∈ N, a constant Cn = C(n,Ω, dist(D, ∂Ω)) exists independent
of |D| and the conductivities ks, s = 1, . . . ,m, such that

‖H‖Cn(D) ≤ Cn‖g‖L2(∂Ω) .

One can also prove the following theorem.

Theorem 5.10 The solution u to (5.23) can be represented as

u(x) = U(x) −
m∑

s=1

NDs
ψ(s)(x) , x ∈ ∂Ω ,

where ψ(s), s = 1, . . . ,m, is defined by (2.65).

Following the arguments presented in Sect. 5.2, we only outline the deriva-
tion of an asymptotic expansion of u leaving the details to the reader.

For x ∈ ∂Ω, by using the change of variables y = (x − z)/ǫ, we may write

m∑

s=1

NDs
ψ(s)(x) = ǫd−1

m∑

s=1

∫

∂Bs

N(x, ǫy + z)ψ(s)(ǫy + z) dσ(y) . (5.25)

We expand the Neumann function N as in (2.56)

N(x, ǫy + z) =
+∞∑

|j|=0

1

j!
ǫ|j|∂j

zN(x, z)yj . (5.26)

We then use the uniqueness of the solution to the integral equation (4.59) and
the expansion of the harmonic function H ,

H(x) := H(z) +

+∞∑

|i|=1

1

i!
(∂iH)(z)(x− z)i, x ∈ D ,
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to show that

ψ(s)(ǫy + z) =

+∞∑

|i|=1

ǫ|i|−1

i!
(∂iH)(z)φ

(s)
i (y) , y ∈ ∂Bs , (5.27)

where φ
(s)
i is the solution to (4.59).

Substituting (5.26) and (5.27) into (5.25), we obtain

m∑

s=1

NDs
ψ(s)(x) =

+∞∑

|i|=1

+∞∑

|j|=0

ǫ|i|+|j|+d−2

i!j!
(∂iH)(z)∂j

zN(x, z)

×
m∑

s=1

∫

∂Bs

yjφ
(s)
i (y) dσ(y) .

If j = 0, then
∫

∂Bs
yjφ

(s)
i (y) dσ(y) = 0 for s = 1, . . . ,m, and hence, we get

m∑

s=1

NDs
ψ(s)(x) =

+∞∑

|i|=1

+∞∑

|j|=1

ǫ|i|+|j|+d−2

i!j!
(∂iH)(z)∂j

zN(x, z)Mij , (5.28)

where Mij is the generalized polarization tensor defined in (4.60).
We now convert the formula (5.28) to one given solely by U and its deriva-

tives, without H . Using formula (5.17), we can show analogously to (v) in
Proposition 5.6 that

|∂iH(z) − ∂iU(z)| ≤ Cǫd‖g‖L2(∂Ω) for i ∈ Nd ,

where C is independent of ǫ and g, and obtain the following theorem.

Theorem 5.11 The following pointwise asymptotic expansion holds uni-
formly in x ∈ ∂Ω for d = 2 or 3:

u(x) = U(x) −
d∑

|i|=1

d∑

|j|=1

ǫ|i|+|j|+d−2

i!j!
(∂iU)(z)∂j

zN(x, z)Mij +O(ǫ2d) ,

where the remainder O(ǫ2d) is dominated by Cǫ2d‖g‖L2(∂Ω) for some constant
C independent of x ∈ ∂Ω.

5.4 Derivation of the Asymptotic Formula for

Anisotropic Inclusions

In this section, we use the same notation as above. For a given g ∈ L2
0(∂Ω),

let u be the solution to the Neumann problem
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⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

∇ · γΩ(x)∇u = 0 in Ω ,

ν ·A∇u
∣∣∣∣
∂Ω

= g ,

∫

∂Ω

u(x) dσ(x) = 0 ,

(5.29)

where the conductivity distribution γΩ = χ(Ω \D)A+χ(D)Ã andD = ǫB+z.
The background potential U is the steady-state voltage potential in the

absence of the conductivity inclusion, i.e., the solution to
⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∇ ·A∇U = 0 in Ω ,

ν ·A∇U
∣∣∣∣
∂Ω

= g ,

∫

∂Ω

U(x) dσ(x) = 0 .

(5.30)

Let NA(x, y), x ∈ ∂Ω, y ∈ Ω, be the Neumann function for ∇ · A∇ on Ω;
that is, ⎧

⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

∇ · A∇NA(x, y) = −δy in Ω ,

ν ·A∇NA(x, y)

∣∣∣∣
∂Ω

= − 1

|∂Ω| ,∫

∂Ω

NA(x, y) dσ(x) = 0 ,

and Mij(A, Ã, B) are the APTs. Following the same lines as in the derivation
of (5.20), we can prove the following asymptotic expansion of the solution u
to (5.29) on ∂Ω; see [175].

Theorem 5.12 For x ∈ ∂Ω,

u(x) = U(x)−ǫd
d∑

|i|=1

d−|i|+1∑

|j|=1

ǫ|i|+|β|−2

i!j!
∂iU(z)Mij(A, Ã, B)∂j

zN
A(x, z)+O(ǫ2d) ,

where the remainder O(ǫ2d) is dominated by Cǫ2d for some constant C inde-
pendent of x ∈ ∂Ω and z.

5.5 Further Results and Open Problems

First-order asymptotic formulae for eigenvalues of the Laplacian in domains
with a small circular inclusion that is either perfectly conducting or perfectly
insulating were derived in [259] and [260]. In [35], inclusions of arbitrary shape
and of arbitrary conductivity contrast are considered. Note that letting the
conductivity contrast of the inclusion tend to zero or infinity in our asymp-
totic expansion in [35] we do not arrive at Ozawa’s formulae. This is an effect
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of non-commuting limits. The main reason behind this phenomenon is that
the problem is a singularly perturbed one.

Following the integral approach developed in this chapter, full asymptotic
expansions of solutions to Helmholtz and wave equations can be derived [25]
as well as the heat equation ∂tu−∇ · (1 + (k − 1)χ(D))∇u = 0. See [18].

The leading-order term in the asymptotic formula for the Helmholtz equa-
tion has been derived by Vogelius and Volkov in [299] (see also [39] where the
second-order term in the asymptotic expansions of solutions to the Helmholtz
equation is obtained). Their (variational) proof is radically different from the
one presented here. Results similar to those presented in this chapter have been
obtained in the context of the full (time-harmonic) Maxwell’s equations in [45].

Finally, we mention that, in their interesting paper [60], Ben Hassen and
Bonnetier considered a composite medium made of a periodic array of inclu-
sions embedded in a homogeneous background material and compared the po-
tential in this medium with the potential in a perturbed medium where a few
inclusions have been misplaced. Away from the periodicity defect, they proved
that the correction at first order of the perturbed potential can be expressed
via a polarization tensor, which generalizes the one introduced in this book to
periodic background media. These results could be useful in numerical analysis
of the inverse conductivity problem in a highly heterogeneous medium.



6

Near-Boundary Conductivity Inclusions

Introduction

The voltage potentials change significantly when a conductivity inclusion D
inside a conductor Ω is brought close to the boundary ∂Ω. As shown in
the previous chapter, if the inclusion D is small, then it can be modeled by
a dipole. This approximation is valid when the field within the inclusion is
nearly constant and the inclusion is not too close to the boundary. However, on
decreasing the inclusion–boundary separation, the assumption that the field
within the inclusion is nearly constant begins to fail because the inclusion–
boundary interaction becomes significant.

The purpose of this chapter is to have a clearer picture of the inclusion–
boundary interaction to making a reasonable extrapolation from the dipole
approximation of a small inclusion inside a conductor to its signature when
it is brought close to the boundary of the conductor.

This problem is of practical interest in many areas such as surface defect
detection in the semiconductor industry and optical particle sizing. Many the-
oretical models have been developed, and many experimental measurements
have been carried out in recent years, see [312].

We shall rigorously establish a new approximation that is valid when the
inclusion is small and at a distance comparable with its diameter apart from
the boundary of the conductor. Since the formula carries information about
the location, the conductivity, and the volume of the inclusion, it can be
efficiently exploited for imaging inclusions close to the boundary of the back-
ground conductor. In fact, since the boundary perturbation amplitude has a
relative peak near the inclusion, the peak clearly manifests the presence of the
inclusion. However, it is not trivial how this peak depends on the inclusion
shape and its depth.

The outline of the chapter is as follows. The first section sets out optimal
gradient estimates for solutions to the isotropic conductivity problem in the
following two situations: when two circular conductivity inclusions are very
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close but not touching and when a circular inclusion is very close to the bound-
ary of the domain where the inclusion is contained. These estimates imply that
the gradient of the voltage potential stays bounded, and an asymptotic expan-
sion of the solution can be derived when a small inclusion is brought close to
the boundary of the conductor. The second section establishes an asymptotic
expansion of the steady-state voltage potentials in the presence of a diametri-
cally small conductivity inclusion that is nearly touching the boundary. The
asymptotic formula extends those already derived in Chapter 5 for a small
inclusion far away from the boundary of the background conductor and is
expected to lead to very effective algorithms, which are aimed at determining
the location and certain properties of the shape of a small inclusion that is
nearly touching the boundary based on boundary measurements. Viability of
the asymptotic formula is documented by a numerical example. Throughout
this chapter, we follow the notation of Chapter 2.

6.1 Optimal Gradient Estimates

Suppose that Ω, which is a disk of radius ρ, contains an inclusion B, which
is a disk of radius r. Suppose that the conductivity of Ω is 1 and that of B is
k �= 1. For a given g ∈ Cα(∂Ω), α > 0, let u be the solution to the transmission
problem (2.61).

The first question we consider is whether ∇u can be arbitrarily large as
the inclusion B get closer to the boundary ∂Ω. We are especially interested in
the case of extreme conductivities k = +∞ (a perfect conductor) or k = 0 (an
insulated inclusion). This difficult question arises in the study of composite
media; see [51].

If 0 < C1 < k < C2 < +∞ for some constants C1 and C2, a uniform
upper bound on the gradient of u in a much more general setting has been
derived by Li and Vogelius in [218]. Here we provide very precise estimates
for ‖∇u‖L∞(Ω) for arbitrary conductivities.

According to Theorem 4.20, the solution u to (2.61) for a given Neumann
data g can be represented as

u(x) = DΩ(f)(x) − SΩ(g)(x) + SB(φ)(x), x ∈ Ω, f := u
∣∣
∂Ω
, (6.1)

where φ ∈ L2
0(∂B) satisfies the integral equation

(λI −K∗
B)φ =

∂

∂ν

(
DΩ(f) − SΩ(g)

)
on ∂B ,

with λ = (k + 1)/(2(k − 1)). Since B is a disk, it follows from (2.21) that
K∗

Bφ = 0 on ∂B and hence

λφ =
∂

∂ν

(
DΩ(f) − SΩ(g)

)
on ∂B . (6.2)
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On the other hand, since f = u|∂Ω, DΩ(f)|− = (1
2I + KΩ)f and Ω is a disk,

we have
1

2
f = −SΩ(g) + SB(φ) on ∂Ω . (6.3)

It then follows from (6.2) and (6.3) that f and φ are the solutions of the
following system of integral equations:

⎧
⎪⎨

⎪⎩

1

2
f − SBφ = SΩg on ∂Ω ,

λφ+
∂(DΩf)

∂νB
= −∂(SΩg)

∂νB
on ∂B .

Let x1 be the point on ∂B closest to ∂Ω and x2 be the point on ∂Ω closest
to ∂B, and let RB and RΩ be reflections with respect to ∂B and ∂Ω, respec-
tively. One can easily see that RBRΩ and RΩRB have unique fixed points in
R2 \ Ω and in B, respectively. Let us denote them by p1 and p2. Let J1 be
the line segment between p1 and x1 and J2 that between p2 and x2.

The functions f and φ are given by explicit series analogous to those in
Corollary 4.27, which converge absolutely and uniformly. Precise estimates of
these explicit series lead us to the following theorem [31].

Theorem 6.1 Let

ǫ := dist(B, ∂Ω), r∗ :=

√
ρ− r
ρr

, σ :=
k − 1

k + 1
(=

1

2λ
) ,

and let u be the solution to (2.61).

(i) If k < 1, then a constant C1 exists independent of k, r, ǫ, and g such that
for ǫ small enough,

C1 inf
x∈J1

|〈∇SΩ(g)(x), TB(x1)〉|
1 + σ + 4r∗

√
ǫ

≤ |∇u|+(x1)| ,

and
C1 inf

x∈J2

|〈∇SΩ(g)(x), TΩ(x2)〉|
1 + σ + 4r∗

√
ǫ

≤ |∇u|−(x2)| .

Here TB and TΩ denote the positively oriented unit tangent vector fields
on ∂B and ∂Ω, respectively.

(ii) For any k �= 1, a constant C2 exists independent of k, r, and ǫ such that
for ǫ small enough,

‖∇u‖L∞(Ω) ≤
C2‖g‖Cα(∂Ω)

1 − |σ| + r∗√ǫ .
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If z is the center of Ω and if g(x) := a · νx on ∂Ω for some constant vector
a, then SΩ(g) = − 1

2a · x+ constant, and hence we can achieve

〈∇SΩ(g)(x), TB(x1)〉 �= 0 and 〈∇SΩ(f)(x), TΩ(x2)〉 �= 0 for any x ,

by choosing a appropriately.
Theorem 6.1 shows that, in the case of the Neumann problem, if the in-

clusion is insulated (k = 0 and hence σ = −1), then

C′
1

r∗
√
ǫ
≤ ‖∇u‖L∞(Ω) ≤

C′
2

r∗
√
ǫ
,

for some constants C′
1 and C′

2. Thus ∇u blows up at the rate of 1/
√
ǫ as long as

the magnitude of r is much larger than that of ǫ. It also shows that the gradient
blows up at the points x1 and x2. If r is of the same order as ǫ, then r∗ ≈ 1/

√
ǫ

and hence ∇u does not blow up. In fact, it stays bounded and an asymptotic
expansion of the solution as ǫ→ 0 will be derived in the next section.

Note that for the Dirichlet problem the situation is reversed: ∇u blows up
for a perfect conductor (k = +∞); see [31].

Another interesting situation is when two circular conductivity inclusions
are very close but not touching. To describe this second situation, let B1 and
B2 be two circular inclusions contained in a matrix, which we assume to be
the free space R2. For s = 1, 2, we suppose that the conductivity ks of the
inclusion Bs is a constant different from the constant conductivity of the ma-
trix, which is assumed to be 1 for convenience. The conductivity ks of the
inclusion may be 0 or +∞. The conductivity problem considered in this case
is the following transmission problem for a given entire harmonic function H :

⎧
⎨

⎩
∇·
(
1 +

∑

s=1,2

(ks − 1)χ(Bs)
)
∇u = 0 in R2 ,

u(x) −H(x) = O(|x|−1) as |x| → +∞ .

(6.4)

The gradient ∇u of the solution u to (6.4) represents the perturbation of the
field ∇H in the presence of inclusions B1 and B2. We are interested in the
behavior of the gradient of the solution to the equation (6.4) as the distance
between B1 and B2 goes to zero. Optimal bounds on ∇u can be proved. To
state them, let us recall the notation used in Sect. 4.11. For s = 1, 2, let
Bs = Brs

(zs), the disk centered at zs and of radius rs. Let Rs, s = 1, 2, be
the reflection with respect to ∂Bs; i.e.,

Rs(x) :=
r2s(x− zs)
|x− zs|2

+ zs, s = 1, 2 .

It is easy to see that the combined reflections R1R2 and R2R1 have unique
fixed points. Let I be the line segment between these two fixed points. Let
xs, s = 1, 2, be the point on ∂Bs closest to the other disk.
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We also let

rmin := min(r1, r2), rmax := max(r1, r2), r∗ :=
√

(2r1r2)/(r1 + r2) .

Finally let

λs :=
ks + 1

2(ks − 1)
, s = 1, 2, and τ :=

1

4λ1λ2
.

Based on Corollary 4.27, the following result for the behavior of the gra-
dient is obtained in [32, 31].

Theorem 6.2 Let ǫ := dist(B1, B2), and let ν(s) and T (s), s = 1, 2, be the
unit normal and tangential vector fields to ∂Bs, respectively. Let u be the
solution of (6.4).

(i) If ǫ is sufficiently small, there is a constant C1 independent of k1, k2, r1,
r2, and ǫ such that

C1 inf
x∈I

|〈∇H(x), ν(s)(xs)〉|
1 − τ + (r∗/rmin)

√
ǫ

≤ |∇u|+(xs)|, s = 1, 2 , (6.5)

provided that k1, k2 > 1, and

C1 inf
x∈I

|〈∇H(x), T (s)(xs)〉|
1 − τ + (r∗/rmin)

√
ǫ

≤ |∇u|+(xs)|, s = 1, 2 , (6.6)

provided that k1, k2 < 1.
(ii) Let Ω be a bounded set containing B1 and B2. Then there is a constant
C2 independent of k1, k2, r1, r2, ǫ, and Ω such that

‖∇u‖L∞(Ω) ≤
C2‖∇H‖L∞(Ω)

1 − |τ | + (r∗/rmax)
√
ǫ
. (6.7)

Note that, if H(x) = a · x for some constant vector a, which is the most
interesting case, then

〈∇H(x), ν(s)(xs)〉 = 〈a, ν(s)(xs)〉 ,

and hence it does not vanish if we choose a appropriately.
Theorem 6.2 quantifies the behavior of ∇u in terms of the conductivities

of the inclusions, their radii, and the distance between them. For example, if
k1 and k2 degenerate to +∞ or zero, then τ = 1 and hence (6.5) and (6.7)
read as follows:

C′
1

(r∗/rmin)
√
ǫ
≤ |∇u(xs)|, s = 1, 2, ‖∇u‖L∞(Ω) ≤

C′
2

(r∗/rmax)
√
ǫ
, (6.8)
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for some constants C′
1 and C′

2, which shows that ∇u blows up at the rate of
1/

√
ǫ as the inclusions get closer. It further shows that the gradient blows up

at xs which is the point on ∂Bs closest to the other disk.
The proofs of the above optimal estimates make use of quite explicit but

non-trivial expansion formulae, which are analogous to those derived in Corol-
lary 4.27. They are achieved by using a significantly different method from
[69], [218], and [76].

6.2 Asymptotic Expansions

Suppose thatD = ǫB+z, where z ∈ Ω is such that dist(z, ∂Ω) = δǫ. Here B is
a bounded domain in R2 containing the origin with a connected C2-boundary
and the constant δ > maxx∈∂B |x|. Let u denote the voltage potential in the
presence of the conductivity inclusion D, that is, the solution to (2.61). Recall
that the background voltage potential U is the unique solution to (2.62).

In this case, a more complicated asymptotic formula first established in [13]
should be used instead of (5.20). The dipole-type expansion (5.20) is valid only
when the potential u within the inclusion D is nearly constant. On decreasing
dist(D, ∂Ω), this assumption begins to fail because the interaction between D
and ∂Ω becomes significant. The approximation in [13], which is valid when
the inclusion is at a distance comparable with its diameter apart from the
boundary, provides some essential insight for understanding this interaction.
Moreover, since it carries information about the location, the conductivity,
and the volume of the inclusion, it can be efficiently exploited for imaging
near-boundary inclusions.

6.2.1 Main Results

To mathematically set our expansion in this case, let z0 be the normal projec-
tion of z onto ∂Ω. With the notation of Chapter 4, the following asymptotic
formula holds.

Theorem 6.3 Suppose that g ∈ C1(∂Ω) and Ω is of class C2. Then the fol-
lowing asymptotic expansion holds uniformly on ∂Ω:

(u− U)(x) = −ǫ∇U(z0)·
(∫

∂B

N(x, z + ǫy)(λI −K∗
B)−1(ν) dσ(y)

)

+O(ǫ3/2) .

Moreover, if |x− z0| ≫ O(ǫ), then

(u− U)(x) = −ǫ2∇U(z0) ·M∇N(x, z0)

+O(ǫ5/2) ,

where M =
∫

∂B
y(λI −K∗

B)−1(ν) dσ(y) is the first-order polarization tensor.
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Since
∫

∂B
N(x, z+ǫy)(λI−K∗

B)−1(ν) dσ(y) = O(1) for x near z0, Theorem
6.3 shows that (u − U)(x) = O(ǫ) near z0, whereas (u− U)(x) = O(ǫ2) for x
far away from z0. Thus, u− U has a relative peak near z0.

6.2.2 Proof of Theorem 6.3

Since
∇H = ∇U + ∇DΩ(u− U) in Ω ,

we obtain from (2.73) that for x ∈ ∂Ω,

(u− U)(x) +

∫

∂D

N(x, y)(λI −K∗
D)−1(ν · ∇DΩ(u− U))(y) dσ(y)

= −
∫

∂D

N(x, y)(λI −K∗
D)−1(ν · ∇U)(y) dσ(y) . (6.9)

This is a representation formula for the perturbations u− U on ∂Ω.
For v ∈ L∞(∂Ω), let

Tv(x) :=

∫

∂D

N(x, y)(λI − K∗
D)−1(ν · ∇DΩv)(y) dσ(y), x ∈ ∂Ω . (6.10)

Since (λI −K∗
D)−1(ν · ∇DΩv) has mean value zero, we get

Tv(x) =

∫

∂D

N(x, y) −N(x, z)

ǫ
(λI −K∗

D)−1(ǫν · ∇DΩv)(y) dσ(y) . (6.11)

We view (6.9) as an integral equation

(I + T )(u− U) = F on ∂Ω , (6.12)

where the definition of F is obvious. We now investigate the invertibility of
I + T in C0(∂Ω).

Lemma 6.4 Suppose that ∂Ω is of class C2. Then there is a constant C in-
dependent of ǫ such that

‖Tv‖L∞(∂Ω) ≤ C‖v‖L∞(∂Ω) , (6.13)

for any v ∈ L∞(∂Ω).

Proof. Let v ∈ L∞(∂Ω). Using (6.11), we get

|Tv(x)| ≤ 1

ǫ

(∫

∂D

|N(x, y) −N(x, z)|p dσ(y)
)1/p

×‖(λI −K∗
D)−1(ǫν · ∇DΩv)‖Lq(∂D) ,

where 1/p+ 1/q = 1, p, q > 1. We observe that for each y ∈ ∂D



152 6 Near-Boundary Conductivity Inclusions

|∇DΩv(y)| ≤ C
1

dist(y, ∂Ω)
‖v‖L∞(∂Ω) ,

and hence

‖(λI −K∗
D)−1(ǫν · ∇DΩv)‖Lq(∂D) ≤ ‖ǫν · ∇DΩv‖Lq(∂D)

≤ Cǫ1/q‖v‖L∞(∂Ω) .
(6.14)

On the other hand, since Ω is a C2 domain, −(1/2) I+KΩ is invertible on
L∞(∂Ω), and hence on Lq(∂Ω) for all 2 ≤ q ≤ +∞. Therefore we get from
(2.53)

1

ǫ
sup

x∈∂Ω

(∫

∂D

|N(x, y) −N(x, z)|p dσ(y)
)1/p

≤ C

ǫ
sup

x∈∂Ω

(∫

∂D

∣∣∣∣
(
− 1

2
I + KΩ

)(
N(·, y) −N(·, z)

)
(x)

∣∣∣∣
p

dσ(y)

)1/p

≤ C

ǫ
sup

x∈∂Ω

(∫

∂D

|Γ (x− y) − Γ (x− z)|p dσ(y)
)1/p

.

Thus we get

1

ǫ
sup

x∈∂Ω

(∫

∂D

|N(x, y) −N(x, z)|p dσ(y)
)1/p

≤ C

ǫ
sup

x∈∂Ω

(∫

∂D

|y − z|p|∇yΓ (x− y∗)|p dσ(y)
)1/p

≤ Cǫ−1+1/p ,

where y∗ denotes some point between y and z. This together with (6.14) yields
(6.13). �

Lemma 6.5 If ∂Ω is of class C2, then the operator I + T is invertible on
C0(∂Ω).

Proof. Since ∂Ω is of class C2, T is a compact operator on C0(∂Ω). Thus by
Fredholm’s alternative it suffices to prove the injectivity of I + T .

Suppose that (I + T )v = 0 on ∂Ω. Then

(−1

2
I + KΩ)v + (−1

2
I + KΩ)Tv = 0 on ∂Ω .

It then follows from (2.53) and (2.28) that

−v(x)+DΩv(x)

∣∣∣∣
−

+

∫

∂D

Γ (x−y)(λI−K∗
D)−1(ν·∇DΩv)(y) dσ(y) = 0, x ∈ ∂Ω .

Let H := DΩv in Ω. Then v on ∂Ω can be extended to Ω by
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v(x) = H(x) + SD(λI −K∗
D)−1(ν · ∇H)(x), x ∈ Ω .

Hence v is a solution of the transmission problem ∇ · (1 + (k− 1)χD)∇v = 0.
Then by (2.63) and the uniqueness of the representation (2.64), we get

H(x) = DΩ(v)(x) − SΩ(
∂v

∂ν
)(x), x ∈ Ω ,

which yields

SΩ(
∂v

∂ν
)(x) = 0, x ∈ Ω .

Thus we get ∂v/∂ν = 0 on ∂Ω and hence v = constant in Ω. Since
∫

∂Ω v dσ =
−
∫

∂Ω
Tv dσ = 0, we conclude that v ≡ 0. This completes the proof. �

So far we have proved that

u(x) − U(x) = (I + T )−1(F )(x), x ∈ ∂Ω . (6.15)

To derive an asymptotic expansion of u − U on ∂Ω, we now investigate the
asymptotic behavior of the operator T as ǫ→ 0.

Lemma 6.6 Suppose that ∂Ω is of class C2 and D = ǫB + z as before. Let
z0 be the normal projection of z onto ∂Ω. For f ∈ C0(∂Ω), let

sf (ǫ) := sup
|x−z0|≤ǫ

|f(x) − f(z0)| . (6.16)

Then,
sup

x∈∂D
|ǫ∇DΩ(f)(x)| ≤ C(sf (

√
ǫ) +

√
ǫ)‖f‖L∞(∂Ω) , (6.17)

where C is independent of ǫ and f .

Proof. Without loss of generality we may assume that ‖f‖L∞(∂Ω) = 1. Taking
the gradient of DΩ(f), we get

∂DΩ(f)

∂x1
(x) =

1

2π

∫

∂Ω

[ (x1 − y1)2 − (x2 − y2)2
|x− y|4 ν1(y)

+
2(x1 − y1)(x2 − y2)

|x− y|4 ν2(y)
]
f(y)dσ(y)

∂DΩ(f)

∂x2
(x) =

1

2π

∫

∂Ω

[ (x2 − y2)2 − (x1 − y1)2
|x− y|4 ν2(y)

+
2(x1 − y1)(x2 − y2)

|x− y|4 ν1(y)
]
f(y)dσ(y) ,

for x ∈ ∂D. Thus (6.17) is a direct consequence of the following lemma.
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Lemma 6.7 Define

w(x) :=
ǫ

2(z0 − x) · νz0

, x ∈ ∂D , (6.18)

where νz0 is the outward normal to ∂Ω at z0. Let h ∈ C0(∂Ω). Then for each
x ∈ ∂D

∣∣∣
1

π

∫

∂Ω

ǫ(xj − yj)
2

|x− y|4 h(y)dσ(y) − w(x)h(z0)
∣∣∣ ≤ C(sh(

√
ǫ) + (

√
ǫ))‖h‖L∞(∂Ω) ,

(6.19)

j = 1, 2,

∣∣∣
1

π

∫

∂Ω

ǫ(x1 − y1)(x2 − y2)
|x− y|2 h(y)dσ(y)

∣∣∣ ≤ C(sh(
√
ǫ) + (

√
ǫ))‖h‖L∞(∂Ω) ,

(6.20)

as ǫ→ 0.

Proof. By rotation and translation if necessary, we may assume that z0 = 0
and νz0 = (0,−1) so that z = (0, δǫ). Then there is η0 > 0 such that

Ω ∩Cη0 (0) =

{
(x′, xd) : xd > ϕ(x′)

}
∩Cη0 (0) ,

where Cη0(0) is the cube centered at 0 with side length 2η0 and ϕ is a C2 func-
tion near 0 such that ϕ(0) = 0 and ∇ϕ(0) = 0. Choose η =

√
ǫ < η0, and let

1

π

∫

∂Ω

ǫ(xj − yj)
2

|x− y|4 h(y)dσ(y) =
1

π

∫

∂Ω∩Cη(0)

+
1

π

∫

∂Ω\Cη(0)

:= I1(x) + I2(x) .

It is easy to see that

|I2(x)| ≤ C
ǫ

η
‖h‖L∞(∂Ω), x ∈ ∂D . (6.21)

Suppose j = 1. For x ∈ ∂D, write x = z+ ǫ(v1, v2), where |(v1, v2)| ≤ C <
δ. Then I1(x) takes the form

ǫI1(x) =
1

π

∫

|y′|≤δ

ǫ|y′ − ǫv1|2
[|y′ − ǫv1|2 + |δǫ+ ǫv2 − ϕ(y′)|2]2 g(y

′) dy′ ,

where g(y′) := h(ϕ(y′))
√

1 + |∇ϕ(y′)|2. Since |ϕ(y′)| ≤ C|y′|2 for some C, we
get
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1

[|y′ − ǫv1|2 + |δǫ+ ǫv2 − ϕ(y′)|2]2

=
1

(|y′ − ǫv1|2 + (δǫ+ ǫv2)2)2
[
1 + ϕ(y′)2−2(δǫ+ǫv2)ϕ(y′)

|y′−ǫv1|2+(δǫ+ǫv2)2

]2

=
1

[|y′ − ǫv1|2 + (δǫ+ ǫv2)2]2
[
1 +O(|y′|2 + ǫ)

]
.

It then follows that

ǫI1(x) =
1

π

∫

|y′|≤√
ǫ

ǫ|y′ − ǫv1|2
[|y′ − ǫv1|2 + ǫ2(δ + v2)2]

2 g(y
′) dy′ +O(ǫ) .

After a change of variables y′ − ǫv1 = ǫ(δ + v2)t, I1(x) takes the form

ǫI1(x) =
1

δ + v2

1

π

∫

|ǫ(δ+v2)t+ǫv1|≤
√

ǫ

t2

(|t|2 + 1)2
g(ǫ(δ + v2)t+ ǫv1) dt+O(ǫ) .

Since ∫ ∞

−∞

t2

(|t|2 + 1)2
dt =

π

2
,

it is now easy to show that
∣∣∣∣ǫI1(x) −

1

2(δ + v2)
g(0)

∣∣∣∣ ≤ C sup
|t|≤η

|g(t) − g(0)| . (6.22)

Observe that
1

2(δ + v2)
=

ǫ

2(z0 − x) · νz0

= w(x)

in the original coordinates. By (6.21) and (6.22) with η =
√
ǫ, we get (6.19)

when j = 1.
Estimate (6.19) when j = 2 can proved in exactly the same way using the

fact that
∫∞
−∞ 1/(|t|2 + 1)2 dt = π/2. Estimate (6.20) can also be proved in

the exactly same way using the identity
∫∞
−∞ t/(|t|2 + 1)2 dt = 0. �

Lemma 6.6 shows that for f ∈ C0(∂Ω)

‖Tf‖L∞(∂Ω) ≤ Cǫ−1+1/p‖ǫ∇DΩf‖Lq(∂D)

≤ C(sf (
√
ǫ) +

√
ǫ)‖f‖L∞(∂Ω) ,

(6.23)

where 1/p+ 1/q = 1, p, q > 1.
Moreover, one can show in a similar way that, if x is far away from z0, then

|Tf(x)| ≤ Cǫ(sf (
√
ǫ) +

√
ǫ)‖f‖L∞(∂Ω) . (6.24)

We now investigate the asymptotic behavior of F as ǫ → 0. We suppose
from now on that g ∈ C1(∂Ω) and Ω is of class C2 so that U ∈ C2(Ω). We
first observe that
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‖F‖L∞(∂Ω) ≤ Cǫ‖∇U‖L∞(∂D) .

This can be proved in a similar way as before.
Since U ∈ C2(Ω),

∇U |∂D = ∇U(z0) +O(ǫ) ,

which gives after a change of variables

F (x) = −ǫ∇U(z0)·
(∫

∂B

N(x, z+ ǫy)(λI−K∗
B)−1(ν) dσ(y)

)
+O(ǫ2) , (6.25)

if x is close to z0. Moreover, if x is far away from z0 or |x− z0| ≫ O(ǫ), then

∫

∂B

N(x, z + ǫy)(λI −K∗
B)−1(ν) dσ(y)

=

∫

∂B

[N(x, z + ǫy) −N(x, z)](λI −K∗
B)−1(ν) dσ(y)

= ǫ∇N(x, z)M +O(ǫ2)

= ǫ∇N(x, z0)M +O(ǫ2) ,

where M =
∫

∂B
y(λI − K∗

B)−1(ν) dσ(y) is the polarization tensor. Thus, in
this case, we obtain

F (x) = −ǫ2∇U(z0) ·M∇N(x, z0) +O(ǫ3) if |x− z0| ≫ O(ǫ) . (6.26)

We claim that
sF (

√
ǫ) = O(

√
ǫ) . (6.27)

In fact, since Ω is a C2 domain, |∇xN(x, y)| ≤ C|x − y|−1 for x ∈ ∂Ω and
y ∈ Ω. Therefore,

|F (x) − F (z0)| ≤
∫

∂D

|N(z0, y) −N(x, y)|
∣∣∣∣(λI −K∗

D)−1(ν · ∇U)(y)

∣∣∣∣ dσ(y)

≤
(∫

∂D

|N(z0, y) −N(x, y)|p dσ(y)
)1/p

‖(λI −K∗
D)−1(ν · ∇U)‖Lq(∂D)

≤ Cǫ−1+1/p‖∇U‖Lq(∂D)

≤ C‖∇U‖L∞(∂D)|x− z0| .

We then obtain from (6.23) and (6.24) that

F (x) =

{
O(ǫ3/2) if |x− z0| = O(ǫ) ,

O(ǫ5/2) if |x− z0| ≫ O(ǫ) .
(6.28)

Combining (6.15), (6.25), (6.26), and (6.28), we finally obtain Theorem 6.3.
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6.2.3 A Numerical Example

Let us now document the viability of our results in Theorem 6.3 by numerical
examples. Consider a unit disk in R2 with background conductivity 1 con-
taining a single disk-shaped imperfection of small radius ǫ and conductivity
k. The imperfection is centered at z = (1 − δǫ, 0) on the axis y = 0 at a
distance (δ−1)ǫ from the boundary where the constant δ > 1. Let z0 = (1, 0).

Since
∫

∂D

νy dσ(y) = 0 and

∫

∂Ω

N(x, y) dσ(x) = 0, for y ∈ Ω ,

then using property (2.21) we have

(λI −K∗
D)−1(ν)(y) =

1

λ
νy, ∀ y ∈ ∂Ω

and
N(x, y) = −2Γ (x− y) modulo constants, ∀ x ∈ ∂Ω, y ∈ Ω .

See formula (2.58).
From Theorem 6.3 it then follows that

(i)

(u− U)(x) ≃ − ǫ

πλ
∇U(z0)·

( ∫

∂B

ln |x− z − ǫy|νy dσ(y)
)
,

for x ∈ ∂Ω.
(ii)

(u − U)(x) ≃ −4ǫ2

λ
∇U(z0) ·

x− z0
|x− z0|2

if |x− z0| ≫ O(ǫ).
(iii)

(u− U)(z0) ≃ − ǫ

πλ
∇U(z0)·

( ∫

∂B

ln |δνz0 − y|νy dσ(y)
)
.

We now present numerical simulations from [13] using these asymptotic
expansions. In these experiments, we examine numerically the transmission
problem (2.61) in cylindrical coordinates (r, θ) with Neumann boundary data
g(1, θ) = cos θ + sin θ. The analytical solution of the homogeneous problem
(2.62) is then given by U(r, θ) = r(cos θ + sin θ). Therefore, (u − U)(z0) can
be approximated as follows:

(u − U)(z0)

≃ − ǫ(k − 1)

π(k + 1)

∫ 2π

0

ln

(
(δ − cos θ)2 + sin2 θ

)
(cos θ + sin θ) dθ .

(6.29)

The first set of computations (see Figure 6.1) shows the dependence of
the perturbation of the boundary conductivity (u− U)|∂Ω as a function of
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the distance variable δ for different values of ǫ and for a fixed imperfection
conductivity of k = 2. The next three figures (Figure 6.2) show the results for
a larger value of the conductivity, k = 10.

We observe that the minimal value (near θ = 0) is constant, and this is
clearer as the distance δ decreases. We can conclude that the perturbation
amplitude is asymptotically first order in ǫ.

We can also plot these same results for k = 10 fixed as a function of δ
with ǫ = 0.1; see Figure 6.3 (a). We clearly observe the dependence of the
amplitude and sharpness of the peak as a function of the distance.

The results of the above computations are summarized in Tables 6.1 and
6.2 where the maximal value of |u− U | on the boundary ∂Ω is given as a
function of the three parameters k, δ, and ǫ.

To check the influence of the angular position of the perturbation, a com-
putation with z = (0.5, 0.5) was performed. In Figure 6.4 we observe that the
perturbation is indeed centered at θ = π/4. We conclude that the angular po-
sition of the imperfection corresponds to the position of the perturbation peak.

Next, we compare in Table 6.3 the values of (u − U)(z0) computed from
the asymptotic formula (6.29) with those computed by a direct simulation as
in Tables 6.1 and 6.2.

Finally, we consider a homogeneous disk with a perfectly conducting circu-
lar imperfection. The boundary condition on the perimeter of the imperfection
is homogeneous Dirichlet, u = 0. The results as a function of δ are shown in
Figure 6.3 (b). As in the cases above,

(i) the peak of the perturbation corresponds to the angular position of the
imperfection;

(ii) as the imperfection approaches the boundary, the peak’s amplitude tends
to a finite limit.

(a) (b) (c)

Fig. 6.1. k = 2 and ǫ varying with (a) δ = 1.5, (b) δ = 2, and (c) δ = 3. Colors:
blue ǫ = 0.2; green ǫ = 0.15; red ǫ = 0.1; and cyan ǫ = 0.05.
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(a) (b) (c)

Fig. 6.2. k = 10 and ǫ varying with (a) δ = 1.5, (b) δ = 2, and (c) δ = 3. Colors:
blue ǫ = 0.2; green ǫ = 0.15; red ǫ = 0.1; and cyan ǫ = 0.05.

(a) (b)

Fig. 6.3. ǫ = 0.1 and varying distance δ with (a) k = 10, (b) k = +∞. Colors: blue
δ − 1 = 5; green δ − 1 = 2.5; red δ − 1 = 1.25; and cyan δ − 1 = 1.01.

δ = 1.5 δ = 2.0 δ = 3.0

ǫ = 0.20 0.119 (0.60) 0.097 (0.49) 0.075 (0.38)

ǫ = 0.15 0.086 (0.57) 0.069 (0.46) 0.051 (0.34)

ǫ = 0.10 0.055 (0.55) 0.044 (0.44) 0.031 (0.31)

ǫ = 0.05 0.027 (0.54) 0.021 (0.42) 0.014 (0.28)

Table 6.1. max∂Ω |u − U | and max∂Ω |u − U | /ǫ (in bold) for k = 2.

δ = 1.5 δ = 2.0 δ = 3.0

ǫ = 0.20 0.270 (1.35) 0.227 (1.14) 0.180 (0.90)

ǫ = 0.15 0.196 (1.30) 0.162 (1.07) 0.123 (0.82)

ǫ = 0.10 0.126 (1.26) 0.103 (1.03) 0.075 (0.75)

ǫ = 0.05 0.061 (1.22) 0.049 (1.00) 0.035 (0.69)

Table 6.2. max∂Ω |u − U | and max∂Ω |u − U | /ǫ (in bold) for k = 10.



160 6 Near-Boundary Conductivity Inclusions

δ = 3.0 δ = 4.0 δ = 5.0

ǫ = 0.05 0.0118 (0.236)
0.0116 (0.232)

0.0093 (0.185)
0.0085 (0.171)

0.0076 (0.152)
0.0068 (0.135)

ǫ = 0.02 0.0046 (0.228)
0.0046 (0.232)

0.0035 (0.173)
0.0034 (0.171)

0.0028 (0.140)
0.0027 (0.135)

ǫ = 0.01 0.0023 (0.230)
0.0023 (0.232)

0.0017 (0.170)
0.0017 (0.171)

0.0014 (0.135)
0.0014 (0.135)

Table 6.3. Comparison of (u − U)(z0) computed numerically (upper lines) and
(u − U)(z0) computed from the asymptotic formula (6.29) (lower lines) for k = 2.
Bold values are (u − U)(z0)/ǫ.

Fig. 6.4. Boundary perturbations for z = (0.5, 0.5).

6.3 Further Results and Open Problems

One very interesting problem is to extend Theorem 6.2 to the three-dimen-
sional case. We think that an estimate of the gradient of the voltage potential
when two spheres of not necessary equal radii approaching one another can be
obtained using a bispherical coordinate system that fits the given geometry.
The bispherical coordinate system is a rotational system with two coordinate
surfaces generated by rotating a complete circle and a circular arc, and a
third one that describes a meridean plane. The surfaces of the two spheres are
depicted from two different values of the coordinate variable describing the
complete spheres, whereas the far field is limited to a small neighborhood of
the origin within the parametric space of the second and third variables. See
[239] and [86].
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Impedance Imaging of Conductivity Inclusions

Introduction

Taking advantage of the smallness of the inclusions, Cedio-Fengya, Moskow,
and Vogelius [84] used the leading-order term in the asymptotic expansion of
u to find the locations zs, s = 1, . . . ,m, of the inclusions and certain proper-
ties of the domains Bs, s = 1, . . . ,m (relative size, orientation). The approach
proposed in [84] is based on a least-squares algorithm. Ammari, Moskow, and
Vogelius [42] also used this leading-order term to design a direct reconstruc-
tion method based on a variational formulation. The idea in [42] is to form
the integral of the “measured boundary data” against harmonic test func-
tions and choose the input current g so as to obtain an expression involving
the inverse Fourier transform of distributions supported at the locations zs,
s = 1, . . . ,m. Applying a direct Fourier transform to this data then pins down
the locations. This approach is similar to the method developed by Calderón
[78] in his proof of uniqueness of the linearized conductivity problem and
later by Sylvester and Uhlmann in their important work [285] on uniqueness
in the three-dimensional inverse conductivity problem. The main disadvan-
tage of this algorithm is the fact that it uses current sources of exponential
type. This important practical issue, which we do not attempt to address, still
needs to be resolved. A more realistic real-time algorithm for determining the
locations of the inclusions has been developed by Kwon, Seo, and Yoon [208].
This fast, stable, and efficient algorithm is based on the observation of the
pattern of a simple weighted combination of an input current g of the form
g = a · ν for some constant vector a and the corresponding output voltage.
In all of these algorithms, the locations zs, s = 1, . . . ,m, of the inclusions
are determined with an error O(ǫ), and little about the domains Bs can be
reconstructed. Furthermore, to practically implement these algorithms, one
needs the magnitude of the inclusions to be very small.

In this chapter we apply the accurate asymptotic formula (5.2) for the
purpose of identifying the location and certain properties of the shape of
the conductivity inclusions. By improving the algorithm of Kwon, Seo, and
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Yoon [208], we first design two real-time algorithms with good resolution and
accuracy. We then describe the least-squares algorithm and the variational
algorithm introduced in [42] and review the interesting approach proposed by
Brühl, Hanke, and Vogelius [73]. Their method is in the spirit of the linear sam-
pling method of Colton and Kirsch [100]. Furthermore, we present the simple
pole method first developed in [52]. After that, we give Lipschitz-continuous
dependence estimates for the reconstruction problem. These estimates, estab-
lished by Friedman and Vogelius [132], bound the difference in the location
and relative size of two sets of inclusions by the difference in the boundary
voltage potentials corresponding to a fixed current distribution. We also pro-
vide upper and lower bounds on the moments of the unknown inclusions. We
conclude the chapter by presenting efficient direct algorithms for reconstruct-
ing small anisotropic inclusions. We refer to [196, 200, 279, 283, 112, 284, 74,
71, 72, 156, 160, 161, 214, 227, 152, 70] for other numerical methods aimed at
solving the inverse conductivity problem in different settings.

7.1 Preliminary

The methods of finding inclusions are based on the asymptotic expansion for-
mula (5.4). However, the formula (5.4) is expressed in terms of the Neumann
function N(x, z), which depends on the domain Ω. There is a trick to over-
coming this difficulty. For g ∈ L2

0(∂Ω), define the harmonic function H [g](x),
x ∈ Rd \Ω, by

H [g](x) := −SΩ(g)(x) + DΩ(u|∂Ω)(x) , x ∈ Rd \Ω , (7.1)

where u is the solution of (5.23). Since −SΩ(g)(x) + DΩ(U |∂Ω)(x) = 0 for
x ∈ Rd \Ω, we have

H [g](x) = DΩ(u|∂Ω − U |∂Ω)(x) . (7.2)

Then by substituting (5.4) into (7.2) and using a simple formula DΩ(N(· −
z))(x) = Γ (x− z) for z ∈ Ω and x ∈ Rd \Ω, which is a direct consequence of
(2.53), we get

H [g](x) = −
m∑

s=1

d∑

|i|=1

d−|i|+1∑

|j|=1

ǫ
|i|+|j|+d−2
s

i!j!
∂iU(zs)Mij(ks, Bs)∂

j
zΓ (x− zs)

+O(ǫ2d) .
(7.3)

The first-order approximation, which will be mainly used for the recon-
struction, takes a particularly simple form:

H [g](x) = −
m∑

s=1

ǫds∇U(zs)M(ks, Bs)∇zΓ (x− zs) +O(ǫd+1) (7.4)
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for all x ∈ Rd \Ω. Note that, if |x| → +∞, we have

H [g](x) = −
m∑

s=1

ǫds∇U(zs)M(ks, Bs)∇zΓ (x− zs) +O

(
ǫd+1

|x|d
)
. (7.5)

Observe that ∇zΓ (x− zs) = O(|x|−d+1) as |x| → +∞.
If the inclusion has a symmetry, then the error term in (7.4) with m = 1

can be replaced with O(ǫd+2), because the correction of order two is zero, as
a consequence of Lemma 4.4. The following example illustrates this result.

Let d = 2, and consider a single inclusion D = ǫB+ z in Ω ⊂ R2. We plot
the quantity

max
x∈S

ln ‖H [g](x) + ǫ2∇U(z)M∇zΓ (x− z)‖

as a function of ln ǫ, where S is a C2-closed surface enclosing the domain
Ω [46]. The graphics in Figure 7.2 demonstrate that the expression in (7.4)
(with d = 2) is of order O(ǫ4) for symmetric inclusions and of order O(ǫ3) for
non-symmetric ones.

(a) (b)

Fig. 7.1. Symmetric inclusion (a); non-symmetric inclusion (b).

7.2 Projection Algorithm — Reconstruction of a

Single Inclusion

The projection algorithm was developed by Ammari and Seo in [43]. To bring
out the main ideas of this algorithm, we only consider the case where D has
one component of the form ǫB + z. Based on Theorem 5.1 and two more ob-
servations we rigorously reconstruct, with good resolution and accuracy, the
location, the size, and the polarization tensors from the observation in the
near field (x near ∂Ω) and the far field (x far from ∂Ω) of the pattern H(x),
which is computed directly from the current-voltage pairs.
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(a)
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Fig. 7.2. Remainder of order O(ǫ4) for (a); remainder of order O(ǫ3) for (b).

The mathematical analysis provided in this section indicates that the pro-
jection algorithm has good resolution and accuracy.

As we said before, this algorithm makes use of constant current sources.
For any unit vector a ∈ Rd, d = 2, 3, let H [a · ν] denote the function H in
(2.64) corresponding to the Neumann data

g(y) =
∂

∂ν
(a · y) = a · νy , y ∈ ∂Ω .

The expression D = ǫB+z requires some care because it can be expressed
in infinitely many different ways. For a unique representation, we need to se-
lect a canonical domain B that is a representative domain of the set of all
D = ǫB + z. Assume for the sake of simplicity that k > 1. Let Tλ be the set
of all strictly star-shaped domains B satisfying

∫

B

xdx = 0 , |M(k,B)| = 1 ,

where det(M) is the determinant of the matrixM andM(k,B) is the polariza-
tion tensor of Pólya–Szegö associated with the domain B and the conductivity
k = (2λ+ 1)/(2λ− 1). Then, by using the essential fact from Chapter 4 that
M(k,B) is a symmetric positive-definite matrix and so, its determinant can-
not vanish, it is not hard to see that, if ǫ1B1+z1 = ǫ2B2+z2, where B1 and B2

belong to Tλ, then z1 = z2, ǫ1 = ǫ2, and B1 = B2. Note that if 0 < k < 1 then
M(k,B) is a symmetric negative definite matrix. Throughout this chapter,
we assume that B ∈ Tλ.

The first step for the reconstruction procedure is to compute ǫ andM(k,B)
up to an error of order ǫd.

Theorem 7.1 (Size estimation) Let S be a C2 closed surface (or curve in
R2) enclosing the domain Ω. Then for any vectors a and a∗ we have
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∫

S

∂H [a · ν]
∂ν

(x) a∗ · xdσ(x) −
∫

S

H [a · ν](x) a∗ · νx dσ(x)

= −a∗ · (ǫdM(k,B)a) +O(ǫ2d) .

(7.6)

Proof. Let Ω′ denote the domain inside S; that is, ∂Ω′ = S. Since S ⊂ Rd\Ω,
it follows from (2.67) that for any vector a, H [a · ν] = −SDφ on S, where

φ = (λI −K∗
D)−1(

∂H

∂ν

∣∣∣∣
∂D

) .

Thus the left side of (7.6) is in fact equal to

−
∫

S

∂

∂ν
(SDφ(x)) a

∗ · xdσ(x) +

∫

S

SDφ(x) a
∗ · νx dσ(x) . (7.7)

Using the fact that ∆SDφ = 0 in Rd \ ∂D and the divergence theorem on
Ω′ \D, we can see that the term in (7.7) equals

−
∫

∂D

∂(SDφ(x))

∂ν

∣∣∣∣
+

a∗ · xdσ(x) +

∫

∂D

SDφ(x) a
∗ · νx dσ(x) .

Then by the jump relation (2.27), it is equal to

−
∫

∂D

a∗ · x φ(x) dσ(x) .

Setting h̃(y) = ∂
∂νH [a · ν](z + ǫy), we have by a change of variables

∫

∂D

a∗ · y φ(y) dσ(y) = ǫd
∫

∂B

a∗ · y (λI −K∗
B)−1h̃(y) dσ(y) .

The estimate (v) in Proposition 5.6 provides the expansion

∫

∂B

a∗ ·y (λI−K∗
B)−1h̃(y) dσ(y) =

∫

∂B

a∗ ·y (λI−K∗
B)−1(ν ·a) dσ(y)+O(ǫd) ,

which leads us to the identity (7.6). �

Now, let us explain how to compute ǫ and M(k,B) up to an error of order
ǫd using Theorem 7.1.

Let A be the d×d matrix defined by A =
√

BBT , where the pq-component
of B is equal to

∫

S

∂H [ep · ν]
∂ν

(x)eq · xdσ(x) −
∫

S

H [ep · ν](x)eq · νx dσ(x) .

Here BT is the transpose of the matrix B and {ep}d
p=1 is the standard basis

of Rd. Define
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ǫ∗ = d2
√
|A|, M∗ :=

1

(ǫ∗)d
A .

According to Theorem 7.1, we immediately see that

ǫ∗ = ǫ(1 +O(ǫd)) and M∗ = M(k,B) +O(ǫd) . (7.8)

Note that slightly different size estimations can be obtained by making
use of Lemma 4.14 and Theorem 4.16; see [82, 83]. It can be shown that

1

k − 1
app ≤ |D|(1 +O(|D|)) ≤ k

k − 1
app ,

where (app)p=1,...,d are the diagonal elements of A, and

1

d− 1 + 1
k

Tr(A)

k − 1
≤ |D|(1 +O(|D|)) ≤ (d− 1 + k)

(Tr(A−1))−1

k − 1
.

It can also be easily seen that all of these size estimations, even for moder-
ate size volume, represent an improvement over the one given in Lemma 3.1.

Because of the normalization |M(k,B)| = 1, the knowledge of M(k,B)
does not determine k. Equivalently, it is not possible to determine ǫ and k
simultaneously from the knowledge of the lowest-order term in the asymptotic
expansion of the pattern H .

Observe that by construction the real matrix M∗ is symmetric positive-
definite. Let 0 < κ1 ≤ . . . ≤ κd−1 ≤ κd be the eigenvalues of M(k,B). Using
once again the fact that M(k,B) is a symmetric positive-definite matrix it
follows that there is a constant C depending only on the Lipschitz character of
B such that C < κp < 1/C, and therefore, for ǫ small enough, the eigenvalues

{κ(p)
∗ }d

p=1 of M∗ satisfy the same estimates.
Having recovered (approximately) the polarization tensor of Pólya–Szegö

M(k,B), we now compute an orthonormal basis of eigenvectors a
(1)
∗ , . . . , a

(d)
∗

of M∗. We will use these eigenvectors for recovering the location z. Let Σp be

a line parallel to a
(p)
∗ such that

dist (∂Ω,Σp) = O

(
1

(ǫ∗)d−1

)
, p = 1, . . . , d .

For any x ∈ Σp it is readily seen from (5.22) and (7.8) that for background
potentials Up given by

Up(x) = a
(p)
∗ · x− 1

|∂Ω|

∫

∂Ω

a
(p)
∗ · y dσ(y) , p = 1, . . . , d

(or equivalently for the currents g = a
(p)
∗ · ν), the following asymptotic expan-

sion holds:

H [a
(p)
∗ · ν](x) = −κ(p)

∗
(ǫ∗)d

ωd|x− z|d
(x− z) · a(p)

∗ +O(
ǫ2d

|x− z|d−1
) (7.9)
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for all x ∈ Σp, where κ
(p)
∗ is the eigenvalue of M∗ associated with the eigen-

vector a
(p)
∗ .

In fact, this is the far-field expansion of the pattern H [a
(p)
∗ ·ν], from which

we shall find the location z with an error of order O(ǫd). To get some insight,
let us neglect the asymptotically small remainder O(ǫ2d) in the asymptotic
expansion (7.9).

Our second important observation is that, since M∗ is symmetric pos-

itive and the set of eigenvectors (a
(1)
∗ , . . . , a

(d)
∗ ) forms an orthonormal ba-

sis of Rd, we will find exactly d points zp
∗ ∈ Σp, p = 1, . . . , d, so that

H [a
(p)
∗ · ν](zp

∗) = 0. Finally, the point z∗ =
∑d

p=1(z
p
∗ · a(p)

∗ ) a
(p)
∗ is very close to

z, namely |z∗ − z| = O(ǫd).

Theorem 7.2 (Detection of the location) Let a
(1)
∗ , . . . , a

(d)
∗ denote the mu-

tually orthonormal eigenvectors of the symmetric matrix M∗. For any p =

1, · · · , d, let H [a
(p)
∗ · ν] be the function H in (2.64) corresponding to the Neu-

mann data g = a
(p)
∗ · ν and let Σp be a line with the direction a

(p)
∗ so that

dist (∂Ω,Σp) = O(1/(ǫ∗)d−1). Then zp
∗ ∈ Σp exists so that H [a

(p)
∗ ·ν](zp

∗) = 0.

Moreover, the point z∗ =
∑d

p=1(z
p
∗ · a(p)

∗ )a
(p)
∗ satisfies the following estimate:

|z∗ − z| ≤ Cǫd , (7.10)

where the constant C is independent of ǫ and z.

Proof. From (7.9) it follows that a positive constant C exists, independent
of x, z, and ǫ such that

H [a
(p)
∗ · ν](x) ≥ − ǫd

ωd|x− z|d−1

(
κ

(p)
∗

(x− z)
|x− z| · a

(p)
∗ + Cǫd

)
for all x ∈ Σp ,

H [a
(p)
∗ · ν](x) ≤ − ǫd

ωd|x− z|d−1

(
κ

(p)
∗

(x− z)
|x− z| · a

(p)
∗ − Cǫd

)
for all x ∈ Σp .

For x ∈ Σp satisfying

(x− z)
|x− z| · a

(p)
∗ < − C

κ
(p)
∗
ǫd ,

we have H [a
(p)
∗ · ν](x) > 0. On the other hand, for x ∈ Σp satisfying

(x− z)
|x− z| · a

(p)
∗ >

C

κ
(p)
∗
ǫd ,

we similarly have H [a
(p)
∗ · ν](x) < 0. Therefore, the zero point z∗ satisfies

|(z∗ − z) · a(p)
∗ | ≤ Cǫd, for p = 1, . . . , d ,
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which implies that (7.10) holds, since {a(p)
∗ }d

p=1 forms an orthonormal basis

of Rd. �

Finally, to find additional geometric features of the domain B and its con-
ductivity k, we use higher order terms in the asymptotic expansion of H ,
which follows from a combination of the estimate (v) in Proposition 5.6 and
the expansion (5.22):

H [a · ν](x) = −
∑

|i|=1

d∑

|j|=1

ǫ|i|+|j|+d−2

j!
a∂j

zΓ (x− z)Mij +O(ǫ2d) . (7.11)

Since z, ǫ, and the polarization tensor M are now recovered with an error
O(ǫd), the reconstruction of the higher order polarization tensors Mij for
|i| = 1 and 2 ≤ |j| ≤ d, could easily been done by inverting an appropriate
linear system arising from (7.11). Then we could determine the conductivity
k from the knowledge of Mij , for 1 ≤ |i|, |j| ≤ d.

The main results in this section are summarized in the following recon-
struction procedure.

Projection Algorithm

For any unit vector a, let H [a ·ν] be the function H in (2.64) corresponding to
the Neumann data g(y) = a · νy , y ∈ ∂Ω. Let {ep}d

p=1 denote the standard or-

thonormal basis of Rd. Let S be a C2-closed surface (or curve in R2) enclosing
the domain Ω.

Step 1 Compute H [ep · ν](x) for x ∈ S to calculate the matrix A =
√

BBT ,
where the pq-component of B is equal to

∫

S

∂H [ep · ν]
∂ν

(x)eq · xdσ(x) −
∫

S

H [ep · ν](x)eq · νx dσ(x)

and BT is the transpose of the matrix B. Then

ǫ∗ = d2
√
|A| = ǫ(1 +O(ǫd)) and M∗ :=

1

(ǫ∗)d
A = M(k,B) +O(ǫd) .

Step 2 Compute an orthonormal basis {a(p)
∗ }d

p=1 of eigenvectors of the sym-
metric positive-definite matrix M∗.

Step 3 ConsiderΣp to be a line with the direction a
(p)
∗ so that dist (∂Ω,Σp) =

O(1/(ǫ∗)d−1) and zp
∗ ∈ Σp so that H [a

(p)
∗ · ν](zp

∗) = 0. Then the point

z∗ =
∑d

p=1(z
p
∗ · a(p)

∗ )a
(p)
∗ satisfies the estimate |z∗ − z| = O(ǫd).

Step 4 Recover the higher order polarization tensors Mij , for |i| = 1 and
2 ≤ |j| ≤ d, by solving an appropriate linear system arising from (7.11)
and then determine the conductivity k from the knowledge of Mij , for
1 ≤ |i|, |j| ≤ d.
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Fig. 7.3. Detection of the location and the polarization tensor of a small inclusion
by the projection algorithm.

7.3 Quadratic Algorithm — Detection of Closely Spaced

Inclusions

Recall that the projection algorithm uses only linear solutions. In this section,
we design another algorithm using quadratic solutions. We apply this algo-
rithm for the purpose of reconstructing the first-order polarization tensor and
the center of closely spaced small inclusions from a finite number of boundary
measurements.

Assume for the sake of simplicity that d = 2. Based on estimates (7.4) and
(7.5), we have the following reconstruction procedure.

Quadratic Algorithm

Step 1 For gp = ∂xp/∂ν, p = 1, 2, measure u|∂Ω.
Step 2 Compute the first-order polarization tensor ǫ2M = ǫ2(mpq)

d
p,q=1 for

D by
ǫ2mpq = lim

t→+∞
2πtH [gp](teq) .

Step 3 Compute hp = limt→+∞ 2πtH [g3](tep) for g3 = ∂(x1x2)
∂ν , p = 1, 2. Then

the center is estimated by solving

z = (h1, h2)(ǫ
2M)−1 .

Step 4 Let the overall conductivity k = +∞ if the polarization tensor M
is positive-definite. Otherwise assume k = 0. Use results from Subsect.
4.11.1 to obtain the shape of the equivalent ellipse.

In order to collect data u|∂Ω in Step 1, we solve the direct problem (5.29)
as follows. Using the formula (5.24) and the jump relations (2.27) and (2.28),
we have, for s = 1, . . . ,m, the following equations:

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

1

2
u = KΩu− SΩg +

m∑

s=1

SDs
ψ(s) on ∂Ω ,

(λsI −K∗
Ds

)ψ(s) −
∑

l 	=s

∂(SDl
ψ(l))

∂ν(s)

∣∣
∂Ds

=
∂H

∂ν(s)

∣∣
∂Ds

on ∂Ds .
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We solve the integral equation using the collocation method [204] and obtain
u|∂Ω on ∂Ω for given data g.

A few words of explanation are required for Step 4. In order to determine
the overall conductivity, it is necessary to know for every single inclusion both
its individual conductivity ks and size |Bs|, s = 1, . . . ,m. That is impossible;
thus we assume a priori that k is either +∞ or 0 depending on the sign of
the detected polarization tensor. Therefore it is natural that the quadratic
algorithm gives better information when the conductivity contrast between
the background and the inclusions is high. We illustrate in Figure 7.4 the vi-
ability of this algorithm. Rigorous justification of its validity follows from the
arguments we just went through for the projection algorithm.
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Fig. 7.4. Reconstruction of closely spaced small inclusions. The dashed line is the
equivalent ellipse, and the dash-dot line is the detected ellipse. The numerical values
are given in Table 7.1.

We conclude this section with a comment on stability. In general, the
measured voltage potential contains unavoidable observation noise, so that
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ki ai
0, a

i
1, a

i
2, b

i
0, b

i
1, b

i
2 k a b θ z

k a b θ z

100 5.5, 0.2, 0, 5.2, 0.2, 0 60.079 0.511 0.468 0.000 (4.838, 4.900)
100 5.5, 0.2, 0, 4.6, 0.2, 0 +∞ 0.502 0.461 0.000 (4.856, 4.899)
50 4.5, 0.4, 0, 4.9, 0.4, 0

1.5 -7.4, 0.2, 0, -4, 0.2, 0 1.5 0.474 0.190 0.000 (-6.844, -4.000)
1.5 -6.4, 0.5, 0, -4, 0.1, 0 +∞ 0.146 0.123 0.000 (-6.875, -4.000)

100 0.1, 0.2, 0, 0, 0.2, 0
100 -0.3, 0.2, 0, -0.4, 0.2, 0 3.88 0.511 0.315 0.785 (-0.236, -0.336)
1.5 -0.7, 0.2, 0, -0.8, 0.2, 0 +∞ 0.355 0.267 0.785 (-0.233, -0.333)
1.5 -1.1, 0.2, 0,-1.2, 0.2, 0

5 2.9, 0.4, 0, -2.7, 0.1, 0 18.655 0.491 0.365 0.443 (2.494, -3.375)
100 2.5, 0.25, 0.2, -3.3, 0.25, 0.05 +∞ 0.458 0.351 0.443 (2.434, -3.321)
50 2.0, 0.2, 0, -4.0, 0.2, 0

5 4.5, 0.15, 0.2, -3, 0.25, 0.05
5 5.2, 0.1, 0, -3, 0.4, 0 5 0.507 0.419 -0.000 (5.502, -3.000)
5 5.8, 0.15, 0.2, -3, 0.25,0.05 +∞ 0.401 0.353 -0.000 (5.436, -3.000)
5 6.6, 0.2, 0, -3, 0.2, 0

100 6.0, 0.25, 0.2, 4.6, 0.25, 0.05 100 0.549 0.331 -0.089 (5.728, 4.772)
100 5.5, 0.4, 0, 5.2, 0.1, 0 +∞ 0.540 0.329 -0.089 (5.712, 4.817)
100 5.2, 0.2, 0, 4.7, 0.2, 0

Table 7.1. Table for Figure 7.4. Here k, z are the overall conductivity and center
defined by (4.84) and (4.85). a, b, and θ are semi-axis lengths and the angle of
orientation of the equivalent ellipse while a, b, and θ are those of detected ellipse
assuming k = +∞. The point z is the detected center.

we have to answer the stability question. Fortunately, the projection and
quadratic algorithms are totally based on the observation of the pattern of
H ; thus, if

Hmeas[g](x) := −SΩ(g)(x) + DΩ(umeas) for x ∈ Rd \Ω ,

where umeas is the measured voltage on the boundary, then we have the fol-
lowing stability estimate

|Hmeas[g](x) −H [g](x)| ≤
∣∣∣∣
∫

∂Ω

∂Γ

∂νy
(x− y)

(
umeas − u

)
(y) dσ(y)

∣∣∣∣

≤ C ||umeas − u||L2(∂Ω) ,

where C is a constant depending only on the distance from x to ∂Ω. Thus
we conclude that the projection and quadratic algorithms are not sensitive to
the observation noise.

We now present another method using finitely many measurements, as-
suming that all inclusions are disks.
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7.4 Simple Pole Method

This method is due to Kang and Lee [177]. It was first developed in [52].
Suppose that the inclusion is of the form D = ∪m

s=1Ds and each Ds is a disk,
or Ds = ǫsB, where B is a unit disk. In this case the polarization tensor M (s)

associated with B is given by

M (s)(= M(ks, B)) = π
2(ks − 1)

ks + 1
I ,

where I is the identity matrix. Therefore, in this case we obtain from (7.4) that

H [g](x) =
m∑

s=1

ǫ2s(ks − 1)

ks + 1

∇U(zs) · (x− zs)
|x− zs|2

+O(ǫ3), x ∈ R2 \Ω .

Thus, we get

H [ν1](x) + iH[ν2](x) =
m∑

s=1

βs

z − αs
+O(ǫ3), z ∈ C \Ω ,

where βs := ǫ2s(ks − 1)/(ks + 1) and αs = (zs)1 + i(zs)2. Note that H [ν2] is a
harmonic conjugate of H [ν1].

Therefore our inclusion detection problem reduces to the problem of find-
ing the simple poles αs and the residues βs from the knowledge of a mero-
morphic function f(z) =

∑m
s=1 βs/(z − αs) on a circle |z| = R enclosing all

the poles.
It turns out that there is a nice way to locate the simple poles. By the

Cauchy integral formula, we have

1

2πi

∫

|z|=R

znf(z)dz =
m∑

s=1

βsα
n
s .

The method of identification of simple poles is based on the following simple
observations.

Lemma 7.3 Suppose that the sequence {cn} takes the form cn =
∑m

s=1 βsα
n
s ,

n = 0, 1, . . .. If l1, . . . , lk satisfies the generating equation

cn+m + l1cn+m−1 + · · · + lmcn = 0, n = 0, 1, . . . ,m− 1 , (7.12)

then α1, α2, · · · , αm are solutions of

zm + l1z
m−1 + · · · + lm = 0 . (7.13)

The converse is also true. Furthermore, if (7.12) holds, then it holds for all n.
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Lemma 7.4 Let cn be as in the Lemma 7.3, and let

Dn = det

⎛
⎜⎜⎜⎝

c0 c1 · · · cn−1

c1 c2 · · · cn
...

...
...

cn−1 cn · · · c2n−2

⎞
⎟⎟⎟⎠ .

Then

Dn =

⎧
⎨
⎩
β1β2 · · ·βm

∏

i<j

(αi − αj)
2 if n = m ,

0 if n > m .
(7.14)

Lemmas 7.3 and 7.4 suggest that, if we know the number m of simple
poles, then we first solve the system of equations (7.12) to find l1, . . . , lm.
We then solve the equation (7.13) to find the poles α1, . . . , αm. Once we find
α1, . . . , αm, it is a simple matter to find β1, . . . , βm. The most serious diffi-
culty in finding poles comes from the fact that we do not know their number
aforehand. In order to determine this number, we use the formula (7.14). That
is, we start with a bound N of the number of poles and compute the deter-
minants in (7.14) for n = N,N − 1, . . . , until it becomes non-zero. The first
number for which the determinant is non-zero is the number of simple poles
we seek to determine.

Of course, these computations are performed within a given tolerance. The
result of a numerical test in a simple situation is given in [177].

We note that the problem of reconstructing multiple thin inclusions can be
reduced to a problem of finding simple poles for which the simple pole method
may be applied; see a recent paper by Ammari, Beretta, and Francini[14].

7.5 Least-Squares Algorithm

In this section we consider m inclusions Ds, s = 1, . . . ,m, each of the form
Ds = ǫsBs +zs where each Bs ∈ Tλs

. Here λs = (ks +1)/(2(ks−1)). Let S be
a C2-closed surface (or curve in R2) enclosing the domain Ω. The least-squares
algorithm is based on the minimization of a discrete L2-norm of the residual

H [g](x) +

m∑

s=1

d∑

|i|=1

d∑

|j|=1

ǫ
|i|+|j|+d−2
s

i!j!
(∂iU)(zs)∂

j
zΓ (x− zs)M s

ij

on S. Here M s
ij = Mij(ks, Bs). We select L equidistant points, x1, . . . , xL, on

S, and we seek to determine the unknown parameters of the inclusions Ds as
the solution to the non-linear least-squares problem

min

L∑

l=1

∣∣∣∣∣∣
H [g](xl) +

m∑

s=1

d∑

|i|=1

d∑

|j|=1

ǫ
|i|+|j|+d−2
s

i!j!
(∂iU)(zs)∂

j
zΓ (xl − zs)M s

ij

∣∣∣∣∣∣

2

.
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We minimize over {m, zs, ǫs, ks, Bs} when all parameters are unknown; how-
ever, there may be considerable non-uniqueness of the minimizer in this gen-
eral case. If the inclusions are assumed to be of the form zs + ǫsQsB, for a
common known domain B, but unknown locations zs and rotations Qs, then
if ǫs and ks are known, the least-squares algorithm can be applied to success-
fully determine the number m of inclusions, the locations zs and the rotations
Qs, as demonstrated by numerical examples in [84].

7.6 Variational Algorithm

This algorithm is based on the original idea of Calderón [78], which was, by
the way of a low amplitude perturbation formula, to reduce the reconstruction
problem to the calculations of an inverse Fourier transform. It may require
quite a number of boundary measurements, but if these are readily available,
then the approach is simple and the implementation is fast.

For arbitrary η ∈ Rd, one assumes that one is in possession of the boundary
data for the voltage potential u, whose corresponding background potential is

given by U(y) = ei(η+iη⊥)·y (boundary current gη(y) = i(η+iη⊥)·νye
i(η+iη⊥)·y

on ∂Ω), where η⊥ ∈ Rd is orthogonal to η with |η| = |η⊥|.
If S is a C2-closed surface (or curve in R2) enclosing the domain Ω, then

analogously to (7.6), one can easily prove that

E(η) :=

∫

S

∂

∂ν
H [gη](y) ei(η−iη⊥)·y dσ(y)

− i

∫

S

H [gη](y) νy · (η − iη⊥) ei(η−iη⊥)·y dσ(y)

=

m∑

s=1

ǫds(η + iη⊥) ·M s · (η − iη⊥)e2iη·zs +O(ǫd+1) ,

(7.15)

where ǫ = sups ǫs and M s = M(ks, Bs).
Recall that the function e2iη·zs (up to a multiplicative constant) is ex-

actly the Fourier transform of the Dirac function δ−2zs
(a point mass located

at −2zs). Multiplication by powers of η in the Fourier space corresponds to
differentiation of the Dirac function. The function E(η) is therefore (approx-
imately) the Fourier transform of a linear combination of derivatives of point
masses; i.e.,

Ě ≃
m∑

s=1

ǫdsLsδ−2zs
,

where Ls is a second-order constant coefficient differential operator, whose
coefficients depend on the polarization tensor of Pólya–Szegö M s, and Ě rep-
resents the inverse Fourier transform of E(η).

The variational algorithm then consists in sampling the values of E(η) at
some discrete set of points and then calculating the corresponding discrete
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inverse Fourier transform. After a re-scaling (by −1/2) the support of this
inverse Fourier transform yields the location of the inclusions. Once the loca-
tions are known, one may calculate the polarization tensors of Pólya–Szegö
by solving the appropriate linear system arising from (7.15).

To estimate the number of the sampling points needed for an accurate
discrete Fourier inversion of E(η), we remind the reader of the main as-
sertion of the so-called Shannon’s sampling theorem [108]: A function f
is completely specified (by a very explicit formula) by the sampled values
{f(c0 + πn/h)}+∞

n=−∞ if and only if the support of the Fourier transform of
f is contained inside [−h, h]. For the variational algorithm this suggests two
things: (1) If the inclusions are contained inside a square of side 2h, then we
need to sample E(η) at a uniform, infinite, rectangular grid of mesh-size π/h
to obtain an accurate reconstruction; (2) if we only sample the points in this
grid for which the absolute values of the coordinates are less than K, then the
resulting discrete inverse Fourier transform will recover the location of the in-
clusions with a resolution of δ = π/K. In summary, we need (conservatively)
of the order (2h)d/δd sampled values of E(η) to reconstruct, with a resolution
δ, a collection of inclusions that lie inside a square of side 2h. The reader is
referred to [301] for a review of the fundamental mechanism behind the FFT
method for inverting the quantity in (7.15).

The following numerical examples from [42] clearly demonstrate the via-
bility of the variational approach.

(a) (b)

Fig. 7.5. Five inclusions: (a) 30 × 30 sample points, (b) 20 × 20 sample points.

We take the domain Ω to be the square [−10, 10] × [−10, 10], and we in-
sert five inclusions in the shape of balls, with the sth-ball positioned at the
point (s, s). We take each M s to be 10 × I and ǫ = 0.1. We sample E(η) on
the square [−3, 3] × [−3, 3] with a uniform 30 × 30 grid in (a) (900 sample
points) and 20 × 20 grid in (b) (400 sample points). We are thus following
the recipe from above, with h = 10 and K = 3. We should expect recovery of
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the locations of all inclusions, with a resolution δ = π/3. The discrete inverse
Fourier transform yields the gray-level (intensity) plot shown in Figure 7.5.
In Figure 7.5(a) we can see that the five balls are still distinctly visible.

In order to simulate errors in the boundary measurements, as well as in the
different approximations, we add on the order of 10% of random noise to the
values of E(η). We see from Figure 7.6 that the reconstruction is quite stable.

Fig. 7.6. Five inclusions with 10% noise (a) 30 × 30 sample points, (b) 20 × 20
sample points.

7.7 Linear Sampling Method

We now describe the interesting approach proposed by Brühl, Hanke, and
Vogelius in their recent paper [73]. This approach is related to the linear sam-
pling method of Colton and Kirsch [100] (see also [192] and [71]) and allows
one to reconstruct small inclusions by taking measurements only on some por-
tion of ∂Ω. It also has some similarities to the MUltiple Signal Classification
(MUSIC)-type algorithm developed by Devaney [110, 213] for estimating the
locations of a number of point-like scatterers. We refer to Cheney [87] and
Kirsch [193] for detailed discussions of the connection between the MUSIC
algorithm and the linear sampling method.

Let ∂ω be a subset of ∂Ω with positive measure, and define L2
0(∂ω)

to be the subspace of functions in L2(∂ω) with zero integral over ∂ω. Let
D = ∪m

s=1(ǫBs + zs) be a collection of small inclusions with conductivities
0 < ks �= 1 < +∞, s = 1, . . . ,m, and satisfying

|zs − zs′ | ≥ 2c0 > 0 ∀ s �= s′ and dist(zs, ∂Ω) ≥ 2c0 > 0 ∀ s . (7.16)
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For a function g ∈ L2
0(∂ω), we can solve the problems

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∇ ·
(

1 + (k − 1)χ(D)

)
∇u = 0 in Ω ,

∂u

∂ν
= g on ∂ω ,

∂u

∂ν
= 0 on ∂Ω \ ∂ω ,

∫

∂ω

u(x) dσ(x) = 0 ,

(7.17)

and ⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆U = 0 in Ω ,

∂U

∂ν
= g on ∂ω ,

∂U

∂ν
= 0 on ∂Ω \ ∂ω ,

∫

∂ω

U(x) dσ(x) = 0 .

(7.18)

Define the partial Neumann-to-Dirichlet map on L2
0(∂ω) by ΛD(g) = u|∂ω. Let

Λ0 be the partial Neumann-to-Dirichlet map on L2
0(∂ω) for the case in which

no conductivity inclusions are present. We seek to use ΛD − Λ0 to determine
D. In this connection we first establish the following.

Lemma 7.5 The operator ΛD − Λ0 : L2
0(∂ω) → L2

0(∂ω) is compact, self-
adjoint, positive (respectively, negative) semi-definite, if 0 < ks < 1 (respec-
tively 1 < ks < +∞) for all s = 1, . . . ,m.

Proof. Let g ∈ L2
0(∂ω), and let u and U denote the solutions of (7.17) and

(7.18). An easy application of Green’s formula gives

u(x) = DΩ(u|∂Ω) + (k− 1)

∫

D

∇u(y) · ∇Γ (x− y) dy −
∫

∂ω

g(y)Γ (x− y) dσ(y)

and

U(x) = DΩ(U |∂Ω) −
∫

∂ω

g(y)Γ (x− y) dσ(y), x ∈ Ω .

Subtracting these two equations and letting x go to ∂Ω yields

(
1

2
I −KΩ)(u− U) = (k − 1)

∫

D

∇u(y) · ∇Γ (x− y) dy , x ∈ ∂Ω .

By using (2.28) and Lemma 2.29 together with the fact that

∫

∂ω

(u− U)(y) dσ(y) = 0 ,
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the above equation implies that

(ΛD − Λ0)g(x) = (1 − k)
∫

D

∇u(y) · ∇N(x, y) dy + C for x ∈ ∂ω ,

where the constant C is given by

C = (k − 1)

∫

∂ω

∫

D

∇u(y) · ∇N(x, y) dy dσ(x) .

By using (2.82) and (2.83), we can prove that

||u− U ||L2(∂ω) ≤ C||∇u||L2(D) ≤ C′||g||L2(∂ω) ,

for some positive constant C′ independent of g, which indicates that ΛD −Λ0

is bounded. Indeed, from the smoothness of
∫

D
∇u(y) · ∇N(x, y) dy|∂ω, we

conclude that ΛD − Λ0 : L2
0(∂ω) → L2

0(∂ω) is compact. Thus, in order to
prove that ΛD − Λ0 is self-adjoint, it suffices to show that it is symmetric.
Consider h ∈ L2

0(∂ω) and v and V to be the solutions of (7.17) and (7.18), re-
spectively, corresponding to the Neumann data h. Using integration by parts,
we can establish the following identity:

∫

∂ω

(ΛD − Λ0)(g)h = −
∫

Ω

∇(u − U) · ∇(v − V ) +

m∑

s=1

(1 − ks)

∫

ǫBs+zs

∇u · ∇v

=

∫

Ω

(
1 +

m∑

s=1

(ks − 1)χ(ǫBs + zs)

)
∇(u− U) · ∇(v − V )

+

m∑

s=1

(1 − ks)

∫

ǫBs+zs

∇U · ∇V .

It results in, as desired, that ΛD − Λ0 : L2
0(∂ω) → L2

0(∂ω) is self-adjoint,
positive (respectively, negative) semi-definite, if 0 < ks < 1 (respectively,
1 < ks < +∞) for all s = 1, . . . ,m. �

Next, let Ñ be the solution to

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

∆xÑ(x, z) = −δz in Ω,

∂Ñ

∂νx

∣∣
∂ω

= − 1

|∂ω| ,

∂Ñ

∂νx

∣∣
∂Ω\∂ω

= 0 ,
∫

∂ω

Ñ(x, z) dσ(x) = 0 for z ∈ Ω .

(7.19)
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Similarly to (5.4), we can prove without any new difficulties that

(ΛD − Λ0)(g)(x) = −ǫd
m∑

s=1

∇U(zs)M(ks, Bs)∇zÑ(x, zs) +O(ǫd+1) ,

uniformly on ∂ω, where the remainder O(ǫd+1) is bounded by Cǫd+1 in the
operator norm of L(L2

0(∂ω), L2
0(∂ω)) and U is the background solution, that

is, the solution of (7.18). Here L(L2
0(∂ω), L2

0(∂ω)) is the set of linear bounded
operators on L2

0(∂ω). Define the operator T : L2
0(∂ω) → L2

0(∂ω) by

T (g) = −
m∑

s=1

∇U(zs)M(ks, Bs)∇zÑ(·, zs) . (7.20)

Since U depends linearly on g, T is linear. Corresponding to Lemma 7.5, the
following result can be obtained.

Lemma 7.6 The operator T : L2
0(∂ω) → L2

0(∂ω) is compact, self-adjoint,
positive (respectively, negative) semi-definite, if 0 < ks < 1 (respectively,
1 < ks < +∞) for all s = 1, . . . ,m.

Proof. We first observe that T is a finite-dimensional operator, and hence,
it is compact. Moreover, to prove that T is self-adjoint it suffices to show
that it is symmetric. Let g and h be in L2

0(∂ω) and denote U and V as the
background solutions corresponding, respectively, to g and h. We have

∫

∂ω

T (g)h = −
m∑

s=1

∇U(zs)M(ks, Bs)

∫

∂ω

∇zÑ(x, zs)
∂V

∂ν
(x) dσ(x)

= −
m∑

s=1

∇U(zs)M(ks, Bs)

∫

∂Ω

∇zÑ(x, zs)
∂V

∂ν
(x) dσ(x) .

But since ∇xÑ = −∇zÑ , we have ∆x∇zÑ = ∇xδx=z and therefore
∫

∂Ω

∇zÑ(x, zs)
∂V

∂ν
(x) dσ(x) = ∇V (zs) .

Consequently,
∫

∂ω

T (g)h = −
m∑

s=1

∇U(zs)M(ks, Bs)∇V (zs) .

From the symmetry and the positive definiteness of the matrices M(ks, Bs)
established in Theorem 4.11, we infer that T is self-adjoint, positive (respec-
tively, negative) semi-definite, if 0 < ks < 1 (respectively, 1 < ks < +∞) for
all s = 1, . . . ,m. �

Introduce now the linear operator G : L2
0(∂ω) → Rd×m defined by

Gg = (∇U(z1), . . . ,∇U(zm)) . (7.21)
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Endowing Rd×m with the standard Euclidean inner product,

〈a, b〉 =

m∑

s=1

as · bs for a = (a1, . . . , am), b = (b1, . . . , bm), as, bs ∈ Rd ,

we then obtain

〈Gg, a〉 =

m∑

s=1

as · ∇U(zs) =

∫

∂ω

( m∑

s=1

as · ∇Ñ(x, zs)

)
g(x) dσ(x) ,

for arbitrary a = (a1, . . . , am) ∈ Rd×m.
Therefore, the adjoint G∗ : Rd×m → L2

0(∂ω) is given by

G∗a =
m∑

s=1

as · ∇Ñ(·, zs) . (7.22)

A characterization of the range of the operator T is obtained in the fol-
lowing lemma due to Brühl, Hanke, and Vogelius [73].

Lemma 7.7 (i) G∗ is injective;
(ii) G is surjective;
(iii) T = G∗MG, where

Ma =

(
M(k1, B1)a1, . . . ,M(km, Bm)am

)
, a = (a1, . . . , am) ∈ Rd×m ;

(iv) Range(T ) = span
{
ep · ∇Ñ(·, zs), p = 1, . . . , d; s = 1, . . . ,m

}
, where

{ep}d
p=1 is the standard basis of Rd.

Proof. Suppose that G∗a = 0; then the function w(x) =
∑m

s=1 as · Ñ(x, zs)
solves the Cauchy problem ∆w = 0 in Ω \ ∪m

s=1{zs}, w = ∂w/∂ν = 0 on
∂ω, and from the uniqueness of the solution to this problem, we deduce that
w ≡ 0. The dipole singularity of Ñ(x, zs) at zs implies that as = 0, and thus,
assertion (i) holds. Assertion (ii) follows from (i) and the well-known relation
between the ranges and the null spaces of adjoint finite-dimensional operators:
Range(G) = Ker(G∗)⊥. Using (7.20), (7.21), and (7.22), it is easy to see that
(iii) holds. Now according to (iii), we write Range(T ) = Range(G∗MG) =
Range(G∗), since M and G are surjective. This yields (iv). �

Now we present the main tool for the identification of the locations zs.
The following theorem is also due to Brühl, Hanke, and Vogelius [73].

Theorem 7.1. Let e ∈ Rd \ {0}. A point z ∈ Ω belongs to the set {zs : s =

1, . . . ,m} if and only if e · ∇zÑ(·, z)
∣∣
∂ω

∈ Range (T ).
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Proof. Assume that gz,e = e · ∇zÑ(·, z)
∣∣
∂ω

∈ Range (T ). As a consequence
of (iv), gz,e may be represented as

gz,e(x) =

m∑

s=1

as · ∇zÑ(x, zs) for x ∈ ∂ω .

But then by the uniqueness of a solution to the Cauchy problem, it follows that

m∑

s=1

as · ∇zÑ(x, zs) = e · ∇zÑ(x, z) for all x ∈ Ω \ (∪m
s=1{zs} ∪ {z}) .

This is only possible if z ∈ {zs : s = 1, . . . ,m}, and so we have established
the necessity of this condition. The sufficiency follows immediately from (iv)
in Lemma 7.7. �

The finite-dimensional self-adjoint operator T can be decomposed as

T =
dm∑

p=1

λpvp v
∗
p, ||vp||L2(∂ω) = 1 ,

say with |λ1| ≥ |λ2| ≥ . . . ≥ |λdm| > 0. Let Pp : L2
0(∂ω) → span {v1, . . . , vp},

p = 1, . . . , dm, be the orthogonal projector Pp =
∑p

q=1 vq v
∗
q .

From Theorem 7.1 it follows that

z ∈ {zs : s = 1, . . . ,m} iff (I − Pdm)(e · ∇zÑ(·, z)|∂ω) = 0 ,

or equivalently, if we define the angle θ(z) ∈ [0, π/2) by

cot θ(z) =
||Pdm(e · ∇zÑ(·, z)|∂ω)||L2(∂ω)

||(I − Pdm)(e · ∇zÑ(·, z)|∂ω)||L2(∂ω)

,

then we have

z ∈ {zs : s = 1, . . . ,m} iff cot θ(z) = +∞ .

On the other hand, since ΛD − Λ0 is a self-adjoint and compact operator
on L2

0(∂ω), it admits, by the spectral theorem, the spectral decomposition

ΛD − Λ0 =

+∞∑

p=1

κǫ
pv

ǫ
p (vǫ

p)
∗ , ||vǫ

p||L2(∂ω) = 1 ,

with |κǫ
1| ≥ |κǫ

2| ≥ . . . ≥ |κǫ
dm| ≥ . . . ≥ 0. Let P ǫ

p : L2
0(∂ω) → span {vǫ

1, . . . , v
ǫ
p},

p = 1, 2, . . . , be the orthogonal projector P ǫ
p =

∑p
q=1 v

ǫ
q (vǫ

q)
∗. Standard argu-

ments from perturbation theory for linear operators [186] give (after appro-
priate enumeration of κǫ

p, p = 1, . . . , dm)
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κǫ
p = ǫdκp +O(ǫd+1) for p = 1, 2, . . . , (7.23)

where we have set κp = 0 for p > dm, and

P ǫ
p = Pdm +O(ǫ) for p ≥ dm , (7.24)

provided that one makes appropriate choices of eigenvectors vǫ
p and vp, p =

1, . . . , dm.
Now in view of (7.23), the number m of inclusions may be estimated by

looking for a gap in the set of eigenvalues of ΛD −Λ0. In order to recover the
locations zs, s = 1, . . . ,m, one can estimate, using (7.24), the cot θ(z) by

cot θp(z) =
||P ǫ

p (e · ∇zÑ(·, z))|∂ω)||L2(∂ω)

||(I − P ǫ
p )(e · ∇zÑ(·, z)|∂ω)||L2(∂ω)

.

If one plots cot θdm(z) as a function of z, we may see large values for z that
are close to the positions zs. The viability of this direct approach has been
documented by several numerical examples in [73]. In particular, its ability to
efficiently locate a high number of inclusions has been clearly demonstrated.

When comparing the different methods that have been designed for imag-
ing small inclusions, it is fair to point out that the variational method and the
sampling linear approach use “many boundary measurements.” In contrast,
the projection algorithm, the quadratic algorithm, and the least-squares al-
gorithm only rely on “single measurements,” and not surprisingly, they are
more limited in their abilities to effectively locate a higher number of small
inclusions.

7.8 Lipschitz-Continuous Dependence and Moment

Estimations

7.8.1 Lipschitz-Continuous Dependence

We now prove a Lipschitz-continuous dependence of the location and relative
size of two sets of inclusions on the difference in the boundary voltage poten-
tials corresponding to a fixed current distribution. This explains the practical
success of various numerical algorithms to detect the location and size of un-
known small inclusions.

Consider two arbitrary collections of inclusions

D = ∪m
s=1(ǫρsB + zs) and D′ = ∪m′

s=1(ǫρ
′
sB + z′s) ,

which both satisfy (7.16). The parameter ǫ determines the common length
scale of the inclusions and the parameters ρs, 0 < c0 ≤ ρs ≤ C0, for some con-
stant C0, determine their relative sizes. We suppose that all inclusions have
the same known conductivity 0 < k �= 1 < +∞. Let u and u′ denote the
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corresponding voltage potentials [with fixed boundary current g ∈ L2
0(∂Ω)].

It is crucial to assume that ∇U(x) �= 0, ∀ x ∈ Ω, where U is the background
solution. Introduce H [g] = −SΩg + DΩu and H ′[g] = −SΩg + DΩu

′.
By iterating the asymptotic formula (7.3), we arrive at the following ex-

pansions:

H [g](x) = −
m∑

s=1

d∑

|i|=1

d∑

|j|=1

(ǫρs)
|i|+|j|+d−2

i!j!
(∂iU)(zs)∂

j
zΓ (x− zs)Mij(k,B)

+ O(ǫ2d) ,

H ′[g](x) = −
m′∑

s=1

d∑

|i|=1

d∑

|j|=1

(ǫρ′s)
|i|+|j|+d−2

i!j!
(∂iU)(z′s)∂

j
zΓ (x− z′s)Mij(k,B)

+ O(ǫ2d) .
(7.25)

The following theorem, due to Friedman and Vogelius [132], shows that
for small ǫ the locations of the inclusions zs and their relative sizes ρs depend
Lipschitz-continuously on ǫ−d||H [g] − H ′[g]||L∞(S) for any C2-closed surface
(or curve in R2) S enclosing the domain Ω.

Theorem 7.8 Let S be a C2-closed surface (or curve in R2) enclosing the
domain Ω. Constants 0 < ǫ0, δ0, and C exist such that, if ǫ < ǫ0 and
ǫ−d||H [g] −H ′[g]||L∞(S) < δ0, then

(i) m = m′, and, after appropriate reordering,

(ii) |zs − z′s| + |ρs − ρ′s| ≤ C
(
ǫ−d||H [g] −H ′[g]||L∞(S) + ǫ

)
.

The constants ǫ0, δ0 and C depend on c0, C0, Ω, S,B, k but are otherwise in-
dependent of the two sets of inclusions.

Proof. From (7.25) we get

ǫ−d

(
H [g](x) −H ′[g](x)

)
=

[ m′∑

s=1

(ρ′s)
d(∂U)(z′s)∂zΓ (x− z′s)M(k,B)

−
m∑

s=1

(ρs)
d(∂U)(zs)∂zΓ (x− zs)M(k,B)

]
+O(ǫ) ,

for all x ∈ S. Suppose now the assertion m = m′ is not true. Then a function

of the form F (x) =
∑m′

s=1 ∂zΓ (x − z′s) · α′
s −∑m

s=1 ∂zΓ (x − zs) · αs exists,
with α′

s �= 0 and αs �= 0, such that F (x) = 0 for all x ∈ S. To see that α′
s

as well as αs are not zero, we use the fact that ∇U never vanishes and that
the polarization tensorM(k,B) is invertible. Let Ω′ denote the region outside
S. From the uniqueness of a solution to ∆F = 0 in Ω′, F = 0 on S, F (x) =
O(|x|−d+1) as |x| → +∞, it follows that ∂F/∂ν = 0 on S. But F is also
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harmonic in Rd \ ({zs} ∪ {z′s}). From the uniqueness of a solution to the
Cauchy problem for the Laplacian, we then conclude that F ≡ 0 in Rd. This
contradicts contradicts the fact that m �= m′.

When it comes to proving (ii) assume for the sake of simplicity that U(x) =
x1 − (1/|∂|Ω|)

∫
∂Ω U (corresponding to the boundary current g = ν1). Then

ǫ−d

(
H [g](x) −H ′[g](x)

)
=

m∑

s=1

[
(ρ′s)

d∂zΓ (x− z′s)

−(ρs)
d∂zΓ (x− zs)

]
(M(k,B))1 +O(ǫ) ,

(7.26)

for all x ∈ S, where (M(k,B))1 is the first column of the matrix M(k,B). A
simple calculation shows that, for some ρs and zs,

m∑

s=1

[
(ρ′s)

d∂zΓ (x− z′s) − (ρs)
d∂zΓ (x− zs)

]
(M(k,B))1

=

m∑

s=1

[
d(ρ′s − ρs)(ρs)

d−1∂zΓ (x− z′s) + ρd
s(z

′
s − zs) · ∂2

zΓ (x− zs)
]
(M(k,B))1

=

m∑

s=1

(
|zs − z′s| + |ρs − ρ′s|

)

×
m∑

s=1

[
d ∂ρs (ρs)

d−1∂zΓ (x− z′s) + ρd
s∂zs · ∂2

zΓ (x− zs)
]
(M(k,B))1 ,

where

∂ρs =
(ρ′s − ρs)

∑m
s=1

(
|zs − z′s| + |ρs − ρ′s|

)

and

∂zs =
(z′s − zs)

∑m
s=1

(
|zs − z′s| + |ρs − ρ′s|

) .

Suppose the estimate (ii) is not true. Then perturbations ∂ρs and ∂zs ex-
ist with

∑m
s=1 |∂ρs| + |∂zs| = 1, points zs (= z′s = zs), and parameters

ρs(= ρ′s = ρs) so that

G(x) =

m∑

s=1

[
d ∂ρs (ρs)

d−1∂zΓ (x− zs) + ρd
s∂zs · ∂2

zΓ (x− zs)
]
(M(k,B))1 = 0

for all x ∈ S. Just as was the case with F , the function G has a vanishing
normal derivative on S and it is harmonic except at the points {zs} and {z′s}.
Therefore, by the unique continuation property of harmonic functions, G ≡ 0
and thus, ∂ρs = ∂zs = 0, s = 1, . . .m. This, however, would be a contradiction
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to the fact that
∑m

s=1 |∂ρs|+ |∂zs| = 1.We therefore conclude that the desired
Lipschitz-continuous dependence estimate holds. �

The factor ǫ−d in front of ||H [g]−H ′[g]||L∞(S) is the best possible option; it
follows immediately from (7.25) that even |zs−z′s| and |ρs−ρ′s| are of order 1;
then ||H [g]−H ′[g]||L∞(S) is of order ǫd. The use of the L∞-norm ofH [g]−H ′[g]
on S is not essential; in fact other norms, such as the L1-norm, can be used.

In the two-dimensional case, the results in Theorem 7.8 have some sim-
ilarity to the results about the location of poles for meromorphic functions
found in [233]. The idea is quite simple. Suppose d = 2; then (7.26) reads

ǫ−2

(
H [g](x) −H ′[g](x)

)
= − 1

2π

m′∑

s=1

(ρ′s)
2 (x− z′s)
|x− z′s|2

(M(k,B))1

+
1

2π

m∑

s=1

(ρs)
2 (x − z′s)
|x− z′s|2

(M(k,B))1 +O(ǫ) .

Identifying R2 with C as in the simple pole method yields

ǫ−2

(
H [g](x) −H ′[g](x)

)
= ℜ

( m′∑

s=1

α′
s

x− z′s
−

m∑

s=1

αs

x− zs

)
+O(ǫ) ,

for all x ∈ S, where the constants αs = −(1/2π)ρ2s((M(k,B))11+i(M(k,B))12)
and α′

s = −(1/2π)(ρ′s)
2((M(k,B))11+i(M(k,B))12) are of order 1. Therefore,

m′∑

s=1

α′
s

x− z′s
−

m∑

s=1

αs

x− zs
= ǫ−2

(
H [g](x) −H ′[g](x)

)

+iǫ−2

∫ x

a

∂

∂ν

(
H [g](y) −H ′[g](y)

)
dσ(y) +O(ǫ) ,

for some complex constant a ∈ S.
Here ∫ x

a

∂

∂ν

(
H [g](y) −H ′[g](y)

)
dσ(y)

is a harmonic conjugate to H [g](x) −H ′[g](x), and it satisfies

∥∥∥∥
∫ x

a

∂

∂ν

(
H [g](y) −H ′[g](y)

)
dσ(y)

∥∥∥∥
L∞(S)

≤ C||H [g] −H ′[g]||L∞(S) ,

for some constant C independent of ǫ. Since the poles {zs} and {z′s} are well
separated and the pole residues {ρs} and {ρ′s} are well bounded from zero, it
follows from [233, Theorem 1] that parts (i) and (ii) in Theorem 7.8 hold.

7.8.2 Moment Estimations

Consider a collection of inclusions D = ∪m
s=1(ǫBs + zs), which satisfy (7.16).

Our goal is to obtain upper and lower bounds on the moments of the unknown
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inclusions Bs. Observe that
∑d

|i|=1 ∂
iU(zs)x

i is a harmonic polynomial. Let

S be a C2-closed surface (or curve in R2) enclosing the domain Ω. From

H [g](x) = −
m∑

s=1

d∑

|i|=1

d∑

|j|=1

ǫ|i|+|j|+d−2

i!j!
(∂iU)(zs)∂

j
zΓ (x− zs)M s

ij +O(ǫ2d) on S,

where g = ∂U/∂ν and M s
ij = Mij(ks, Bs), we compute by Green’s formula

∫

S

(
∂

∂ν
H [g]U −H [g] g

)
dσ

= −
m∑

s=1

d∑

|i|=1

d∑

|j|=1

ǫ|i|+|j|+d−2

i!j!
∂iU(zs)M

s
ij∂

jU(zs) +O(ǫ2d) .

Then, as a direct consequence of Theorem 4.13, the following moment
estimations hold. Note that, in general, they are only meaningful if the con-
ductivities {ks}m

s=1 and the locations {zs}m
s=1 are known.

Theorem 7.9 We have

ǫ2−d

∣∣∣∣
∫

S

(
∂

∂ν
H [g]U−H [g] g

)
dσ

∣∣∣∣ ≤
m∑

s=1

(ks − 1)

∫

Bs

∣∣∇(

d∑

|i|=1

ǫ|i|

i!
∂iU(zs)x

i)
∣∣2 dx

and

ǫ2−d

∣∣∣∣
∫

S

(
∂

∂ν
H [g]U−H [g] g

)
dσ

∣∣∣∣ ≥
m∑

s=1

(1− 1

ks
)

∫

Bs

∣∣∇(
d∑

|i|=1

ǫ|i|

i!
∂iU(zs)x

i)
∣∣2dx.

7.9 Detection of Anisotropic Inclusions

Efficient direct algorithms for reconstructing small anisotropic inclusions have
been developed by Kang, Kim, and Kim in [175]. To bring out the main ideas
of these algorithms we only consider the case where D has one component
of the form D = ǫB + z. For a given g ∈ L2

0(∂Ω), let u be the solution to
the Neumann problem (5.29). The background potential U is the steady-state
voltage potential in the absence of the conductivity inclusion, i.e., the solution
to (5.30). We now define a function HA[g] for g ∈ L2

0(∂Ω) by

HA[g](x) = −SA
Ω(g)(x) + DA

Ω(u|∂Ω)(x), x ∈ Rd \Ω . (7.27)

By Theorem 5.12, the following asymptotic expansion of HA[g] outside Ω
holds; see [175].
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Theorem 7.10 For x ∈ Rd \Ω,

HA[g](x) = −ǫd
d∑

|i|=1

d−|i|+1∑

|j|=1

ǫ|i|+|j|−2

i!j!
∂iU(z)Mij∂

j
zΓ

A(x− z) +O(
ǫ2d

|x|d−1
) .

(7.28)

Suppose now that g = ν · Aa for a constant vector a ∈ Rd. Therefore,
U(x) = a · x and the formula (7.28) takes the form

HA[g](x) = −ǫd
∑

|i|=1

d∑

|j|=1

ǫ|j|−1

j!
∂iU(z)Mij∂

j
zΓ

A(x− z) +O(
ǫ2d

|x|d−1
) . (7.29)

Then by explicitly computing ∂j
zΓ

A(x− z), we can show that

HA[g](x) =
1

ωd
〈a, ǫdMA∗

A∗(x− z)
|A∗(x− z)|d

〉 +O(
ǫd

|x|d ) +O(
ǫ2d

|x|d−1
) , (7.30)

where ωd = 2π if d = 2, and ωd = 4π if d = 3, and M = (Mpq) is the
first-order APT.

For a general Neumann data g, we have

HA[g](x) =
1

ωd
〈∇U(z), ǫdMA∗

A∗(x− z)
|A∗(x− z)|d

〉+O(
ǫd

|x|d )+O(
ǫd+1

|x|d−1
) . (7.31)

Since
A∗(x − z)

|A∗(x− z)|d
=

A∗x

|A∗x|d
+O(|x|−d) ,

we obtain from (7.30) and (7.31) the following far-field relations [175].

Theorem 7.11 For g ∈ L2
0(∂Ω), let U be the solution of (5.30). Then, for

|x| = O(ǫ−1),

ωd|A∗x|d−1HA[g](x) = 〈∇U(z), ǫdMA∗
A∗x

|A∗x|
〉 +O(ǫd+1) . (7.32)

If g = ν · Aa, then for |x| = O(ǫ−d)

ωd|A∗x|d−1HA[g](x) = 〈a, ǫdMA∗
A∗x

|A∗x|
〉 +O(ǫ2d) . (7.33)

We note that (7.32) is a general far-field relation, whereas (7.33) is a formula
with better precision.

Using (7.30), (7.32), and (7.33), we can detect the APT, the order of mag-
nitude of D, and z.

Detection of APT: Now let a = ep, or equivalently, g = ν ·Aep, and choose
bq = O(ǫ−d) so that
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A∗
A∗bq
|A∗bq|

= eq, p, q = 1, . . . , d . (7.34)

It then follows from (7.33) that

ǫdMpq = ωd|A∗bq|d−1HA[g](bq) +O(ǫ2d) . (7.35)

Since ǫ is not known a priori, in actual computations we first find unit vectors
bq satisfying (7.34) and then compute ωd|tA∗bq|d−1HA[g](tbq) as t → +∞.
Since the first-order APT is invariant under translation as we can easily check,
ǫdM is the first-order APT for the domain D.

Detection of Order of Magnitude: Having determined ǫdM , we proceed
to find the order of magnitude ǫ and the center z. Using Corollary 4.35, we
can determine the order of magnitude of D. Let κ be the smallest (in absolute
value) eigenvalue of ǫdM . Then, ǫd|B| ≈ |κ|.
Detection of Center—Method 1: Let vq, q = 1, · · · , d, be orthonormal
eigenvectors of the symmetric matrix A∗(ǫdM)A∗ with the corresponding
eigenvalue κq, and aq := A∗vq and gq := ν ·Aaq. Let x(t) := taq +O(ǫ−1)a⊥q ,

where a⊥q is a vector perpendicular to aq. Then |x(t)| = O(ǫ−1) and hence, by
(7.30), we get

HA[gq](x(t)) =
κq

ωd

|aq|2t− aq · z
|A∗(x(t) − z)|d

+O(ǫ2d) . (7.36)

Find the unique zero, and call it tq, of HA[gq](x(t)) as a function of t for
q = 1, · · · , d. Let z = t1a1 + · · · + tdad. This z is the center. In fact, by the
same argument as in [43], we can prove that |z − z| = O(ǫd).

Detection of Center—Method 2: Let bq, q = 1, · · · , d, be the unit vector
defined by (7.34). Then, from (7.32), we get

ωd|tA∗bq|d−1HA[g](tbq) = 〈∇U(z), ǫdMeq〉 +O(ǫd+1) . (7.37)

Let g = ν · A∇U , where U is a second-order homogeneous harmonic poly-
nomial. By computing ωd|tA∗bq|d−1HA[g](tbq) as t → +∞, we recover
〈∇U(z), ǫdMeq〉, q = 1, · · · , d. From this we now recover ∇U(z), and hence
the center z modulo O(ǫ).

The precision of this method is O(ǫ), which is worse than Method 1. How-
ever, numerical experiments in the next section show that this method per-
forms better when there is noise in the data.

Computational Experiments: We now present results of numerical exper-
iments from [175]. In the following, Ω is assumed to be the disk centered at
(0, 0) with radius r = 2, and the background conductivity A = I. We also
assume that D = ǫB + z, where B is the unit disk centered at (0, 0). We
note that, in the anisotropic case, D being a disk does not provide a special
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advantage. Moreover, in the process of solving the inverse problem, we do not
use any a priori knowledge of D being a disk.

Let u be the solution of (5.29). In order to collect the data u|∂Ω, we solve
the direct problem (5.29) as follows: u is represented by

u(x) =

{
DA

Ωu(x) − SA
Ωg(x) + SA

Dφ(x) in Ω \D,
SÃ

Dψ(x) in D ,

where u|∂Ω, φ, and ψ satisfy the following relations:

u = DA
Ωu
∣∣
− − SA

Ωg
∣∣
− + SA

Dφ on ∂Ω,

DA
Ωu− SA

Ωg + SA
Dφ
∣∣
+

= SÃ
Dφ
∣∣
− on ∂D ,

∂

∂ν
DA

Ωu−
∂

∂ν
SA

Ωg +
∂

∂ν
SA

Dφ
∣∣
+

=
∂

∂ν̃
SÃ

Dφ
∣∣
− on ∂D .

We solve this integral equation using the collocation method [204] and obtain
u|∂Ω on ∂Ω for given data g. We also add some noise to the computed data.
Adding p% noise means that we have

u(1 +
p

100
· rand(1))

as the measured Dirichlet data. Here rand(1) is the random number in ]−1, 1[.

Reconstruction Algorithm 1:

Step 1 Obtain Dirichlet data u on ∂Ω for a given Neumann data gq = ν ·Aeq,
q = 1, 2.

Step 2 For p, q = 1, 2, calculate lim
t→+∞

ω2tH
A[gp](teq) to obtain the matrix

ǫ2M .
Step 3 Find orthonormal eigenvectors v1, v2 and corresponding eigenvalues

κ1, κ2 of ǫ2M . Let κ be the minimum of |κ1|, |κ2|. The order of magnitude

of D is ǫ =
√
κ|B|−1.

Step 4 Let g′j = ν ·Avj and xq(t) = tvq + 1
ǫ v

⊥
q , q = 1, 2. Find the zero, say tq,

of HA[g′q](xq(t)) = vq · e1HA[g](xq(t)) + vq · e2HA[g2](xq(t)) as a function
of t. We obtain the center z = t1v1 + t2v2.

Reconstruction Algorithm 2: Step 4 in the above algorithm is replaced
with

Step 4′ For g = ν ·A∇(x1x2), compute hq = limt→+∞ ω2tH
A[g](teq), q = 1, 2.

Then (z1, z2) = (h1, h2)

(
ǫ2M12 ǫ

2M22

ǫ2M11 ǫ
2M12

)−1

. We add the same amount of

random noise in this step as well.
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The following computational experiments from [175] clearly demonstrate
the viability of the reconstruction algorithms. The first experiment is when
Ã−A is positive-definite; the second one is when Ã−A is not positive-definite;
the third one is to investigate the role of the condition number of Ã − A in
the reconstruction process.
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(c) 5% noise

Fig. 7.7. First example.

z r noise(%) r z1 |z − z1|
z2 |z − z2|

0 0.2204 (−0.9994,−0.9994) 8.1154e-004
(−0.9994,−0.9994) 8.4362e-004

2 0.2101 (−0.3681,−0.9038) 0.6391
(−1,−1) 0.2 (−0.9445,−1.2519) 0.2580

5 0.2463 (−0.4936,−0.7715) 0.5556
(−0.6787,−0.9790) 0.3220

Table 7.2. Results of the first example. Here r and r are the actual and computed
radii, and z, z1 and z2 are the actual and the computed radii by Algorithms 1 and
2, respectively.

Experiment 1: Let Ã =

(
10 2
2 5

)
and the actual inclusion, D = (−1,−1)

+0.2B. Note that Ã − A is positive-definite. Figure 7.7 shows the results
when there is 0%, 2%, and 5% random noise. Figure 7.8 is the result when

Ã =

(
10 1
1 2

)
and D = (0, 1) + 0.2B.

These results show that both Algorithms 1 and 2 detect the order of mag-
nitude of the inclusion fairly well even in the presence of noise. However,
Algorithm 2 performs better than Algorithm 1 in detecting the center when
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Fig. 7.8. Second example.

z r noise(%) r z1 |z − z1|
z2 |z − z2|

0 0.1557 (−0.0000, 0.9999) 1.2316e-004
(−0.0000, 0.9998) 1.6690e-004

2 0.1417 (−0.1421, 1.1468) 0.2043
(0, 1) 0.2 (0.0288, 1.0771) 0.0823

5 0.1689 (−0.3499, 1.1841) 0.3954
(0.1036, 0.7906) 0.2336

Table 7.3. Results of the second example.
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Fig. 7.9. Third example.

there is noise. A probable cause for this result is that the zeros of the functions
in (7.36), which are already small in magnitude, are very sensitive to the noise.

Figure 7.9 shows that the location of the unknown inclusions does not
affect the performance of the algorithms as long as they are away from ∂Ω.

Experiment 2: This experiment is to see whether the algorithms work in the

case where Ã−A is not positive- or negative-definite. Let Ã =

(
2 0
0 1

2

)
and D =
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z r noise(%) r z1 |z − z1|
z2 |z − z2|

0 0.1559 (−0.2000, 0.1000) 1.2081e-005
(−0.2000, 0.1000) 1.6354e-005

2 0.1798 (−0.2342,−0.0643) 0.1678
(−0.2, 0.1) 0.2 (−0.2108, 0.1830) 0.0837

5 0.1785 (−0.2120, 0.5493) 0.4495
(−0.2405, 0.2464) 0.1519

Table 7.4. Results of the third example.

(1, 0)+0.2B. Figure 7.10 shows the result. The algorithm seems to be working
equally well for this case. It would be interesting to prove that the reconstruc-
tion formulae hold even when Ã − A is not positive- or negative-definite. In
this example as well, Algorithm 2 performs better in detecting the center.

Experiment 3: This experiment tests how the condition number of Ã−A af-

fects the precision of the algorithm. Suppose A = I. We first take Ã =

(
τ 0
0 2

)

and observe how the relative error |z − z|/ǫ2 changes as τ increases. We then

take Ã =

(
τ + 1 0

0 τ

)
and make the same observations. Figure 7.11 compares

changes of relative errors in these two cases where τ = 10, 102, 104, 105, 106. It
exhibits a clear difference: In the first case when the condition number of Ã−A
increases as τ increases, the relative error is increasing, whereas in the second
case when the condition number does not change, the error is stabilized. The
second case is somewhat similar to the isotropic case and this kind of result
is expected; see [181] or [23]. It is known that long and thin inclusions, or
crack-like inclusions (inclusions of high Lipschitz character), are hard to de-
tect; see, for example, [43]. This experiment suggests that in addition to this
geometric obstruction, in the anisotropic case there is another obstruction of
high condition number of Ã−A.

Numerical results show that the second reconstruction algorithm performs
better in the presence of noise. They also show that the reconstruction pro-
cedure works well even when A − Ã is not positive-or negative-definite, and
that the error of reconstruction increases as the condition number of A−Ã in-
creases. It would be interesting to investigate these points in a mathematically
rigorous way.

7.10 Further Results and Open Problems

Following our approach throughout this chapter, we have designed efficient
and robust algorithms for solving the inverse problem for the Helmholtz equa-
tion [19, 20]. We have developed two algorithms that use plane wave sources for
identifying small electromagnetic or acoustic inclusions. The first algorithm,
like the variational method in Sect. 7.6, reduces the reconstruction problem
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Fig. 7.10. Fourth example.

z r noise(%) r z1 |z − z1|
z2 |z − z2|

0 0.1739 (0.9447,−0.0000) 0.0553
(1.0002,−0.0000) 1.8443e-004

2 0.1586 (1.4031, 0.1347) 0.4250
(1, 0) 0.2 (1.0186,−0.0427) 0.0465

5 0.1436 (0.3048,−0.0702) 0.6987
(0.9891, 0.1656) 0.1660

Table 7.5. Results of the fourth example.
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Fig. 7.11. The graphs show how the quantities |z − z|/ǫ2 change as τ goes to +∞.

(a) The condition number of Ã − A is τ and the relative error increases. (b) The

condition number of Ã − A is 1 and the relative error does not increase.

of the small inclusions to the calculation of an inverse Fourier transform. The
second one is a MUSIC type of algorithm.

The methods presented in this chapter enable detection of the locations
and the first-order polarization tensors from the boundary measurements. It
is the detected polarization tensor that yields information about the size (and
orientation) of the inclusion. However, the information from the first-order
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polarization tensor is a mixture of the conductivity and the volume. It is im-
possible to extract the conductivity from the first-order polarization tensor. A
small inclusion with high conductivity and larger inclusion with lower conduc-
tivity can have the same first-order polarization tensor. It would be interesting
and important to extract information about the material property, such as
conductivity and anisotropy, of the inclusion from boundary measurements.
It is likely that higher order polarization tensors yield such information.



8

Effective Properties of Electrical Composites

Introduction

The determination of the effective or macroscopic property of a two-phase
medium is one of the classic problems in physics. Many distinguished scien-
tists have extensively studied this question for generations, and they, no doubt,
deserve for their contributions to be mentioned. The most famous scientists
include Maxwell, Rayleigh, Lorentz, Debye, and Einstein, to name but a few.

To begin with, let us define rigorously what we understand by the concept
of effective property. Consider Ω ⊂ Rd, a bounded domain with a connected
Lipschitz boundary ∂Ω, filled with some composite material that consists of
a matrix of constant isotropic conductivity σ0 > 0 and presents inside the
following periodic spatial distribution: an array of periodically spaced cells,
each of them wrapping a small isotropic conductivity inclusion that has con-
stant conductivity σ > 0, of the form ǫ1+βB for some β > 0. Here B denotes
a bounded Lipschitz domain in Rd containing the origin, and |B| is assumed
to be equal to 1. The periodic array has period ǫ. For short, we refer to the
material as a periodic dilute composite. As ǫ→ 0, the volume fraction of the
inclusions is f = ǫdβ.

Let Y =] − 1/2, 1/2[d denote the unit cell and denote ρ = ǫβ . We set the
periodic function

γ = σ0χ(Y \D) + σχ(D) ,

where D = ρB.
For a small parameter ǫ, γǫ(x) := γ(x/ǫ) makes a highly oscillating con-

ductivity and represents the material property of the composite. Figure 8.1
shows a geometry of a composite.

Consider the conductivity problem

∇ · γǫ∇uǫ = 0 in Ω (8.1)

with an appropriate boundary condition on ∂Ω. The theory of homogeniza-
tion tells us that the solution uǫ converges weakly to a function u0 inW 1,2(Ω)
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Fig. 8.1. Periodic composite material in R2. Inclusion D = ρB, distance between
inclusions ǫ, and the volume fraction f = ρ2. Conductivity of inclusion equals σ,
and conductivity of background equals σ0.

and a constant (anisotropic) conductivity γ∗ exists such that

∇ · γ∗∇u0 = 0 in Ω . (8.2)

The replacement of the original equation (8.1) by (8.2) is a valid approxima-
tion in a certain limit [61].

The coefficient γ∗ is called an effective conductivity or a homogenized coef-
ficient. It represents the overall macroscopic material property of the periodic
composite material; see [173]. For a more intuitive approach, see [236]. See
also [94] and [11] for applications to structural optimization.

In general, effective conductivities cannot be computed exactly except for
a few configurations. We consider the problem of determining the effective
property of the composite when the volume fraction f = |D| goes to zero. In
other words, the inclusions have much less volume than the matrix. This kind
of material is called a dilute material. Many approximations for the effective
properties of composites are based on the solution for dilute materials.

When the inclusion D is a disk or sphere, then the effective electrical con-
ductivity, γ∗, of the composite medium is given by the well-known Maxwell–
Garnett formula1 [277]:

γ∗ = σ0

[
1 + f

d(σ − σ0)

(σ − σ0) + dσ0
+ df2 (σ − σ0)

2

((σ − σ0) + dσ0)2

]
I + o(f2) , (8.3)

where d = 2, 3 is the space dimension.
This formula has been generalized in many directions: to include higher

power terms of the volume fraction f for spherical inclusions [171, 277, 311]; to
include other shapes of the inclusion such as ellipses [310, 115, 134, 225, 114,

1 Several different pairs of names are attached to this formula; see [236].
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173, 140, 245, 81, 276, 215]; and to include the case when f = O(1); see the
book by Milton [236] and the one by Torquato [291] and the references therein.

This chapter begins with the derivation of an asymptotic expansion of the
effective electrical conductivity of an isotropic composite medium for arbi-
trary shaped inclusions. The approach is valid for inclusions with Lipschitz
boundaries and high contrast mixtures, and it enables us to compute higher-
order terms in the asymptotic expansion of the effective conductivity. After
that, with the help of the material developed in Chapter 2, we extend this
derivation to anisotropic composites.

Our asymptotic expansions in this chapter have important implications for
imaging composites. They show what information can be reconstructed from
boundary measurements and how well. It is not surprising that the volume
fractions and the GPTs form the only microstructural information that can
be reconstructed from boundary measurements. The volume fraction is the
simplest but most important piece of microstructural information. The GPTs
involve microstructural information beyond that contained in the volume frac-
tions (material contrast, inclusion shape, and orientation). Indeed, if arbitrary
shaped inclusions orient according to a certain probability distribution, then
our expansions show that only the moments of the orientational distribution
functions of the inclusions can be recovered from (experimental) measure-
ments of the effective conductivity of the composite. We refer to Hashin and
Monteiro [147] and Torquato [292] for related interesting problems in imaging
composites.

8.1 Computation of Effective Conductivity

In this section, we shall explain a scheme for deriving an asymptotic expan-
sion of the effective property of the dilute composite material. This result
is from [38]. Our approach can be viewed as a generalization of an elegant
method that was first used for problems of the current form by Hasimoto
[148, 261]. Hasimoto’s method was designed to construct higher order terms
in (8.3) when the inclusion is a sphere. It has been implemented numerically
yielding results that are valid for fairly large volume fraction f [278].

The effective conductivity matrix γ∗ = (γ∗pq)p,q=1,...,d of Ω is defined by
(see for instance [173, 236])

γ∗pq :=

∫

Y

(σ0χ(Y \D) + σχ(D))∇up · ∇uq ,

where up, for p = 1, . . . , d, is the unique solution to the cell problem
⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∇ · (σ0χ(Y \D) + σχ(D))∇up = 0 in Y ,

up − xp periodic (in each direction) with period 1,∫

Y

up = 0 .

(8.4)
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Using Green’s formula we can rewrite γ∗ in the following form:

γ∗pq = σ0

∫

∂Y

uq
∂up

∂ν
. (8.5)

The matrix γ∗ depends on ǫ as a parameter and cannot be written explicitly.
According to Theorem 2.41, the solution to (8.4) can be written as

up(x) = xp + Cp + GD(λI − B∗
D)−1(νp)(x) in Y, p = 1, . . . , d ,

where λ is given by

λ =
σ + σ0

2(σ − σ0)
. (8.6)

For the sake of simplicity, we set for p = 1, . . . , d,

φp(y) = (λI − B∗
D)−1(νp)(y) for y ∈ ∂D . (8.7)

Thus we get from (8.5)

γ∗pq = σ0

∫

∂Y

(yq + C + GDφq(y))
∂

∂ν
(yp + GDφp(y)) dσ .

Because of the periodicity of GDφq, we get

∫

∂Y

∂

∂ν
GDφq dσ =

∫

∂Y

νqGDφp dσ =

∫

∂Y

GDφq(y)
∂

∂ν
GDφp(y) dσ = 0 ,

and hence we have

γ∗pq = σ0

[
δpq +

∫

∂Y

yq
∂

∂ν
GDφp(y) dσ(y)

]
. (8.8)

The periodicity of GDφp and the divergence theorem applied on Y \D yield

∫

∂Y

yq
∂

∂ν
GDφp(y) dσ =

∫

∂D

yq
∂

∂ν
GDφp

∣∣
+
(y) dσ −

∫

∂D

νqGDφp(y) dσ

=

∫

∂D

yqφp(y) dσ +

∫

∂D

yq
∂

∂ν
GDφp

∣∣
−(y) dσ

−
∫

∂D

νqGDφp(y) dσ

=

∫

∂D

yqφp(y) dσ .

Let
ψp(y) = φp(ρy) for y ∈ ∂B .

Then by (8.8), we obtain
γ∗ = σ0[I + fP ] , (8.9)
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where f = |D| = ρd is the volume fraction of D and P := (Ppq) is given by

Ppq :=

∫

∂B

yqψp(y) dσ(y), p, q = 1, . . . , d . (8.10)

In order to derive an asymptotic expansion of γ∗, we now expand P in
terms of ρ. In view of (2.94), the integral equation (8.7) can be rewritten as

(λI −K∗
D)φp(x) −

∫

∂D

∂

∂νx
Rd(x− y)φp(y) dσ(y) = νp(x), x ∈ ∂D ,

which, by an obvious change of variables, yields

(λI −K∗
B)ψp(x) − ρd−1

∫

∂B

∂

∂νx
Rd(ρ(x− y))ψp(y) dσ(y) = νp(x) , (8.11)

for x ∈ ∂B.
By virtue of (2.95), we get

ν · ∇Rd(ρ(x − y)) = −ρ
d
ν · (x− y) +O(ρ3)

uniformly in x, y ∈ ∂B. Since
∫

∂B ψp(y) dσ(y) = 0, we now have

(λI −K∗
B)ψp(x) −

ρd

d
νx ·
∫

∂B

yψp(y) dσ(y) +O(ρd+2) = νp(x), x ∈ ∂B .

Therefore, we obtain

ψp = (λI −K∗
B)−1(νp) +

ρd

d

d∑

l=1

(λI −K∗
B)−1(νl) ·

∫

∂B

ylψp(y) dσ(y)

+ O(ρd+2) .

(8.12)

Let ψ̃p := (λI −K∗
B)−1(νp), p = 1, . . . , d. Then mpq =

∫
∂B yqψ̃p(y) dσ(y), etc.

By iterating the formula (8.12), we get

ψp = ψ̃p +
ρd

d

d∑

l=1

ψ̃l

∫

∂B

ylψ̃p(y) dσ(y) +O(ρd+2) on ∂B .

It then follows from the definition (8.10) of P that

Ppq = mpq +
ρd

d

d∑

l=1

mlqmpl +O(ρd+2) ,

and then we obtain from (8.9) the following theorem.
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Theorem 8.1 We have

γ∗ = σ0

[
I + fM(I − f

d
M)−1] + o(f2) , (8.13)

where M is the Pólya–Szegö polarization tensor associated with the scaled in-
clusion B and the conductivity k = σ0(2λ + 1)/(2λ − 1). Here λ is given by
(8.6).

Formula (8.13) relates Theorem 4.16 with the theory of bounds in ho-
mogenization. See Milton [236] and Torquato [291] for detailed derivations of
bounds in homogenization.

In the case of spherical inclusions, the Pólya–Szegö polarization tensor M
is known exactly:

M = mI,m =
d(σ − σ0)

σ − σ0 + dσ0
|B| , (8.14)

and therefore, (8.13) yields the well-known Maxwell–Garnett formula (8.3).
Let E be an ellipse whose semi-axes are on the x1- and x2-axes and of length

a and b, respectively. If B = 1
|E|R(θ)E , where R(θ) =

(
cos θ − sin θ
sin θ cos θ

)
, θ ∈

[0, π], and |E| = πab is the volume of E , then using Lemma 4.5 and Theorem
8.1, we obtain that the effective conductivity of the composite is given by

γ∗ = σ0

[
I + (

σ

σ0
− 1)

f

πab

×R(θ)

⎛
⎜⎜⎝

a+ b

(a+ σ
σ0
b) − f

2 ( σ
σ0

− 1)(a+ b)
0

0
a+ b

( σ
σ0
a+ b) − f

2 ( σ
σ0

− 1)(a+ b)

⎞
⎟⎟⎠RT (θ)

]

+O(f3) ,

where RT denotes the transpose of R.
This formula can be used to solve the inverse problem of determining the

volume fraction f , the conductivity contrast σ/σ0, the semi-lengths a and b,
or the orientation θ of the inclusions from measurements of the effective con-
ductivity of the composite. Indeed, if the elliptical inclusions orient according
to a probability distribution Ψ(θ), then the effective conductivity

γ∗ = σ0

[
I + (

σ

σ0
− 1)

f

πab
×
∫ 2π

0

R(θ)

×

⎛
⎜⎜⎝

a+ b

(a+ σ
σ0
b) − f

2 ( σ
σ0

− 1)(a+ b)
0

0
a+ b

( σ
σ0
a+ b) − f

2 ( σ
σ0

− 1)(a+ b)

⎞
⎟⎟⎠

×RT (θ)Ψ(θ) dθ

]
+O(f3) ,
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which shows that only the second moments of the orientational distribution
functions of the inclusions Ψ(θ) can be recovered. See [307]. Using Lemma 4.5
and Theorem 8.1, this result can be trivially extended to arbitrary shaped
inclusions.

The method presented above basically enables us to derive all the higher
order terms of the asymptotic expansion of the effective conductivity. The
construction of these terms depends only on the ability to continue the Taylor
expansion (2.95).

For the sake of simplicity, we restrict ourselves to the two-dimensional case
to derive in the same way the following theorem.

Theorem 8.2 Suppose d = 2. The effective conductivity γ∗ has an asymp-
totic expansion as the volume fraction f → 0:

γ∗ = σ0

[
I + fM(I − f

2
M)−1 + f3A

]
+O(f4) , (8.15)

where A is given by

Apq =
∑

|l|+|l′|=4

|l|>0,|l′|>0

cll′MlqMpl′ , p, q = 1, 2 .

Proof. Using the (higher-order) Taylor expansion

R2(x) = R2(0) − 1

4
(x2

1 + x2
2) +R

(4)
2 (x) +O(|x|6) (8.16)

given in (2.98), we get

ν · ∇R2(ρ(x − y)) = −ρ
2
ν · (x− y) + ρ3ν · ∇xR

(4)
2 (x− y) +O(ρ5) (8.17)

uniformly in x, y ∈ ∂B. Write

R
(4)
2 (x− y) =

∑

|l|+|l′|=4

cll′x
lyl′ .

Then, for each fixed l′,
∑

l cll′x
l is harmonic since

∑

l

cll′x
l =

1

l′!
∂l′

y (R
(4)
2 (x− y))

∣∣
y=0

.

It follows from (8.11) that for p = 1, 2

(λI −K∗
B)ψp(x) −

ρ2

2
νx ·
∫

∂B

yψp(y) dσ(y)

−ρ4
∑

|l|+|l′|=4

cll′(ν · ∇xl)

∫

∂B

yl′ψp(y) dσ(y) +O(ρ6) = νp(x), x ∈ ∂B .

(8.18)
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Since
∫

∂B
ψp dσ = 0 for p = 1, 2, we get

ψp = (λI −K∗
B)−1(νp) +

ρ2

2

2∑

l=1

(λI −K∗
B)−1(νl)

∫

∂B

ylψp(y) dσ(y)

+ρ4
∑

|l|+|l′|=4

|l′|>0

cll′(λI −K∗
B)−1(ν · ∇xl)

∫

∂B

yl′ψp(y) dσ(y) +O(ρ6) .
(8.19)

Let ψ̃l := (λI − K∗
B)−1(ν · ∇xl), and if l = ep, let ψ̃p := ψ̃l, p = 1, 2. Then

(8.19) takes the form

ψp = ψ̃p +
ρ2

2

2∑

l=1

ψ̃l

∫

∂B

ylψp(y) dσ(y)

+ρ4
∑

|l|+|l′|=4

|l′|>0

cll′ ψ̃
l

∫

∂B

yl′ψp(y) dσ(y) +O(ρ6) on ∂B .
(8.20)

In particular, we get
ψp = ψ̃p +O(ρ2) . (8.21)

Substituting (8.21) into (8.20), we obtain

ψp = ψ̃p +
ρ2

2

2∑

l=1

ψ̃l

∫

∂B

ylψp(y) dσ(y)

+ρ4
∑

|l|+|l′|=4

|l′|>0

cll′ ψ̃
l

∫

∂B

yl′ ψ̃p(y) dσ(y) +O(ρ6) on ∂B .

It then follows from the definitions (8.10) of P and (4.4) of the generalized
polarization tensors that

Ppq = mpq +
ρ2

2

2∑

l=1

Pplmlq + ρ4
∑

|l|+|l′|=4

|l|>0,|l′|>0

cll′MlqMpl′ +O(ρ6) .

Let A be the 2 × 2 matrix defined by

Apq =
∑

|l|+|l′|=4

|l|>0,|l′|>0

cll′MlqMpl′ , p, q = 1, 2 . (8.22)

We then get

P = M +
ρ2

2
PM + ρ4A+O(ρ6) ,
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and hence

P = M(I − ρ2

2
M)−1 + ρ4A+O(ρ6) ,

which proves the theorem. �

Let us consider a special but interesting case: the case where B is a disk.
If we fix l′ so that |l′| = 1 or 2, then

∑
|l|=4−|l′| cll′y

l is a harmonic polynomial
of degree 2 or 3, and hence we get from Proposition 4.7 that

∑

|l|≥2

cll′Mlp = 0 .

Therefore
A =

∑

|l|=1

Mlq

∑

|l′|=3

cll′Mpl′ .

By Proposition 4.7 again, we can show that A = 0. Therefore, we get

γ∗ = σ0

[
I + ρ2(I − ρ2

2
M)−1M

]
+O(ρ8) . (8.23)

If B is a disk, we can even go further to obtain the full asymptotic ex-
pansion for the effective conductivity. Given an integer m, let R(2s) be the
polynomial defined in (2.98). Write

m∑

s=2

R
(2s)
2 (x− y) =

m∑

s=2

∑

|l|+|l′|=2s

cll′x
lyl′ .

Then for each fixed l′,
∑

|l|=2s−|l′| cll′x
l is harmonic.

The same argument as before and (8.11) yield that, for p = 1, 2,

(λI −K∗
B)ψp(x) −

ρ2

2
νx ·
∫

∂B

yψp(y) dσ(y)

−
m∑

s=2

ρ2s
∑

|l|+|l′|=2s

cll′(ν · ∇xl)

∫

∂B

yl′ψp(y) dσ(y) +O(ρ2(m+1)) = νp(x) ,

and hence

ψp = ψ̃p +
ρ2

2

2∑

l=1

ψ̃l

∫

∂B

ylψp(y) dσ(y)

+

m∑

s=2

ρ2s
∑

|l|+|l′|=2s

cll′ ψ̃
l

∫

∂B

yl′ψp(y) dσ(y) +O(ρ2(m+1)) .

(8.24)

Let Ppl :=
∫

∂B
ylψp(y) dσ(y). We then get from (8.24)



204 8 Effective Properties of Electrical Composites

ψp = ψ̃p +
ρ2

2

2∑

l=1

Pplψ̃l +

m∑

s=2

ρ2s
∑

|l|=2s−1

|l′|=1

cll′Ppl′ ψ̃
l

+

m∑

s=2

ρ2s
∑

|l|+|l′|=2s

|l′|>1

cll′ ψ̃
l

∫

∂B

yl′ψp(y) dσ(y) +O(ρ2(m+1)) .

(8.25)

In particular,

ψp = ψ̃p +
ρ2

2

2∑

l=1

Pplψ̃l +

m∑

s=2

ρ2s
∑

|l|=2s−1

|l′|=1

cll′Ppl′ ψ̃
l +O(ρ4) . (8.26)

Since
∫

∂B
yl′ψ̃l(y) dσ(y) = 0 if |l| = 1 and |l′| > 1 by Proposition 4.7, we

obtain by substituting (8.26) into (8.25)

ψp = ψ̃p +
ρ2

2

2∑

l=1

Pplψ̃l +

m∑

s=2

ρ2s
∑

|l|=2s−1

|l′|=1

cll′Ppl′ ψ̃
l +O(ρ8) .

By iterating this argument we see that

ψp = ψ̃p +
ρ2

2

2∑

l=1

Pplψ̃l +

m∑

s=2

ρ2s
∑

|l|=2s−1

|l′|=1

cll′Ppl′ ψ̃
l +O(ρ2(m+1)) .

It then follows from the definitions (8.10) of P and (4.4) of the generalized
polarization tensors that

Ppq = mpq +
ρ2

2

2∑

l=1

Pplmlq +

m∑

s=2

ρ2s
∑

|l|=2s−1

|l′|=1

cll′Ppl′

∫

∂B

xqψ̃
l(x) dσ(x)

+ O(ρ2(m+1)) .

Observe that, since
∑

|l|=2s−1 cll′y
l is harmonic,

∑

|l|=2s−1

cll′

∫

∂B

xqψ̃
l(x) dσ(x) =

∑

|l|=2s−1

cll′mlq = 0 .

Therefore we finally have

Ppq = mpq +
ρ2

2

2∑

l=1

Pplmlq +O(ρ2(m+1)) ,

or equivalently,

P =M(I − ρ2

2
M)−1 +O(ρ2(m+1)) .

In conclusion, we get the following theorem.
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Theorem 8.1. If B is a disk, then the effective conductivity γ∗ has an asymp-
totic expansion as ρ→ 0: For any integer m,

γ∗ = σ0

[
I + ρ2M(I − ρ2

2
M)−1

]
+O((ρ2)m+1) , (8.27)

where M is the polarization tensor.

Using (8.14) we can rewrite (8.27) as

γ∗ = σ0

[
1 +

2f σ−σ0

σ+σ0

1 − f σ−σ0

σ+σ0

]
I +O(fm+1) , (8.28)

for any m where f = ρ2.

8.2 Anisotropic Composites

The asymptotic expansion formula (8.15) has been generalized in [28] to in-
clude anisotropic materials but only in the two-dimensional case. Suppose d =
2, and let the periodic anisotropic conductivity in the unit cell Y be defined by

γ = Aχ(Y \D) + Ãχ(D) ,

where A and Ã are constant 2 × 2 positive-definite symmetric matrices with
A �= Ã. Here Y and D are defined similarly to the isotropic case.

For a small parameter ǫ, we consider the problem of determining the ef-
fective anisotropic properties of the composite with anisotropic conductivity
γ(x/ǫ) as ǫ→ 0.

Write

A =

(
a b
b c

)
, a, c > 0 and ac− b2 > 0 .

The following result is proved in [28].

Theorem 8.3 Suupose d = 2. Let K be the matrix defined by (2.111). Then
we have an asymptotic formula for the effective conductivity

γ∗ = A+ fM
(
I − 2fKM

)−1

+O(f3) , (8.29)

where M = (mpq)1≤p,q≤2 is the first-order APT corresponding to the conduc-

tivity distribution γB = Aχ(R2 \B) + Ãχ(B).

To prove Theorem 8.3, we first note that the effective conductivity γ∗ =
(γ∗pq)p,q=1,2 can be written as
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γ∗pq =

∫

∂Y

upν · A∇up dσ

=

∫

∂Y

(yq + cq + GA
Dgq)ν ·A∇(yp + GA

Dgp) dσ

=

∫

∂Y

yqν ·A∇yp dσ +

∫

∂Y

yqν · A∇GA
Dgp dσ . (8.30)

The last equality in the above holds because of the periodicity of GA
Dgp. After

that, we prove the following lemma.

Lemma 8.4 If D = ρB, then for p, q = 1, 2,

∫

∂Y

yqν ·A∇GA
Dgp dσ = ρ2

∫

∂B

yqψp(y) dσ , (8.31)

where ψp(y) = gp(ρy), y ∈ B.

Proof. By Green’s formula

∫

∂(Y \D)

[
yqν ·A∇GA

Dgp(y) − GA
Dgp(y)ν ·A∇yq

]
dσ = 0 ,

and hence we get from the jump relation (2.128) and the change of variable
y → ρy,

∫

∂Y

yqν · A∇GA
Dgp dσ =

∫

∂D

yqν ·A∇GA
Dgp|+ dσ −

∫

∂D

ν · A∇yqGA
Dgp dσ

=

∫

∂D

yq

(
gp + ν · A∇GA

Dgp|−
)
dσ −

∫

∂D

yqν ·A∇GA
Dgp|− dσ

=

∫

∂D

yqgp(y) dσ(y)

= ρ2
∫

∂B

yqgp(ρy) dσ(y) .

This completes the proof. �

With the help of the above lemma and (8.30), we now prove Theorem 8.3.
By (8.31), (8.30) now takes the form

γ∗ = A+ ρ2H , (8.32)

where

Hpq =

∫

∂B

yqψp(y) dσ(y), p, q = 1, 2 . (8.33)
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Thanks to (2.126), (2.133) becomes

{
SÃ

Dfp − SA
Dgp −RA

Dgp = xp

ν · Ã∇SÃ
Dfp|− − ν · A∇SA

Dgp|+ − ν · A∇RA
Dgp = ν · A∇xp

on ∂D .

(8.34)
Making the change of variables y → ρy and letting φp(y) = fp(ρy) and
ψp(y) = gp(ρy), the system of equations above becomes

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

SÃ
Bφp − SA

Bψp −
∫

∂B

RA(ρ(x − y))ψp(y) dσ(y) = xp

ν · Ã∇SÃ
Bφp|− − ν · A∇SA

Bψp|+
−ρ
∫

∂B

νx ·A∇xR
A(ρ(x − y))ψp(y) dσ(y) = ν ·A∇xp

on ∂B .

(8.35)
Since RA is smooth, we get from the Taylor expansion for a given m ∈ N,

RA(x) = RA(0) +RA
m(x) + EA

m(x) , (8.36)

where
RA

m(x) =
∑

2≤|i|≤2m

rix
i and EA

m(x) = O(|x|2(m+1)) .

Moreover, since ∇·A∇EA
m = 0 in Y by Lemma 2.42, a constant C independent

of x and m exists such that

|EA
m(x)| ≤ C|x|2m+2

(2m+ 2)!r2m+3
for all x ∈ D , (8.37)

where r = dist(D, ∂Y ). Notice that the terms of odd degrees vanish because
of the periodicity of GA

♯ (x). Suppose that

RA
m(x− y) =

∑

|i|+|j|≤2m

aijx
iyj . (8.38)

Here we use i, j for multi-indices. Since
∫

∂B
ψp dσ = 0, we get

∫

∂B

RA(ρ(x− y))ψp(y) dσ(y)

=
m∑

l=1

ρ2l
∑

|i|+|j|=2l

|i|,|j|>0

aijx
i

∫

∂B

yjψp dσ + C +O(ρ2(m+1)) ,

where the constant C is

C =

m∑

l=1

ρ2l
∑

|i|=2l

aij

∫

∂B

yjψp dσ .
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We also get

ρ

∫

∂B

νx · A∇xR
A(ρ(x− y))ψp(y) dσ(y)

=
m∑

l=1

ρ2l
∑

|i|+|j|=2l

|i|,|j|>0

aij(ν ·A∇xi)

∫

∂B

yjψp dσ +O(ρ2(m+1)) .

Observe from (8.37) that the O(ρ2(m+1)) term is bounded by

Cρ2(m+1)δ2m+2

(2m+ 2)!r2m+3
(8.39)

for some constant C where δ is the diameter of B. Let

Hiq :=

∫

∂B

yiψp dσ . (8.40)

Define T : L2(∂B) × L2(∂B) →W 2
1 (∂B) × L2(∂B) by

T

(
f
g

)
=

(
SÃ

Bf − SA
Bg

ν · Ã∇SÃ
Bf |− − ν ·A∇SA

Bg|+

)
.

It then follows from (8.35) that

T

(
φp

ψp

)
−

m∑

l=1

ρ2l
∑

|i|+|j|=2l

|i|,|j|>0

aijHpj

(
xi

ν · A∇xi

)

−
(
C
0

)
+O(ρ2(m+1)) =

(
xp

ν · A∇xp

)
,

and hence
(
φp

ψp

)
= T−1

(
xp

ν ·A∇xp

)

+

m∑

l=1

ρ2l
∑

|i|+|j|=2l

|i|,|j|>0

aijHpjT
−1

(
xi

ν · ∇xi

)
+ T−1

(
C
0

)
+O(ρ2(m+1)) .

Notice that we use the fact that the second entry of T−1

(
C
0

)
is zero, which

was proved in Lemma 2.37. Let

(
φ̃i

ψ̃i

)
= T−1

(
xi

ν · A∇xi

)
.
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Then we have

ψp = ψ̃p +

m∑

l=1

ρ2l
∑

|i|+|j|=2l

|i|,|j|>0

aijHpjψ̃i +O(ρ2(m+1)) . (8.41)

Since T−1 is bounded, the O(ρ2(m+1)) term in (8.41) is also bounded by the

quantity in (8.39) with a different constant C. Observe that (φ̃i, ψ̃i) is the solu-
tion to (4.86), and hence, anistropic polarization tensor (APT)Mij is given by

Mij =

∫

∂B

xjψi dσ .

Substituting (8.41) in (8.33) yields

Hpq = mpq +

m∑

l=1

ρ2l
∑

|i|+|j|=2l

|i|,|j|>0

aijHpjMiq +O(ρ2(m+1)) , (8.42)

where O(ρ2(m+1)) is bounded by the quantity in (8.39) with a different con-
stant C. Notice that this formula includes Hpj in its expression.

In order to remove Hpj in (8.42), we can use the following formula:

Hpj = Mpj +
m∑

l=1

ρ2l
∑

|i|+|s|=2l

|i|,|s|>0

aisHpsMij +O(ρ2(m+1)), 1 ≤ |j| ≤ 2m− 1 ,

(8.43)
which can be obtained by substituting (8.41) in (8.40). Since ρ is small, one
can solve (8.43) for Hpj in terms of Mij and by (8.42) Hpq can be expressed
solely by Mij .

Suppose that m = 1 and let f := ρ2 = |D|, the volume fraction of the
inclusion. According to (2.110), R1(x) = −x ·Kx. Hence

R1(x− y) = −x ·Kx+ 2x ·Ky − y ·Ky .

Therefore, in this case, (8.42) reads as follows:

Hpq = mpq + f

2∑

s,l=1

aslHplmsq +O(f2) ,

where 2K = (asl). In other words,

H = M + 2fHKM +O(f2) ,

and hence

H = M
(
I − 2fKM

)−1

+O(f2) , (8.44)

which yields the desired result. �
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In particular, if A is diagonal, then K is given by (2.123) and hence we
obtain

γ∗ = A+ fM
(
I − f

2
A−1(I + c(A)E)M

)−1

+O(f3), (8.45)

where c(A) is the number defined by (2.124) and E =

(
1 0
0 −1

)
. If A is

isotropic, or A = σI, then c(A) = 0 and the above formula becomes (8.15).
Note that, if A is diagonal, then we obtain

γ∗ = A+ fM
(
I − f

2
A−1(I + c(A)E)M

)−1

+O(f3) ,

where c(A) is the number defined by

c(A) :=
4π√

det(A)

(
a

24
+ aθ

(
i

√
a

c

)
− c

24
− cθ

(
i

√
c

a

))
,

and E =

(
1 0
0 −1

)
. If A is isotropic, or A = σ0I, then c(A) = 0 and the above

formula becomes

γ∗ = σ0I + fM
(
I − f

2σ0
M
)−1

+O(f3) ,

and coincides with (8.13) since the first-order APT is equal to σ0× the first-
order GPT.

8.3 Further Results and Open Problems

Since the construction of a full asymptotic expansion of the effective conduc-
tivity depends on the ability to continue the Taylor expansion of the periodic
Green’s function, it would be interesting to find an accurate way for doing this.

The formulae (8.15) and (8.29) will be extended to elastic composites. A
general scheme to derive accurate asymptotic expansions of the elastic effective
properties of dilute composite materials in terms of the elastic moment tensor
and the volume fraction occupied by the elastic inclusions will be presented
in Chapter 13. The formula is valid for general shaped Lipschitz inclusions
with arbitrary phase moduli. Moreover, it exhibits an interesting feature of
the effective elasticity tensor of composite materials: the presence of a distor-
tion factor. The derivation of this formula is much more difficult than the one
presented here for the effective conductivity because of the tensorial nature
of the periodic Green’s functions of the Lamé system.



9

Transmission Problem for Elastostatics

Introduction

In the preceding chapters, we considered isotropic and anisotropic conduc-
tivity problems. Now we turn to the system of elastostatics. After reviewing
some well-known results on the solvability and layer potentials for the Lamé
system, mostly from [104] and [121], we proceed to prove a representation
formula for solutions of the Lamé system, which will be our main tool in later
chapters. Next, we derive a complex representation of displacement fields. In
the final section of this chapter, we construct a periodic Green’s function for
the Lamé system in the two-dimensional case and study the periodic trans-
mission problem. We will use the results in this final section when we consider
the effective properties of composite elastic materials.

9.1 Layer Potentials for the Lamé System

Let D be a bounded Lipschitz domain in Rd, d = 2, 3, and (λ, μ) be the Lamé
constants for D satisfying

μ > 0 and dλ+ 2μ > 0 .

See Kupradze [206]. The elastostatic system corresponding to the Lamé con-
stants λ, μ is defined by

Lλ,μu := μ∆u + (λ+ μ)∇∇ · u .

The corresponding conormal derivative ∂u/∂ν on ∂D is defined to be

∂u

∂ν
:= λ(∇ · u)N + μ(∇u + ∇uT )N on ∂D , (9.1)

where N is the outward unit normal to ∂D and the superscript T denotes the
transpose of a matrix.
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Notice that the conormal derivative has a direct physical meaning:

∂u

∂ν
= traction on ∂D .

The vector u is the displacement field of the elastic medium having the Lamé
coefficients λ and μ, and (∇u + ∇uT )/2 is the strain tensor.

Let us state a simple, but important, relation. The identity (9.2) is referred
to as the divergence theorem.

Lemma 9.1 If u ∈W 1,2(D) and Lλ,μu = 0 in D, then for all v ∈ W 1,2(D),
∫

∂D

v · ∂u
∂ν
dσ =

∫

D

λ(∇ · u)(∇ · v) +
μ

2
(∇u +∇uT ) · (∇v +∇vT ) dx , (9.2)

where for d× d matrices a = (aij) and b = (bij), a · b =
∑

ij aijbij.

Proof. By the definition (9.1) of the conormal derivative, we get
∫

∂D

v · ∂u
∂ν
dσ =

∫

∂D

λ(∇ · u)v ·N + μv · (∇u + ∇uT )N dσ

=

∫

D

λ∇ · ((∇ · u)v) + μ∇ · ((∇u + ∇uT )v) dx .

Since

∇ ·
(

(∇u +∇uT )v

)
= ∇(∇ · u) · v +∆u · v +

1

2
(∇u +∇uT ) · (∇v +∇vT ) ,

we obtain (9.2) and the proof is complete. �

We give now a fundamental solution to the Lamé system Lλ,μ in Rd.

Lemma 9.2 A fundamental solution Γ = (Γij)
d
i,j=1 to the Lamé system Lλ,μ

is given by

Γij(x) :=

⎧
⎪⎪⎨
⎪⎪⎩

− A
4π

δij
|x| −

B

4π

xixj

|x|3 if d = 3 ,

A

2π
δij ln |x| − B

2π

xixj

|x|2 if d = 2 ,

x �= 0 ,

where

A =
1

2

(
1

μ
+

1

2μ+ λ

)
and B =

1

2

(
1

μ
− 1

2μ+ λ

)
. (9.3)

The function Γ is known as the Kelvin matrix of fundamental solutions.

Proof. We seek a solution Γ = (Γij)
d
i,j=1 of

μ∆Γ + (λ + μ)∇∇ · Γ = δ0Id in Rd , (9.4)

where Id is the d× d identity matrix and δ0 is the Dirac mass at 0.
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Taking the divergence of (9.4), we have

(λ+ 2μ)∆(∇ · Γ) = ∇δ0 .

Thus by Lemma 2.11

∇ · Γ =
1

λ+ 2μ
∇Γ ,

where Γ is given by (2.8). Inserting this equation into (9.4) gives

μ∆Γ = δ0 Id − λ+ μ

λ+ 2μ
∇∇Γ .

Hence, it follows that

Γij(x) :=

⎧
⎪⎪⎨

⎪⎪⎩

− A
4π

δij
|x| −

B

4π

xixj

|x|3 if d = 3 ,

A

2π
δij ln |x| − B

2π

xixj

|x|2 if d = 2 ,

x �= 0 ,

modulo constants, where A and B are given by (9.3). �

The single and double layer potentials of the density function ϕ on D
associated with the Lamé parameters (λ, μ) are defined by

SDϕ(x) :=

∫

∂D

Γ(x − y)ϕ(y) dσ(y) , x ∈ Rd , (9.5)

DDϕ(x) :=

∫

∂D

∂

∂νy
Γ(x − y)ϕ(y) dσ(y) , x ∈ Rd \ ∂D , (9.6)

where ∂/∂ν denotes the conormal derivative defined in (9.1). Thus, for
m = 1, . . . , d,

(DDϕ(x))m =

∫

∂D

λ
∂Γmi

∂yi
(x− y)ϕ(y) ·N(y)

+ μ
(∂Γmi

∂yj
+
∂Γmj

∂yi

)
(x− y)Ni(y)ϕj(y) dσ(y) .

Here we used the Einstein convention for the summation notation. As an
immediate consequence of (9.2), we obtain the following lemma, which can
be proved in the same way as the Green’s representation (2.11) of harmonic
functions.

Lemma 9.3 If u ∈ W 1,2(D) and Lλ,μu = 0 in D, then

u(x) = DD(u|∂D)(x) − SD

(
∂u

∂ν

∣∣∣∣
∂D

)
(x) , x ∈ D , (9.7)

and

DD(u|∂D)(x) − SD

(
∂u

∂ν

∣∣∣∣
∂D

)
(x) = 0 , x ∈ Rd \D . (9.8)
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As before, let u|+ and u|− denote the limits from outside D and inside D,
respectively.

The following theorems are from Dahlberg, Kenig, and Verchota [104].

Theorem 9.4 (Jump formula, [104]) Let D be a bounded Lipschitz do-
main in Rd, d = 2 or 3. For ϕ ∈ L2(∂D),

DDϕ|± = (∓1

2
I + KD)ϕ a.e. on ∂D , (9.9)

∂

∂ν
SDϕ

∣∣
± = (±1

2
I + K∗

D)ϕ a.e. on ∂D , (9.10)

where KD is defined by

KDϕ(x) := p.v.

∫

∂D

∂

∂νy
Γ(x− y)ϕ(y) dσ(y) a.e. x ∈ ∂D

and K∗
D is the adjoint operator of KD on L2(∂D); that is,

K∗
Dϕ(x) := p.v.

∫

∂D

∂

∂νx
Γ(x− y)ϕ(y) dσ(y) a.e. x ∈ ∂D .

It must be emphasized that, in contrast with the corresponding singu-
lar integral operators defined in (2.29) and (2.30) that arise when studying
Laplace’s equation (see Lemma 2.13), the singular integral operator KD is not
compact, even on bounded C∞-domains [104].

Let Ψ be the vector space of all linear solutions of the equation Lλ,μu = 0
and ∂u/∂ν = 0 on ∂D, or alternatively,

Ψ :=

{
ψ : ∂iψj + ∂jψi = 0, 1 ≤ i, j ≤ d

}
.

Here ψi for i = 1, . . . , d, denote the components of ψ.
Observe now that the space Ψ is defined independently of the Lamé con-

stants λ, μ, and its dimension is 3 if d = 2 and 6 if d = 3. Define

L2
Ψ (∂D) :=

{
f ∈ L2(∂D) :

∫

∂D

f · ψ dσ = 0 for all ψ ∈ Ψ
}
, (9.11)

a subspace of codimension d(d+ 1)/2 in L2(∂D).
In particular, since Ψ contains constant functions, we get

∫

∂D

f dσ = 0

for any f ∈ L2
Ψ (∂D). The following fact, which immediately follows from (9.2),

is useful in later sections.

If u ∈W 1, 3
2 (D) satisfies Lλ,μu = 0 in D, then

∂u

∂ν

∣∣∣∣
∂D

∈ L2
Ψ (∂D) . (9.12)

One fundamental result in the theory of linear elasticity using layer po-
tentials is the following invertibility theorem.
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Theorem 9.5 ([104]) The operator KD is bounded on L2(∂D), and
−(1/2) I + K∗

D and (1/2) I + K∗
D are invertible on L2

Ψ (∂D) and L2(∂D),
respectively.

As a consequence of (9.10) and Theorem 9.5, we are able to prove the
following.

Corollary 9.6 ([104]) For a given g ∈ L2
Ψ(∂D), the function u ∈ W 1,2(D)

defined by

u(x) := SD(−1

2
I + K∗

D)−1g (9.13)

is a solution to the problem

⎧
⎪⎨

⎪⎩

Lλ,μu = 0 in D ,

∂u

∂ν

∣∣∣∣
∂D

= g , (u|∂D ∈ L2
Ψ (∂D)) .

(9.14)

If ψ ∈ Ψ and x ∈ Rd \ D, then from (9.2) it follows that DDψ(x) = 0.
Hence by (9.9), ψ satisfies (−(1/2) I +KD)ψ = 0. Since the dimension of the
orthogonal complement of the range of the operator −(1/2) I+K∗

D is less than
3 if d = 2 and 6 if d = 3, which is the dimension of the space Ψ , we obtain
the following corollary.

Corollary 9.7 The null space of −(1/2) I + KD on L2(∂D) is Ψ .

The following formulation of Korn’s inequality will be of interest to us.
See Nečas [254] and Ciarlet [96, Theorem 6.3.4].

Lemma 9.8 Let D be a bounded Lipschitz domain in Rd. Let u ∈ W 1,2(D)
satisfy ∫

D

(
u · ψ + ∇u · ∇ψ

)
= 0 for all ψ ∈ Ψ .

Then there is a constant C depending only on the Lipschitz character of D
such that ∫

D

(
|u|2 + |∇u|2

)
dx ≤ C

∫

D

|∇u + ∇uT |2 dx . (9.15)

9.2 Kelvin Matrix Under Unitary Transformations

Unlike the fundamental solution to the Laplacian given by (2.8), the funda-
mental solution Γ to Lλ,μ is not invariant under unitary transformations. In
this section we find formulae for both Γ and the single layer potential under
unitary transformations.
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Lemma 9.9 Let R be a unitary transformation on Rd. Then,

(i) Lλ,μ(R−1(u ◦R)) = R−1(Lλ,μu) ◦R ;

(ii) (
∂u

∂ν
) ◦R = R

∂

∂ν

(
R−1(u ◦R)

)
.

Proof. Since, for a vector u and a scalar function f ,

(∇ · u) ◦R = ∇ ·
(
R−1(u ◦R)

)
,

R−1(∇f) ◦R = ∇(f ◦R) ,

we find that

Lλ,μ

(
R−1(u ◦R)

)
= μ∆(R−1(u ◦R)) + (λ+ μ)∇∇ · (R−1(u ◦R))

= μR−1(∆(u ◦R)) + (λ+ μ)∇((∇ · u) ◦R))

= μR−1((∆u) ◦R)) + (λ+ μ)R−1(∇∇ · u) ◦R
= R−1(Lλ,μu) ◦R ,

which proves part (i).
To prove part (ii), note first that, if N1 and N2 are the unit normals to ∂D

and ∂R(D), respectively, then N2(R(x)) = R(N1(x)) for x ∈ ∂D. Therefore,
we have
(
∂u

∂ν

)
◦R = λ(∇ · u ◦R)N ◦R+ μ

(
(∇u) ◦R+ (∇u)T ◦R

)
N ◦R

= λ∇ · (R−1(u ◦R))RN + μR
(
R−1(∇u) ◦R+R−1(∇u)T ◦R

)
RN

= λ∇ · (R−1(u ◦R))RN + μR
(
∇(u ◦R)R+ (∇(u ◦R)TR

)
N

= λ∇ · (R−1(u ◦R))RN + μR
(
∇(R−1(u ◦R)) + (∇(R−1(u ◦R))T

)
N

= R
∂

∂ν

(
R−1(u ◦R)

)
,

as claimed. �

Lemma 9.10 Suppose that Lλ,μu = 0 in Rd. If, in addition, u is bounded for
d = 2 and behaves like O(|x|−1) as |x| → +∞ for d = 3, and ∇u = O(|x|1−d)
as |x| → +∞, then u is constant if d = 2 and u = 0 if d = 3.

Proof. Let Br be a ball of radius r centered at 0. Then, by applying (9.7),

u(x) = DBr
(u|∂Br

)(x) − SBr

(
∂u

∂ν

∣∣∣∣
∂Br

)
(x) , x ∈ Br .
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Next, we deduce from (9.12) that ∂u/∂ν ∈ L2
Ψ (∂Br), which shows that

∫

∂Br

∂u

∂ν
dσ = 0 .

Hence ∇u(x) = O(1/r) for all r → +∞ provided that x is in a bounded set
and therefore u is constant, as desired. �

Lemma 9.11 (Rotation Formula)

Γ(R(x)) = RΓ(x)R−1, x ∈ Rd. (9.16)

Proof. It follows from Lemma 9.9 (i) that

Lλ,μ

(
R−1(Γ ◦R)

)
(x) = R−1(Lλ,μΓ)(R(x)) = δ0(R(x))R−1 = δ0(x)R

−1 .

Consequently,
Lλ,μ

(
R−1(Γ ◦R) − ΓR−1

)
= 0 in Rd .

Observe that R−1(Γ◦R)−ΓR−1 is bounded if d = 2 and behaves like O(|x|−1)
as |x| → +∞ if d = 3. Moreover,

∇
(
R−1(Γ ◦R) − ΓR−1

)
(x) = O(|x|1−d) as |x| → +∞ .

Applying Lemma 9.10, we conclude that

R−1(Γ ◦R) − ΓR−1 = constant ,

which is obviously zero. �

As a consequence of (9.16), we obtain the following rotation formula for
the single layer potential.

Lemma 9.12 Let R be a unitary transformation on Rd, and let D̂ be a
bounded domain in Rd and D = R(D̂). Then for any vector potential
ϕ ∈ L2(∂D), we have

(SDϕ)(R(x)) = RSD̂(R−1(ϕ ◦R))(x) , (9.17)

∂(SDϕ)

∂ν
(R(x)) = R

∂

∂ν
SD̂(R−1(ϕ ◦R))(x) . (9.18)

Proof. Using (9.16) we compute

(SDϕ)(R(x)) =

∫

∂D

Γ(R(x) − y)ϕ(y) dσ(y)

=

∫

∂D̂

Γ(R(x) −R(y))ϕ(R(y)) dσ(y)

= R

∫

∂D̂

Γ(x − y)R−1ϕ(R(y)) dσ(y)

= RSD̂(R−1(ϕ ◦R))(x) ,

which proves (9.17).
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Applying Lemma 9.9 (ii), we arrive at

∂

∂ν
(SDϕ)(R(x)) = R

∂

∂ν

(
R−1(SDϕ) ◦R

)
(x) .

Then (9.18) follows from (9.17) and the above identity. This completes the
proof. �

9.3 Transmission Problem

We suppose that the elastic medium Ω contains a single inclusion D, which
is also a bounded Lipschitz domain. Let the constants (λ, μ) denote the back-
ground Lamé coefficients, which are the elastic parameters in the absence of
any inclusions. Suppose that D has the pair of Lamé constants (λ̃, μ̃) that is
different from that of the background elastic body (λ, μ). It is always assumed
that

μ > 0, dλ+ 2μ > 0, μ̃ > 0 and dλ̃+ 2μ̃ > 0 . (9.19)

We also assume that

(λ− λ̃)(μ− μ̃) ≥ 0,

(
(λ− λ̃)2 + (μ− μ̃)2 �= 0

)
. (9.20)

We consider the transmission problem

⎧
⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

d∑

j,k,l=1

∂

∂xj

(
Cijkl

∂uk

∂xl

)
= 0 in Ω, i = 1, . . . , d ,

∂u

∂ν

∣∣∣∣
∂Ω

= g ,

(9.21)

where the elasticity tensor C = (Cijkl) is given by

Cijkl :=
(
λχ(Ω \D) + λ̃ χ(D)

)
δijδkl

+
(
μχ(Ω \D) + μ̃ χ(D)

)
(δikδjl + δilδjk) ,

(9.22)

and uk for k = 1, . . . , d, denote the components of the displacement field u.
In order to ensure existence and uniqueness of a solution to (9.21), we

assume that g ∈ L2
Ψ (∂Ω) and seek a solution u ∈ W 1,2(Ω) such that

u|∂Ω ∈ L2
Ψ (∂Ω). The problem (9.21) is understood in a weak sense, namely,

for any ϕ ∈W 1,2(Ω), the following equality holds:

d∑

i,j,k,l=1

∫

Ω

Cijkl
∂uk

∂xl

∂ϕi

∂xj
dx =

∫

∂Ω

g · ϕ dσ ,

where ϕi for i = 1, . . . , d, denote the components of ϕ.
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Let Lλ̃,μ̃ and ∂/∂ν̃ be the Lamé system and the conormal derivative asso-

ciated with (λ̃, μ̃), respectively. Then, for any ϕ ∈ C∞
0 (Ω), we compute

0 =

d∑

i,j,k,l=1

∫

Ω

Cijkl
∂uk

∂xl

∂ϕi

∂xj
dx

=

∫

Ω\D

λ(∇ · u)(∇ · ϕ) +
μ

2
(∇u + ∇uT ) · (∇ϕ + ∇ϕT ) dx

+

∫

D

λ̃(∇ · u)(∇ · ϕ) +
μ̃

2
(∇u + ∇uT ) · (∇ϕ + ∇ϕT ) dx

= −
∫

Ω\D

Lλ,μu · ϕ dx−
∫

∂D

∂u

∂ν
· ϕ dσ −

∫

D

Lλ̃,μ̃u · ϕ dx +

∫

∂D

∂u

∂ν̃
· ϕ dσ ,

where the last equality follows from (9.2). Thus (9.21) is equivalent to the
following problem:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lλ,μu = 0 in Ω \D ,
Lλ̃,μ̃u = 0 in D ,

u
∣∣
− = u

∣∣
+

on ∂D ,

∂u

∂ν̃

∣∣∣∣
−

=
∂u

∂ν

∣∣∣∣
+

on ∂D ,

∂u

∂ν

∣∣∣∣
∂Ω

= g ,

(
u|∂Ω ∈ L2

Ψ (∂Ω)

)
.

(9.23)

We denote by SD and S̃D the single layer potentials on ∂D corresponding
to the Lamé constants (λ, μ) and (λ̃, μ̃), respectively.

We use the following solvability theorem due to Escauriaza and Seo [121,
Theorem 4].

Theorem 9.13 Suppose that (λ− λ̃)(μ− μ̃) ≥ 0 and 0 < λ̃, μ̃ < +∞. For any
given (F,G) ∈ W 2

1 (∂D) × L2(∂D), a unique pair (f ,g) ∈ L2(∂D) × L2(∂D)
exists such that

⎧
⎪⎨
⎪⎩

S̃Df
∣∣
− − SDg

∣∣
+

= F on ∂D ,

∂

∂ν̃
S̃Df

∣∣∣∣
−
− ∂

∂ν
SDg

∣∣∣∣
+

= G on ∂D ,
(9.24)

and a constant C exists depending only on λ, μ, λ̃, μ̃, and the Lipschitz char-
acter of D such that

‖f‖L2(∂D) + ‖g‖L2(∂D) ≤ C
(
‖F‖W 2

1 (∂D) + ‖G‖L2(∂D)

)
. (9.25)

Moreover, if G ∈ L2
Ψ (∂D), then g ∈ L2

Ψ (∂D).
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Proof. The unique solvability of the integral equation (9.24) was proved

in [121]. By (9.12), ∂S̃Df/∂ν̃|− ∈ L2
Ψ (∂D). Thus, if G ∈ L2

Ψ (∂D), then
∂SDg/∂ν|+ ∈ L2

Ψ (∂D). Since

g =
∂

∂ν
SDg

∣∣∣∣
+

− ∂

∂ν
SDg

∣∣∣∣
−
,

then, by (9.10) and ∂SDg/∂ν|− ∈ L2
Ψ (∂D), we conclude that g ∈ L2

Ψ (∂D). �

Lemma 9.14 Let ϕ ∈ Ψ . If the pair (f ,g) ∈ L2(∂D)×L2
Ψ (∂D) is the solution

of ⎧
⎪⎨

⎪⎩

S̃Df
∣∣
− − SDg

∣∣
+

= ϕ|∂D ,

∂

∂ν̃
S̃Df

∣∣∣∣
−
− ∂

∂ν
SDg

∣∣∣∣
+

= 0 ,
(9.26)

then g = 0.

Proof. Define u by

u(x) :=

{
SDg(x) , x ∈ Rd \D ,
S̃Df (x) − ϕ(x) , x ∈ D .

Since g ∈ L2
Ψ (∂D), then

∫
∂D

g dσ = 0, and hence

SDg(x) = O(|x|1−d) as |x| → +∞ .

Therefore u is the unique solution of
⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

Lλ,μu = 0 in Rd \D ,
Lλ̃,μ̃u = 0 in D ,

u|+ = u|− on ∂D ,

∂u

∂ν

∣∣
+

=
∂u

∂ν̃

∣∣
− on ∂D ,

u(x) = O(|x|1−d) as |x| → +∞ .

(9.27)

Using the fact that the trivial solution is the unique solution to (9.27), we see
that

SDg(x) = 0 for x ∈ Rd \D .
It then follows that Lλ,μSDg(x) = 0 for x ∈ D and SDg(x) = 0 for x ∈ ∂D.
Thus, SDg(x) = 0 for x ∈ D. Since

g =
∂(SDg)

∂ν

∣∣∣∣
+

− ∂(SDg)

∂ν

∣∣∣∣
−
,

it is obvious that g = 0. �

We now prove a representation theorem for the solution of the transmission
problem (9.23), which will be the main ingredient in deriving the asymptotic
expansions in Chapter 11.
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Theorem 9.15 A unique pair (ϕ,ψ) ∈ L2(∂D) × L2
Ψ (∂D) exists such that

the solution u of (9.23) is represented by

u(x) =

{
H(x) + SDψ(x) , x ∈ Ω \D ,
S̃Dϕ(x) , x ∈ D , (9.28)

where H is defined by

H(x) = DΩ(u|∂Ω)(x) − SΩ(g)(x) , x ∈ Rd \ ∂Ω . (9.29)

In fact, the pair (ϕ,ψ) is the unique solution in L2(∂D) × L2
Ψ (∂D) of

⎧
⎪⎨

⎪⎩

S̃Dϕ
∣∣
− − SDψ

∣∣
+

= H|∂D on ∂D ,

∂

∂ν̃
S̃Dϕ

∣∣∣∣
−
− ∂

∂ν
SDψ

∣∣∣∣
+

=
∂H

∂ν

∣∣∣∣
∂D

on ∂D .
(9.30)

A positive constant C exists such that

‖ϕ‖L2(∂D) + ‖ψ‖L2(∂D) ≤ C‖H‖W 2
1 (∂D) . (9.31)

For any integer n, a positive constant Cn exists depending only on c0 and λ, μ
(not on λ̃, μ̃) such that

‖H‖Cn(D) ≤ Cn‖g‖L2(∂Ω) . (9.32)

Moreover,
H(x) = −SDψ(x) , x ∈ Rd \Ω . (9.33)

Proof. Let ϕ and ψ be the unique solutions of (9.30). Then clearly u defined
by (9.28) satisfies the transmission condition [the third and fourth condi-
tions in (9.23)]. By (9.12), ∂H/∂ν|∂D ∈ L2

Ψ (∂D). Thus, by Theorem 9.13,
ψ ∈ L2

Ψ (∂D).
We now prove that ∂u/∂ν|∂Ω = g. To this end, we consider the following

two-phase transmission problem:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lλ,μu = 0 in (Ω \D) ∪ (Rd \Ω) ,

Lλ̃,μ̃u = 0 in D ,

u|− = u|+ and
∂u

∂ν̃

∣∣
− =

∂u

∂ν

∣∣
+

on ∂D ,

u|− − u|+ = f and
∂u

∂ν̃

∣∣
− − ∂u

∂ν

∣∣
+

= g on ∂Ω ,

|x||u(x)| + |x|2|∇u(x)| ≤ C as |x| → +∞ ,

(9.34)

where f = u|∂Ω. If v ∈ W 1,2(Ω) is the solution of (9.23), then U1, defined by



222 9 Transmission Problem for Elastostatics

U1(x) :=

{
v(x) , x ∈ Ω ,
0 , x ∈ Rd \Ω ,

is a solution of (9.34). On the other hand, it can be easily seen from the jump
relations of the layer potentials, (9.9) and (9.10), that U2 defined by

U2(x) =

{
−SΩ(g)(x) + DΩ(u|∂Ω)(x) + SDψ(x) , x ∈ Rd \ (D ∪ ∂Ω) ,

S̃Dϕ(x) , x ∈ D ,

is also a solution of (9.34). Thus U1 − U2 is a solution of (9.34) with f = 0
and g = 0. Moreover, U1−U2 ∈W 1,2(Rd) and therefore, U1−U2 = 0, which
implies, in particular, that ∂u/∂ν|∂Ω = g. Indeed, U2(x) = 0 for x ∈ Rd \Ω
and hence (9.33) holds.

Now it only remains to prove (9.32). Let

Ω′ :=

{
x ∈ Ω : dist(x, ∂Ω) > c0

}

so that D is compactly contained in Ω′. Then by an identity of Rellich type,
that is available for general constant coefficient systems (see [104, Lemma 1.14
(i)]) but is beyond the scope of this book, a constant C exists such that

‖∇u‖L2(∂Ω) ≤ C
(
‖g‖L2(∂Ω) + ‖∇u‖L2(Ω\Ω′)

)
. (9.35)

By applying the Korn’s inequality (9.15) and the divergence theorem, we find
that

‖∇u‖L2(Ω\Ω′) ≤ C‖∇u + ∇uT ‖L2(Ω\D)

≤ C
∫

Ω

(
λχ(Ω \D) + λ̃ χ(D)

)
|∇ · u|2

+
1

2

(
μχ(Ω \D) + μ̃ χ(D)

)
|∇u + ∇uT |2dx

≤ C
∫

∂Ω

u · ∂u
∂ν
dσ ,

where the constants, generically denoted by C, do not depend on λ̃, μ̃. Fur-
thermore, by (9.35) and the Poincaré inequality (2.1), we see that

‖u‖L2(∂Ω) ≤ C‖∇u‖L2(∂Ω)

≤ C
(
‖g‖L2(∂Ω) + ‖g‖L2(∂Ω)‖u‖L2(∂Ω)

)
,

and hence
‖u‖L2(∂Ω) ≤ C‖g‖L2(∂Ω) . (9.36)

Clearly, the desired estimate (9.32) immediately follows from the definition of
H and (9.36). �
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We now derive a representation for u in terms of the background solution.
Let N(x, y) be the Neumann function for Lλ,μ in Ω corresponding to a Dirac
mass at y. That is, N is the solution to

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

Lλ,μN(x, y) = −δy(x)Id in Ω,

∂N

∂ν

∣∣∣∣
∂Ω

= − 1

|∂Ω|Id ,

N(·, y) ∈ L2
Ψ (∂Ω) for any y ∈ Ω ,

(9.37)

where the differentiations act on the x-variables and Id is the d × d identity
matrix.

For g ∈ L2
Ψ (∂Ω), define

U(x) :=

∫

∂Ω

N(x, y)g(y) dσ(y) , x ∈ Ω . (9.38)

Then U is the solution to (9.14) with D replaced by Ω. On the other hand,
by (9.13), the solution to (9.14) is given by

U(x) := SΩ

(
− 1

2
I + K∗

Ω

)−1

g(x) .

Thus,
∫

∂Ω

N(x, y)g(y) dσ(y) =

∫

∂Ω

Γ(x− y)(−1

2
I + K∗

Ω)−1g(y) dσ(y) ,

or equivalently,
∫

∂Ω

N(x, y)(−1

2
I + K∗

Ω)g(y) dσ(y) =

∫

∂Ω

Γ(x− y)g(y) dσ(y) , x ∈ Ω ,

for any g ∈ L2
Ψ(∂Ω). Consequently, it follows that, for any simply connected

Lipschitz domain D compactly contained in Ω and for any g ∈ L2
Ψ (∂D), the

following identity holds:
∫

∂D

(−1

2
I + KΩ)(Ny)(x)g(y) dσ(y) =

∫

∂D

Γy(x)g(y) dσ(y) ,

for all x ∈ ∂Ω. Therefore, the following lemma has been proved.

Lemma 9.16 For y ∈ Ω and x ∈ ∂Ω, let Γy(x) := Γ(x − y) and Ny(x) :=
N(x, y). Then

(
− 1

2
I + KΩ

)
(Ny)(x) = Γy(x) modulo Ψ . (9.39)

We fix now some notation. Let

NDf(x) :=

∫

∂D

N(x, y)f (y) dσ(y) , x ∈ Ω .
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Theorem 9.17 Let u be the solution to (9.23) and U the background solu-
tion, i.e., the solution to (9.14). Then the following holds:

u(x) = U(x) −NDψ(x), x ∈ ∂Ω , (9.40)

where ψ is defined by (9.30).

Proof. By substituting (9.28) into (9.29), we obtain

H(x) = −SΩ(g)(x) + DΩ

(
H|∂Ω + (SDψ)|∂Ω

)
(x) , x ∈ Ω .

By using (9.9), we see that

(
1

2
I −KΩ)(H|∂Ω) = −(SΩg)|∂Ω + (

1

2
I + KΩ)((SDψ)|∂Ω) on ∂Ω . (9.41)

Since U(x) = −SΩ(g)(x) + DΩ(U|∂Ω)(x) for all x ∈ Ω, we have

(
1

2
I −KΩ)(U|∂Ω) = −(SΩg)|∂Ω . (9.42)

By Theorem 9.13 and (9.39), we have

(−1

2
I + KΩ)((NDψ)|∂Ω)(x) = (SDψ)(x) , x ∈ ∂Ω , (9.43)

since ψ ∈ L2
Ψ (∂D). We see from (9.41), (9.42), and (9.43) that

(
1

2
I −KΩ)

(
H|∂Ω − U|∂Ω + (

1

2
I + KΩ)((NDψ)|∂Ω)

)
= 0 on ∂Ω ,

and hence, by Corollary 9.7, we obtain that

H|∂Ω − U|∂Ω + (
1

2
I + KΩ)((NDψ)|∂Ω) ∈ Ψ .

Note that

(
1

2
I + KΩ)((NDψ)|∂Ω) = (NDψ)|∂Ω + (SDψ)|∂Ω ,

which follows from (9.39). Thus, (9.28) gives

u|∂Ω = U|∂Ω − (NDψ)|∂Ω modulo Ψ . (9.44)

Since all the functions in (9.44) belong to L2
Ψ (∂Ω), we have (9.40). This com-

pletes the proof. �

We have a similar representation for solutions of the Dirichlet problem. Let
G(x, y) be the Green’s function for the Dirichlet problem, i.e., the solution to
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{
Lλ,μG(x, y) = −δy(x)Id in Ω ,

G(x, y) = 0 , x ∈ ∂Ω for any y ∈ ∂Ω .

Then the function V, for f ∈W 2
1
2

(∂Ω), defined by

V(x) := −
∫

∂Ω

∂

∂νy
G(x, y)f (y) dσ(y) ,

is the solution to the problem

{
Lλ,μV = 0 in Ω ,

V|∂Ω = f .

We have the following theorem.

Theorem 9.18 We have

(
1

2
I + K∗

Ω

)−1(
∂

∂ν
Γz

)
(x) =

∂

∂ν
Gz(x) , x ∈ ∂Ω , z ∈ Ω .

Moreover, let u be the solution of (9.23) with the Neumann condition on ∂Ω
replaced by the Dirichlet condition u|∂Ω = f ∈ W 2

1
2

(∂Ω). Then the following

identity holds:

∂u

∂ν
(x) =

∂V

∂ν
(x) −GDψ(x) , x ∈ ∂Ω ,

where ψ is defined in (9.28) and

GDψ(x) :=

∫

∂D

∂

∂ν
G(x, y)ψ(y) dσ(y) .

Theorem 9.18 can be proved in the same way as Theorem 9.17. In fact, it
is simpler because of the solvability of the Dirichlet problem or, equivalently,
the invertibility of (1/2) I + K∗

Ω on L2(∂Ω). So we omit the proof.

9.4 Complex Representation of the Displacement Field

This section is devoted to a representation of the solution of (9.21) by a pair of
holomorphic functions in the two-dimensional case. The results of this section
will be used to compute the elastic moment tensors in Chapter 10.

The following theorem is from [249]. We include its proof for the sake of
the reader.
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Theorem 9.19 Suppose that Ω is a simply connected domain in R2 (bounded

or unbounded) with the Lamé constants λ, μ, and let u = (u, v) ∈W 1, 3
2 (Ω) be

a solution of Lλ,μu = 0 in Ω. Then there are holomorphic functions ϕ and ψ
in Ω such that

2μ(u+iv)(z) = κϕ(z)−zϕ′(z)−ψ(z) , κ =
λ+ 3μ

λ+ μ
, z = x1+ix2 . (9.45)

Moreover, the conormal derivative ∂u/∂ν is represented as

((
∂u

∂ν

)

1

+ i

(
∂u

∂ν

)

2

)
dσ = −i∂

[
ϕ(z) + zϕ′(z) + ψ(z)

]
, (9.46)

where dσ is the line element of ∂Ω and ∂ = (∂/∂x1) dx1 + (∂/∂x2) dx2. Here
∂Ω is positively oriented and ϕ′(z) = dϕ(z)/dz.

Proof. Let θ := ∇ · u and

X := λθ + 2μ
∂u

∂x1
, Y := λθ + 2μ

∂v

∂x2
, Z := μ

(
∂v

∂x1
+
∂u

∂x2

)
1 .

An elementary calculation shows that the equation Lλ,μu = 0 is equivalent to

∂X

∂x1
+
∂Z

∂x2
= 0 and

∂Z

∂x1
+
∂Y

∂x2
= 0 . (9.47)

Thus there are two functions A and B such that

∇B = (−Z,X) and ∇A = (Y,−Z) .

In particular, ∂A/∂x2 = ∂B/∂x1, and hence, there is a function2 U such that
∇U = (A,B). Thus,

X =
∂2U

∂x2
2

, Y =
∂2U

∂x2
1

, Z = − ∂2U

∂x1∂x2
. (9.48)

By taking the x1-derivative of the first component of Lλ,μu and the x2-
derivative of the second, we can see that

∂

∂x1
(∆u) +

∂

∂x2
(∆v) = 0 .

It then follows that

∆(X + Y ) = 2(λ+ μ)

[
∂

∂x1
(∆u) +

∂

∂x2
(∆v)

]
= 0 .

1 These notations are slightly different from those of [249].
2 This function U is called the stress function or the Airy function.
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Thus U is biharmonic, namely, ∆∆U = 0. In short, we proved that there is a
biharmonic function U such that

λθ + 2μ
∂u

∂x1
=
∂2U

∂x2
2

, λθ + 2μ
∂v

∂x2
=
∂2U

∂x2
1

, μ

(
∂v

∂x1
+
∂u

∂x2

)
= − ∂2U

∂x1∂x2
.

(9.49)
We claim that two holomorphic functions in Ω, ϕ and f exist, such that

2U(z) = z̄ϕ(z) + zϕ(z) + f(z) + f(z) , z ∈ Ω . (9.50)

In fact, let P := ∆U . Then P is harmonic in Ω. Let Q be a harmonic con-
jugate of P so that P + iQ is holomorphic in Ω. Such a function exists since
Ω is simply connected. See Lemma 2.1 (ii). Let ϕ = p+ iq be a holomorphic
function in Ω so that 4ϕ′(z) = P (z) + iQ(z). Then,

∂p

∂x1
=

1

4
P ,

∂p

∂x2
= −1

4
Q , (9.51)

which yields
∆(U −ℜ(z̄ϕ)) = P −ℜϕ′(z) = 0 .

Therefore, a function f holomorphic in Ω exists such that

U −ℜ(z̄ϕ) = ℜf(z) ,

as was to be shown.
Next, adding the first two equations in (9.49), we obtain 2(λ+μ)θ = ∆U =

P . It then follows from the first equation in (9.49) and (9.51) that

2μ
∂u

∂x1
= −∂

2U

∂x2
1

+
2(λ+ 2μ)

λ+ μ

∂p

∂x1
.

Likewise, we obtain

2μ
∂v

∂x2
= −∂

2U

∂x2
2

+
2(λ+ 2μ)

λ+ μ

∂q

∂x2
,

and therefore

2μu = − ∂U
∂x1

+
2(λ+ 2μ)

λ+ μ
p+ f1(x2) ,

2μv = − ∂U
∂x2

+
2(λ+ 2μ)

λ+ μ
q + f2(x1) .

Substitute these equations into the third equation in (9.49), and apply the
Cauchy–Riemann equation ∂p/∂x2 = −∂q/∂x1 to show that

f ′1(x2) + f ′2(x1) = 0 ,
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which implies that

f1(x2) = ax2 + b , f2(x1) = −ax1 + c ,

for some constants a, b, c. Thus we obtain

2μ(u+ iv)(x1, x2) = − ∂U
∂x1

− i ∂U
∂x2

+
2(λ+ 2μ)

λ+ μ
(p+ iq)+ a(x2 − ix1)+ b+ ic .

It then follows from (9.50) that

2μ(u+ iv)(x1, x2) =
λ+ 3μ

λ+ μ
ϕ(z) − zϕ(z) + ψ′(z) − aiz + b+ ic ,

where ψ(z) = f ′(z). By adding constants to ϕ and ψ to define new ϕ and ψ,
we get (9.45).

Turning to the proof of (9.46), we first observe that

∂u

∂ν
=

(
XN1 + ZN2, ZN1 + Y N2

)
,

whereN = (N1, N2). Since (−N2, N1) is a positively oriented tangential vector
field on ∂Ω, we have

−N2ds = dx1, N1ds = dx2 . (9.52)

It then follows from (9.48) that

((
∂u

∂ν

)

1

+ i

(
∂u

∂ν

)

2

)
dσ

=

(
∂2U

∂x2
2

dx2 +
∂2U

∂x1∂x2
dx1

)
− i
(
∂2U

∂x1∂x2
dx2 +

∂2U

∂x2
1

dx1

)

= ∂

(
∂U

∂x2
− i ∂U
∂x1

)
.

Now, (9.46) follows from (9.50). This completes the proof. �

We now prove that a similar theorem holds for the solution of (9.23).

Theorem 9.20 Suppose d = 2. Let u = (u, v) be the solution of (9.23), and
let ue := u|C\D and ui := u|D. Then there are functions ϕe and ψe holomor-

phic in Ω \D and ϕi and ψi holomorphic in D such that

2μ(ue + ive)(z) = κϕe(z) − zϕ′
e(z) − ψe(z) , z ∈ C \D , (9.53)

2μ̃(ui + ivi)(z) = κ̃ϕi(z) − zϕ′
i(z) − ψi(z) , z ∈ D , (9.54)
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where

κ =
λ+ 3μ

λ+ μ
, κ̃ =

λ̃+ 3μ̃

λ̃+ μ̃
. (9.55)

Moreover, the following holds on ∂D:

1

2μ

(
κϕe(z) − zϕ′

e(z) − ψe(z)

)
=

1

2μ̃

(
κ̃ϕi(z) − zϕ′

i(z) − ψi(z)

)
, (9.56)

ϕe(z) + zϕ′
e(z) + ψe(z) = ϕi(z) + zϕ′

i(z) + ψi(z) + c , (9.57)

where c is a constant.

Proof. By Theorem 9.15, a unique pair (ϕ,ψ) ∈ L2(∂D) × L2
Ψ (∂D) exists

such that

ue(x) = H(x) + SDψ(x) , x ∈ Ω \D ,
ui(x) = S̃Dϕ(x) , x ∈ D .

Since Lλ,μH = 0 in Ω and Lλ̃,μ̃S̃Dϕ = 0 in D, by Theorem 9.19, H and

S̃Dϕ have the desired representation by holomorphic functions. So, in order
to prove (9.53), it suffices to show that there are functions f and g holomorphic
in Ω \D such that

2μ

[
(SDψ)1 + i(SDψ)2

]
(z) = κf(z) − zf ′(z) − g(z) , z ∈ Ω \D . (9.58)

Observe that for i = 1, 2,

(SDψ)i(x) =
A

2π

∫

∂D

ln |x− y|ψi(y) dσ(y)

− B

2π

2∑

j=1

∫

∂D

(xi − yi)(xj − yj)

|x− y|2 ψj(y) dσ(y) .

Hence
[
(SDψ)1 + i(SDψ)2

]
(x) =

A

2π

∫

∂D

ln |x− y|
[
ψ1(y) + iψ2(y)

]
dσ(y)

− B

2π

∫

∂D

(x1 − y1) + i(x2 − y2)
|x− y|2

[
(x1 − y1)ψ1(y) + (x2 − y2)ψ2(y)

]
dσ(y) .

Let z = x1 + ix2, ζ = y1 + iy2, and ψ = ψ1 + iψ2. Then
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[
(SDψ)1 + i(SDψ)2

]
(z) =

A

2π

∫

∂D

ln |z − ζ|ψ(ζ) dσ(ζ)

− B

2π

∫

∂D

z − ζ
|z − ζ|2

[
(z − ζ)ψ(ζ) + (z − ζ)ψ(ζ)

]
dσ(ζ)

=
A

4π

∫

∂D

ln(z − ζ)ψ(ζ) dσ(ζ) − B

4π
z

∫

∂D

ψ(ζ)

z − ζ dσ(ζ)

+
A

4π

∫

∂D

ln(z − ζ)ψ(ζ) dσ(ζ) +
B

4π

∫

∂D

ζψ(ζ)

z − ζ dσ(ζ) −
B

4π

∫

∂D

ψ(ζ) dσ(ζ) .

Observe that
A

B
=
λ+ 3μ

λ+ μ
.

Then (9.58) follows with f defined by

f(z) :=
B

8μπ

∫

∂D

ln(z − ζ)ψ(ζ) dσ(ζ) , (9.59)

and g defined in an obvious way. It should be noted that f defined by (9.59)
is holomorphic outside D. This is because ψ ∈ L2

Ψ (∂D), which implies that∫
∂D ψ dσ = 0.

The equation (9.56) is identical to the third equation in (9.23). By the
fourth equation in (9.23) and (9.46), we get

∂

[
ϕe(z) + zϕ′

e(z) + ψe(z)

]
= ∂

[
ϕi(z) + zϕ′

i(z) + ψi(z)

]
,

from which (9.57) follows immediately. This finishes the proof. �

9.5 Periodic Green’s Function

We now construct a periodic Green’s function (with period one in each direc-
tion) for the Lamé system in the two-dimensional case.

Lemma 9.21 Define G = (Gpq)p,q=1,2 by

Gpq(x) =
1

4π2μ

∑

n=(n1,n2) 	=0

[
− 1

|n|2 δpq +
λ+ μ

λ+ 2μ

npnq

|n|4
]
ei2πn·x . (9.60)

Then G is periodic and satisfies

Lλ,μG(x) =
∑

n∈Z2

δ0(x+ n)I − I, x ∈ R2 , (9.61)

where I is the identity matrix. Moreover, a smooth function R exists such that
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G(x) = Γ(x) + R(x), x ∈ Y .
The function R has the following Taylor expansion at the origin:

R(x1, x2) = R(0) +
1

2

(
ax2

1 + bx2
2 2cx1x2

2cx1x2 bx2
1 + ax2

2

)
+O(|x|4) , (9.62)

where b is given by

b = − 1

2μ
+

λ+ μ

4μ(λ+ 2μ)

(
2π

3
+ 16π2

+∞∑

n=1

n2e−2πn

(1 − e−2πn)2
− 8π

+∞∑

n=1

ne−2πn

1 − e−2πn

)
,

(9.63)
and a and c are defined by

a+ b = − λ+ 3μ

2μ(2μ+ λ)
, a+ c = − 1

2(2μ+ λ)
. (9.64)

Proof. We seek a periodic solution G of

Lλ,μG(x) =
∑

n∈Z2

δ0(x+ n)I − I, x ∈ R2 . (9.65)

Taking the divergence of (9.65), we have

(λ+ 2μ)∆∇ ·G =
∑

n∈Z2

∇δ0(x+ n) .

Thus, by Lemma 2.39,

∇ ·G =
1

λ+ 2μ
∇G modulo constants .

Inserting this equation into (9.65) gives

μ∆Gpq = − λ+ μ

λ+ 2μ
∂p∂qG+ δpq

( ∑

n∈Z2

δ0(x+ n) − 1
)
, p, q = 1, 2 .

Let {Gn
pq}n∈Z2,n 	=0 be the Fourier coefficients of Gpq. It follows from the Pois-

son summation formula (2.92) that

Gn
pq =

1

4π2μ

[
− δpq

|n|2 +
λ+ μ

λ+ 2μ

npnq

|n|4
]
, n = (n1, n2) ∈ Z2, n �= 0, p, q = 1, 2 .

Thus, (9.60) follows. We also have

∑

n∈Z2,n 	=0

Gn
pqe

i2πn·x =
1

4π2μ

[
− δpq

∑

n∈Z2,n 	=0

ei2πn·x

|n|2

+
λ+ μ

λ+ 2μ

∑

n∈Z2,n 	=0

npnqe
i2πn·x

|n|4
]

= δpq
1

μ

(
1

2π
ln |x| +R0(x)

)
+

λ+ μ

4π2μ(λ+ 2μ)
γpq(x) ,
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where

γpq(x) =
∑

n∈Z2,n 	=0

npnqe
i2πn·x

|n|4 .

Note that γ22(x1, x2) = γ11(x2, x1) and γ12(x1, x2) = γ21(x2, x1) for all
x = (x1, x2). We also note that

γ11(x) + γ22(x) =
∑

n∈Z2,n 	=0

ei2πn·x

|n|2 = −4π2

(
1

2π
ln |x| +R0(x)

)
, (9.66)

as shown in (2.94).
In order to prove (9.62), it then suffices to compute γ11(x) and γ12(x).
We have

γ11(x) =
∑

n1 	=0

ei2πn1x1

n2
1

+
∑

n2 	=0

ei2πn2x2

∑

n1∈Z

ei2πn1x1

n2
1 + n2

2

−
∑

n2 	=0

ei2πn2x2n2
2

∑

n1∈Z

ei2πn1x1

(n2
1 + n2

2)
2
.

Let us invoke the summation identities (2.96) and (2.97). To compute the
series

∑
n1∈Z

ei2πn1x1/(n2
1 + n2

2)
2, we use (2.114). Let P (z) := (z2+n2

2)
2. Then

the zeros of P (z) are ±in2, and from (2.114), it immediately follows that

∑

n1∈Z

ei2πn1x1

(n2
1 + n2

2)
2

= −π
2

n2
2

x1

(
e−2πx1n2

e−2πn2 − 1
+
e2πx1n2

e2πn2 − 1

)

+
π2

n2
2

(
e−2πn2e−2πx1n2

(e−2πn2 − 1)2
+
e2πn2e2πx1n2

(e2πn2 − 1)2

)
− π

2n3
2

(
e−2πx1n2

e−2πn2 − 1
− e2πx1n2

e2πn2 − 1

)
.

We then calculate

γ11(x) =
π2

3
− 2π2x1 + 2π2x2

1 + 2π

+∞∑

n2=1

cos(2πn2x2)

n2

coshπ(2x1 − 1)n2

sinhπn2

+ π2x1

∑

n2 	=0

ei2πn2x2

(
e−2πx1n2

e−2πn2 − 1
+
e2πx1n2

e2πn2 − 1

)

+
π

2

∑

n2 	=0

ei2πn2x2

n2

(
e−2πx1n2

e−2πn2 − 1
− e2πx1n2

e2πn2 − 1

)
+ r0(x) ,

to arrive at

γ11(x) =
π2

3
− 2π2x1 + 2π2x2

1 + 2π

(
πx1 − ln 2 − 1

2
ln(sinh2 πx1 + sin2 πx2)

)

− 2π2x1

+∞∑

n2=1

cos(2πn2x2)e
−2πx1n2 − π

+∞∑

n2=1

cos(2πn2x2)

n2
e−2πx1n2

+ r0(x) + r1(x) + r2(x) + r3(x) , (9.67)
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where

r0(x) = −π2
∑

n2 	=0

ei2πn2x2

(
e−2πn2e−2πx1n2

(e−2πn2 − 1)2
+
e2πn2e2πx1n2

(e2πn2 − 1)2

)

= −2π2
+∞∑

n2=1

cos(2πn2x2)

(
e−2πn2e−2πx1n2

(e−2πn2 − 1)2
+
e2πn2e2πx1n2

(e2πn2 − 1)2

)
,

r1(x) = 2π

+∞∑

n2=1

cos 2πn2x2

n2

e2πn2x1 + e−2πn2x1

e2πn2 − 1
,

r2(x) = 2π2x1

+∞∑

n2=1

cos(2πn2x2)

(
e−2πx1n2 +

e−2πx1n2

e−2πn2 − 1
+

e2πx1n2

e2πn2 − 1

)
,

and

r3(x) = π

+∞∑

n2=1

cos(2πn2x2)

n2

(
e−2πx1n2 +

e−2πx1n2

e−2πn2 − 1
− e2πx1n2

e2πn2 − 1

)
.

Because of the term e−2πn2 , one can easily see that r0, r1, r2, and r3 are
C∞-functions. On the other hand, we have

2
+∞∑

n2=1

cos(2πn2x2) e
−2πx1n2 =

x1

π(x2
1 + x2

2)
+ r4(x) , (9.68)

for x1 > 0, where r4 is a C∞-function.
In short, using formulae (2.97) and (9.68), we obtain from (9.67) that

G11 = Γ11 + R11, where R11 is a smooth function. From (9.61), (9.66), and
the Taylor expansions of the remainders r0, r1, r2, r3, and r4, an elementary
calculation shows that the Taylor expansion of R11 at 0 is given by

R11(x) = R11(0) +
1

2
(ax2

1 + bx2
2) +O(|x|4) ,

where b is defined by (9.63) and

a+ b = − λ+ 3μ

2μ(2μ+ λ)
,

as stated in (9.64).
The formula for γ12(x) can be obtained in the exactly same way. This

completes the proof. �

We now define the periodic single and double layer potentials of the density
function ϕ ∈ L2

0(∂D) associated with the Lamé parameters (λ, μ) by
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GDϕ(x) :=

∫

∂D

G(x− y)ϕ(y)dσ(y), x ∈ Y .

By (9.62), we have

GDϕ(x) = SDϕ(x) +

∫

∂D

R(x− y)ϕ(y)dσ(y), x ∈ Y ,

where RDϕ :=
∫

∂D
R(x− y)ϕ(y)dσ(y) is a smoothing operator. Therefore, it

follows from (9.10) that

∂(GDϕ)

∂ν

∣∣∣
+
− ∂(GDϕ)

∂ν

∣∣∣
−

= ϕ on ∂D . (9.69)

Consider wl
k = (wl

kp)p=1,2 to be the solution to

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∇ · (CE(wl
k)) = 0 in Y ,

wl
k − xkel is periodic with period 1 ,
∫

Y

(wl
k − xkel) dx = 0 ,

(9.70)

where

E(u) :=
1

2
(∇u + ∇uT ) for u ∈ W 1,2(Y ) .

Observe that CE(wl
k) =

∑2
p,n=1 Cijpn∂w

l
kp/∂xn for i, j = 1, 2.

Analogously to Theorems 2.41 and 2.45, the following result holds, giving
a decomposition formula of the solution of the periodic transmission problem
(9.70).

Theorem 9.22 For k, l = 1, 2, the solution wl
k of (9.70) is represented by

wl
k(x) = C +

{
xkel + GDψl

k(x), x ∈ Y \D ,
S̃Dϕl

k(x), x ∈ D ,
(9.71)

where the pair (ϕl
k,ψ

l
k) ∈ L2(∂D) × L2(∂D) is the unique solution to

⎧
⎨
⎩

S̃Dϕl
k|− − GDψl

k|+ = xkel|∂D ,

∂

∂ν̃
S̃Dϕl

k

∣∣∣
−
− ∂

∂ν
GDψl

k

∣∣∣
+

=
∂(xkel)

∂ν

∣∣∣
∂D
.

(9.72)

The constant C is chosen so that the condition
∫

Y
(wl

k − xkel) dx = 0 is ful-

filled. Moreover, ψl
k ∈ L2

Ψ (∂D) and

‖ϕl
k‖L2(∂D) + ‖ψl

k‖L2(∂D) ≤ C‖xkel‖W 2
1 (∂D) . (9.73)

Here L2
Ψ (∂D) is defined by (9.11).
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Proof. It suffices to prove the unique solvability of the integral equation
(9.72). By Theorem 9.13, a unique pair (f ,g) ∈ L2(∂D) × L2(∂D) exists
satisfying ⎧

⎨

⎩

S̃Df |− − SDg|+ = xkel|∂D ,

∂

∂ν̃
S̃Df

∣∣∣
−
− ∂

∂ν
SDg

∣∣∣
+

=
∂(xkel)

∂ν

∣∣∣
∂D
.

Since GD = SD+RD and RD is compact on L2(∂D), uniqueness and existence
of (ϕl

k,ψ
l
k) follow from the Fredholm alternative.

Since ∂(xkel)/∂ν ∈ L2
Ψ (∂D), (9.69) gives that ψl

k ∈ L2
Ψ (∂D). In fact, by

(9.72) we have ∂GDψl
k/∂ν|+ ∈ L2

Ψ (∂D) and hence, by (9.69), ψl
k ∈ L2

Ψ (∂D).�

9.6 Further Results and Open Problems

Results similar to those presented in this chapter can be obtained for the
Stokes system of linearized hydrostatics. See [124]. Some results on the peri-
odic Green’s function given in this chapter can be applied to the mathematical
theory of phononic crystals [270].

One interesting problem is to obtain a global uniqueness result similar to
Theorem 3.4 for the determination of disk-shaped elastic inclusions with one
boundary measurement. Apparently, there will be some difficulties with sim-
plifying the expressions of the integral operators KD and K∗

D when D is a disk
in the plane or a ball in three-dimensional space, but this problem looks like
a solvable one.

Li and Nirenberg proved that the stress for linear elasticity stays bounded
if the Lamé parameters are bounded [217]. It would be very interesting to
characterize the blow-up rate of the stress when the inclusions are either hard
ones or holes, i.e., when the Young’s modulus is either +∞ or zero.





10

Elastic Moment Tensor

Introduction

In this chapter, we extend the concept of generalized polarization tensors
(GPTs) to linear elasticity defining generalized elastic moment tensors (EMTs).
We investigate some important properties of the first-order EMT such as sym-
metry and positive-definiteness. We also obtain estimations of its eigenvalues
and compute EMTs associated with ellipses, elliptic holes, and hard inclusions
of elliptic shape.

10.1 Asymptotic Expansion in Free Space

As in the electrostatic case, [see (4.3)], the elastic moment tensors describe the
perturbation of the displacement field due to the presence of elastic inclusions.
To see this let us consider a transmission problem in free space.

Let B be a bounded Lipschitz domain in Rd, d = 2, 3. Consider the fol-
lowing transmission problem:

⎧
⎪⎪⎨

⎪⎪⎩

d∑

j,k,l=1

∂

∂xj

(
Cijkl

∂uk

∂xl

)
= 0 in Rd , i = 1, . . . , d ,

u(x) − H(x) = O(|x|1−d) as |x| → +∞ ,

(10.1)

where

Cijkl =
(
λχ(Rd \B)+ λ̃ χ(B)

)
δijδkl+

(
μχ(Rd \B)+ μ̃ χ(B)

)
(δikδjl + δilδjk) ,

and H is a vector-valued function satisfying Lλ,μH = 0 in Rd. In a way similar
to the proof of Theorem 9.15, we can show that the solution u to (10.1) is
represented as
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u(x) =

{
H(x) + SBψ(x) , x ∈ Rd \B ,
S̃Bϕ(x) , x ∈ B , (10.2)

for a unique pair (ϕ,ψ) ∈ L2(∂B) × L2
Ψ (∂B), which satisfies

⎧
⎪⎨

⎪⎩

S̃Bϕ
∣∣
− − SBψ

∣∣
+

= H|∂B on ∂B ,

∂

∂ν̃
S̃Bϕ

∣∣∣∣
−
− ∂

∂ν
SBψ

∣∣∣∣
+

=
∂H

∂ν

∣∣∣∣
∂B

on ∂B .
(10.3)

Suppose that the origin 0 ∈ B and expand H in terms of Taylor series to write

H(x) =
( ∑

α∈Nd

1

α!
∂αH1(0)xα, . . . ,

∑

α∈Nd

1

α!
∂αHd(0)xα

)

=

d∑

j=1

∑

α∈Nd

1

α!
∂αHj(0)xαej ,

where {ej}d
j=1 is the standard basis for Rd. This series converges uniformly

and absolutely on any compact set. For multi-index α ∈ Nd and j = 1, . . . , d,
let the pair (f j

α,g
j
α) in L2(∂B) × L2(∂B) be the solution of

⎧
⎪⎨

⎪⎩

S̃Bf j
α|− − SBgj

α|+ = xαej |∂B ,

∂

∂ν̃
S̃Bf j

α

∣∣∣∣
−
− ∂

∂ν
SBgj

α

∣∣∣∣
+

=
∂(xαej)

∂ν
|∂B .

(10.4)

Then, by linearity, we get

ψ =
d∑

j=1

∑

α∈Nd

1

α!
∂αHj(0)gj

α . (10.5)

By a Taylor expansion, we have

Γ(x − y) =
∑

β∈Nd

1

β!
∂βΓ(x)yβ , y in a compact set, |x| → +∞ . (10.6)

Combining (10.2), (10.5), and (10.6) yields the expansion

u(x) = H(x)+

d∑

j=1

∑

α∈Nd

∑

β∈Nd

1

α!β!
∂αHj(0)∂βΓ(x)

∫

∂B

yβgj
α(y) dσ(y) , (10.7)

which is valid for all x with |x| > R, where R is such that B ⊂ BR(0).
We now introduce the notion of EMTs as was defined in [36].
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Definition 10.1 (Elastic moment tensors) For multi-index α ∈ Nd and
j = 1, . . . , d, let the pair (f j

α,g
j
α) in L2(∂B)×L2(∂B) be the solution of (10.4).

For β ∈ Nd, the EMT M j
αβ, j = 1, . . . , d, associated with the domain B and

Lamé parameters (λ, μ) for the background and (λ̃, μ̃) for B is defined by

M j
αβ = (mj

αβ1, . . . ,m
j
αβd) =

∫

∂B

yβgj
α(y) dσ(y) .

We note the analogy of the EMTs with the polarization tensor studied
in Chapter 4. For holes and hard inclusions in a homogeneous elastic body,
Maz’ya and Nazarov introduced the notion of Pólya–Szegö tensor in connec-
tion with the asymptotic expansion for energy due to existence of a small hole
or a hard inclusion [228]. See also [245] and [216]. This tensor is exactly the
one defined by (10.4) when |α| = |β| = 1 and B is a hard inclusion (μ̃ = +∞)

or a hole (λ̃ = μ̃ = 0).

Theorem 10.2 Let u be the solution of (10.1). Then for all x with |x| > R
where B ⊂ BR(0), the displacement field u has the expansion

u(x) = H(x) +

d∑

j=1

∑

|α|≥1

∑

|β|≥1

1

α!β!
∂αHj(0)∂βΓ(x)M j

αβ . (10.8)

Proof. We first show that, if α = 0, then gj
0 = 0 for j = 1, . . . , d. To this

end, recall that (f j
0,g

j
0) is the unique solution to
⎧
⎪⎨
⎪⎩

S̃Bf j
0|− − SBgj

0|+ = ej |∂B ,

∂

∂ν̃
S̃Bf j

0

∣∣∣∣
−
− ∂

∂ν
SBgj

0

∣∣∣∣
+

= 0 .
(10.9)

Thus, by Lemma 9.14, gj
0 = 0. Note that

∑d
j=1

∑
|α|=l

1
α!∂

αHj(0)gj
α is the

solution of the integral equation (10.4) when the right-hand side is given by
the function

u :=

d∑

j=1

∑

|α|=l

1

α!
∂αHj(0)xαej .

Moreover, this function is a solution of Lλ,μu = 0 in B and, therefore,
∂u/∂ν|∂B ∈ L2

Ψ (∂B). Hence, by Theorem 9.13, we obtain that

d∑

j=1

∑

|α|=l

1

α!
∂αHj(z)g

j
α ∈ L2

Ψ (∂B) .

In particular, we have

d∑

j=1

∑

|α|=l

1

α!
∂αHj(z)

∫

∂B

gj
α(y) dσ(y) = 0 ∀ l .
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Now (10.8) follows from (10.7). This completes the proof. �

The asymptotic expansion formula (10.8) shows that the perturbations
of the displacement field in Rd due to the presence of an inclusion B are
completely described by the EMTs M j

αβ .
When |α| = |β| = 1, we make a slight change of notation: When α = ei

and β = ep (i, p = 1, . . . , d), put

mij
pq := mj

αβq , q, j = 1, . . . , d .

So, if we set f j
i := f j

α and gj
i := gj

α, then

⎧
⎪⎨
⎪⎩

S̃Bf j
i |− − SBgj

i |+ = xiej |∂B ,

∂

∂ν̃
S̃Bf j

i

∣∣∣∣
−
− ∂

∂ν
SBgj

i

∣∣∣∣
+

=
∂(xiej)

∂ν
|∂B ,

(10.10)

and

mij
pq =

∫

∂B

xpeq · gj
i dσ . (10.11)

Lemma 10.3 Suppose that 0 < λ̃, μ̃ < +∞. For p, q, i, j = 1, . . . , d,

mij
pq =

∫

∂B

[
−∂(xpeq)

∂ν
+
∂(xpeq)

∂ν̃

]
· u dσ , (10.12)

where u is the unique solution of the transmission problem

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎩

Lλ,μu = 0 in Rd \B ,
Lλ̃,μ̃u = 0 in B ,

u|+ − u|− = 0 on ∂B ,

∂u

∂ν

∣∣∣∣
+

− ∂u

∂ν̃

∣∣∣∣
−

= 0 on ∂B ,

u(x) − xiej = O(|x|1−d) as |x| → +∞ .

(10.13)

Proof. Note first that u defined by

u(x) :=

{
SBgj

i (x) + xiej , x ∈ Rd \B ,
S̃Bf j

i (x) , x ∈ B ,

is the solution of (10.13). Using (9.10) and (10.10), we compute
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mij
pq =

∫

∂B

xpeq · gj
i dσ

=

∫

∂B

xpeq·
[ ∂
∂ν

SBgj
i

∣∣
+
− ∂

∂ν
SBgj

i

∣∣
−

]
dσ

= −
∫

∂B

xpeq ·
∂(xiej)

∂ν
dσ −

∫

∂B

xpeq·
[ ∂
∂ν

SBgj
i

∣∣
− − ∂

∂ν̃
S̃Bf j

i

∣∣
−

]
dσ

= −
∫

∂B

∂(xpeq)

∂ν
· xiej dσ −

∫

∂B

[∂(xpeq)

∂ν
· SBgj

i −
∂(xpeq)

∂ν̃
· S̃Bf j

i

]
dσ

=

∫

∂B

[
− ∂(xpeq)

∂ν
+
∂(xpeq)

∂ν̃

]
· S̃Bf j

i dσ ,

and hence (10.12) is established. �

10.2 Properties of EMTs

In this section, we investigate some important properties of the first-order
EMT M = (mij

pq) such as symmetry and positive-definiteness. These proper-
ties of EMTs were first proved in [36]. It is worth mentioning that these prop-
erties make M an (anisotropic in general) elasticity tensor. We first define a
bilinear form on a domain B corresponding to the Lamé parameters λ, μ by

〈u,v〉λ,μ
B :=

∫

B

[
λ(∇ · u)(∇ · v) +

μ

2
(∇u + ∇uT ) · (∇v + ∇vT )

]
dx .

The corresponding quadratic form is defined by

Qλ,μ
B (u) := 〈u,u〉λ,μ

B .

If Lλ,μu = 0, then ∫

∂B

∂u

∂ν
· v dσ = 〈u,v〉λ,μ

B .

Proposition 10.4 Suppose that μ �= μ̃. Given a non-zero symmetric matrix
a = (aij), define ϕa, fa, and ga by

ϕa := (aij)x =
d∑

i,j=1

aijxjei , fa :=
d∑

i,j=1

aijf
j
i , ga :=

d∑

i,j=1

aijg
j
i .

(10.14)
Define ā by

ā :=
μ̃+ μ

μ̃− μ
[
a− Tr(a)

d
Id
]
+
d(λ̃+ λ) + 2(μ̃+ μ)

d(λ̃− λ) + 2(μ̃− μ)
Tr(a)

d
Id , (10.15)

where Id is the d× d identity matrix. Then

〈ā,Ma〉 = 〈S̃Bfa, S̃Bfa〉λ̃,μ̃
B + 〈SBga,SBga〉λ,μ

Rd\B
+ 〈ϕa,ϕa〉λ,μ

B . (10.16)

Recall that 〈a, b〉 = a ·b =
∑

ij aijbij for d×d matrices a = (aij) and b = (bij).
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Proof. Set, for convenience, ϕ = ϕa, f = fa, and g = ga. Then these
functions clearly satisfy

⎧
⎪⎨

⎪⎩

S̃Bf − SBg = ϕ|∂B ,

∂

∂ν̃
S̃Bf

∣∣∣∣
−
− ∂

∂ν
SBg

∣∣∣∣
+

=
∂ϕ

∂ν

∣∣∣∣
∂B

.
(10.17)

For j = 1, 2, define

ϕ1 :=

[
(aij) −

Tr(aij)

d
Id

]
x and ϕ2 :=

Tr(aij)

d
x . (10.18)

Then ϕ = ϕ1 + ϕ2. Define f j and gj , j = 1, 2, by

⎧
⎪⎨
⎪⎩

S̃Bf j − SBgj = ϕj |∂B ,

∂

∂ν̃
S̃Bf j

∣∣∣∣
−
− ∂

∂ν
SBgj

∣∣∣∣
+

=
∂ϕj

∂ν

∣∣
∂B
.

(10.19)

It is clear that f = f1 + f2 and g = g1 + g2. We now claim that

〈ā,Ma〉 =
μ̃+ μ

μ̃− μ

∫

∂B

ϕ1 · g dσ +
d(λ̃ + λ) + 2(μ̃+ μ)

d(λ̃ − λ) + 2(μ̃− μ)

∫

∂B

ϕ2 · g dσ . (10.20)

In fact, we have

〈ā,Ma〉 =

d∑

i,j,p,q=1

āpqm
ij
pqaij

=

∫

pB

(∑

pq

āpqxpeq

)
·
(∑

ij

aijg
j
i

)
dσ .

But
∑

pq

āpqxpeq =
μ̃+ μ

μ̃− μϕ1 +
d(λ̃ + λ) + 2(μ̃+ μ)

d(λ̃ − λ) + 2(μ̃− μ)
ϕ2 ,

and therefore (10.20) holds.
Next, using the jump relation (9.10) and (10.17), we compute that
∫

∂B

ϕj · g dσ =

∫

∂B

ϕj ·
[ ∂
∂ν

SBg
∣∣
+
− ∂

∂ν
SBg

∣∣
−

]
dσ (10.21)

= −
∫

∂B

ϕj ·
∂ϕ

∂ν
dσ −

∫

∂B

ϕj ·
[ ∂
∂ν

SBg
∣∣
− − ∂

∂ν̃
S̃Bf

∣∣
−

]
dσ

= −
∫

∂B

ϕj ·
∂ϕ

∂ν
dσ −

∫

∂B

[∂ϕj

∂ν
· SBg − ∂ϕj

∂ν̃
· S̃Bf

]
dσ

=

∫

∂B

[
− ∂ϕj

∂ν
+
∂ϕj

∂ν̃

]
· S̃Bf dσ .
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Observe that ∇ · ϕ1 = 0. Put α := μ̃/μ. Then, from the definition of the
conormal derivative ∂/∂ν, we can immediately see that

∂ϕ1

∂ν
− ∂ϕ1

∂ν̃
= (1 − α)

∂ϕ1

∂ν
=

1 − α
α

∂ϕ1

∂ν̃
. (10.22)

A combination of (10.17), (10.19), and (10.21), together with the second re-
lation of (10.22), yields

− α

1 − α

∫

∂B

ϕ1 · g dσ =

∫

∂B

∂ϕ1

∂ν̃
· S̃Bf dσ =

∫

∂B

ϕ1 ·
∂

∂ν̃
S̃Bf

∣∣
− dσ

=

∫

∂B

S̃Bf1 ·
∂

∂ν̃
S̃Bf
∣∣
− dσ −

∫

∂B

SBg1 ·
∂

∂ν
SBg

∣∣
+
dσ −

∫

∂B

SBg1 ·
∂ϕ

∂ν
dσ

= 〈S̃Bf1, S̃Bf〉λ̃,μ̃
B + 〈SBg1,SBg〉λ,μ

Rd\B
− 〈SBg1,ϕ〉λ,μ

B .

On the other hand, it follows from (10.17), (10.21), and the first relation of
(10.22) that

− 1

1 − α

∫

∂B

ϕ1 · g dσ =

∫

∂B

∂ϕ1

∂ν
· S̃Bf dσ

=

∫

∂B

∂ϕ1

∂ν
· SBg dσ +

∫

∂B

∂ϕ1

∂ν
· ϕ dσ

= 〈ϕ1,SBg〉λ,μ
B + 〈ϕ1,ϕ〉λ,μ

B .

By adding the above two identities, we obtain that

− 1 + α

1 − α

∫

∂B

ϕ1 · g dσ

= 〈S̃Bf1, S̃Bf 〉λ̃,μ̃
B + 〈SBg1,SBg〉λ,μ

Rd\B
+ 〈ϕ1,ϕ〉λ,μ

B (10.23)

− 〈SBg1,ϕ〉λ,μ
B + 〈ϕ1,SBg〉λ,μ

B .

Observe that
1 + α

1 − α =
μ+ μ̃

μ− μ̃ .

Put

β :=
dλ+ 2μ

d(λ− λ̃) + 2(μ− μ̃)
and β̃ :=

dλ̃+ 2μ̃

d(λ− λ̃) + 2(μ− μ̃)
.

It can be easily seen that

∂ϕ2

∂ν
− ∂ϕ2

∂ν̃
=

1

β

∂ϕ2

∂ν
=

1

β̃

∂ϕ2

∂ν̃
. (10.24)
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Following the same lines as in the derivation of (10.23), we obtain

− (β + β̃)

∫

∂B

ϕ2 · g dσ

= 〈S̃Bf2, S̃Bf 〉λ̃,μ̃
B + 〈SBg2,SBg〉λ,μ

Rd\B
+ 〈ϕ2,ϕ〉λ,μ

B (10.25)

− 〈SBg2,ϕ〉λ,μ
B + 〈ϕ2,SBg〉λ,μ

B ,

which together with (10.23) gives

− 1 + α

1 − α

∫

∂B

ϕ1 · g dσ − (β + β̃)

∫

∂B

ϕ2 · g dσ

= 〈S̃Bf , S̃Bf〉λ̃,μ̃
B + 〈SBg,SBg〉λ,μ

Rd\B
+ 〈ϕ,ϕ〉λ,μ

B − 〈SBg,ϕ〉λ,μ
B + 〈ϕ,SBg〉λ,μ

B

= 〈S̃Bf , S̃Bf〉λ̃,μ̃
B + 〈SBg,SBg〉λ,μ

Rd\B
+ 〈ϕ,ϕ〉λ,μ

B .

Then the final formula (10.16) follows from (10.20), which completes the
proof. �

Theorem 10.5 (Symmetry) For p, q, i, j = 1, . . . , d, the following holds:

mij
pq = mij

qp , mij
pq = mji

pq , and mij
pq = mpq

ij . (10.26)

Proof. By Theorem 9.13 and the definition (10.4) of gj
i , we obtain that

gj
i ∈ L2

Ψ (∂B). Since xpeq − xqep ∈ Ψ , we have
∫

∂B

(xpeq − xqep) · gj
i dσ = 0 .

The first identity of (10.26) immediately follows from the above identity.
Since xiej − xjei ∈ Ψ , we have ∂(xiej − xjei)/∂ν = 0 on ∂B. Let

g := gj
i − gi

j and f := f j
i − f i

j . Then the pair (f ,g) satisfies
⎧
⎪⎨

⎪⎩

S̃Bf |− − SBg|+ = (xiej − xjei)|∂B ,

∂

∂ν̃
S̃Bf

∣∣∣∣
−
− ∂

∂ν
SBg

∣∣∣∣
+

= 0 .

Lemma 9.14 shows that g = 0 or gj
i = gi

j . This proves the second identity of
(10.26).

It stems from the first and second identities of (10.26) that

〈a,Mb〉 =
1

4
〈a+ aT ,M(b+ bT )〉

for any matrices a, b. Therefore, in order to prove the third identity in (10.26),
it suffices to show that

〈a,Mb〉 = 〈b,Ma〉 for all symmetric matrices a, b .
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Let a, b be two symmetric matrices. Define ϕa, fa,ga,ϕaj , faj ,gaj , j =
1, 2, as in (10.14), (10.18), and (10.19). Define ϕb, f b,gb,ϕbj , f bj ,gbj , j = 1, 2,
likewise. Then,

〈a,Mb〉 =

∫

∂B

ϕa · gb dσ =

∫

∂B

ϕa1 · gb dσ +

∫

∂B

ϕa2 · gb dσ .

By (10.21), we have

∫

∂B

ϕaj · gb dσ =

∫

∂B

[∂ϕaj

∂ν
− ∂ϕaj

∂ν̃

]
· S̃Bf b dσ for j = 1, 2 . (10.27)

Let α, β, and β̃ be as before. The system of equations (10.19), the first
relation in (10.22), and (10.27) give that

− 1

1 − α

∫

∂B

ϕa1 · gb dσ

=

∫

∂B

∂ϕa1

∂ν
· S̃Bf b dσ (10.28)

=

∫

∂B

∂(ϕa1 + SBga1)

∂ν

∣∣
− · (SBga + ϕa) dσ

−
∫

∂B

∂(SBga1)

∂ν

∣∣
− · (SBga + ϕa) dσ .

On the other hand, we see from (10.19), the second relation in (10.22), and
(10.27) that

− α

1 − α

∫

∂B

ϕa1 · gb dσ

=

∫

∂B

∂ϕa1

∂ν̃
· S̃Bf b dσ =

∫

∂B

ϕa1 ·
∂(S̃Bf b)

∂ν̃

∣∣
− dσ (10.29)

=

∫

∂B

S̃Bfa1 ·
∂(S̃Bf b)

∂ν̃

∣∣
− dσ

−
∫

∂B

SBga1 ·
∂(SBgb)

∂ν

∣∣
+
dσ −

∫

∂B

SBga1 ·
∂ϕb

∂ν
dσ .

Next, subtracting (10.29) from (10.28), we obtain

∫

∂B

ϕa1 · gb dσ

=

∫

∂B

∂(ϕa1 + SBga1)

∂ν

∣∣
− · (SBga + ϕa) dσ (10.30)

−
∫

∂B

S̃Bfa1 ·
∂(S̃Bf b)

∂ν̃

∣∣
− dσ
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−
∫

∂B

SBga1 ·
[
∂(SBgb)

∂ν

∣∣
− − ∂(SBgb)

∂ν

∣∣
+

]
dσ .

= 〈ϕa1 + SBga1,ϕb + SBgb〉λ,μ
B − 〈S̃Bfa1, S̃Bf b〉λ̃,μ̃

B −
∫

∂B

SBga1 · gb dσ .

Note that β − β̃ = 1. Using (10.24), we write

∫

∂B

ϕa2 · gb dσ = 〈ϕa2 + SBga2,ϕb + SBgb〉λ,μ
B (10.31)

− 〈S̃Bfa2, S̃Bf b〉λ̃,μ̃
B −

∫

∂B

SBga2 · gb dσ .

Then, by adding (10.30) and (10.31), we find that

∫

∂B

ϕa · gb dσ = 〈ϕa + SBga,ϕb + SBgb〉λ,μ
B (10.32)

− 〈S̃Bfa, S̃Bf b〉λ̃,μ̃
B −

∫

∂B

SBga · gb dσ .

Since ∫

∂B

SBga · gb dσ =

∫

∂B

ga · SBgb dσ ,

identity (10.32) obviously implies that

〈a,Mb〉 =

∫

∂B

ϕa · gb dσ =

∫

∂B

ϕb · ga dσ = 〈b,Ma〉 ,

which completes the proof. �

Theorem 10.6 (Positive-definiteness) Suppose that (9.20) holds. If μ̃ >
μ (μ̃ < μ , resp.), then M is positive- (negative-, resp.) definite on the space of
symmetric matrices. Let κ be an eigenvalue ofM . Then there are constants C1

and C2 depending only on λ, μ, λ̃, μ̃ and the Lipschitz character of B such that

C1|B| ≤ |κ| ≤ C2 |B| .

Proof. Let ϕ = ax, as before. Since

〈ϕ,ϕ〉λ,μ
B =

(
λTr(aij)

2 + 2μ
∑

ij

a2ij

)
|B| ,

(10.16) yields
〈ā,Ma〉 ≥ 2μ|B| ‖a‖2 ,

where ‖a‖2 =
∑

ij a
2
ij . On the other hand, we can obtain an upper bound for

mij
pq from its definition. In fact, let z ∈ B. Since

∫
∂B

gj
i dσ = 0, we have
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mij
pq =

∫

∂B

xpeq · gj
i (x) dσ =

∫

∂B

(xp − zp)eq · gj
i (x) dσ .

It then follows from (9.30) that

|mij
pq|2 ≤

∫

∂B

(xp − zp)2 dσ
∫

∂B

|gj
i |2 dσ

≤ Cdiam(B)2|∂B|
(
‖xjei‖2

L2(∂B) + ‖∇(xjei)‖2
L2(∂B)

)

≤ Cdiam(B)2|∂B|2 .

Thus, if B satisfies the geometric condition: diam(B)|∂B| ≤ C0|B|, we can
verify that

|mij
pq| ≤ C|B|

where the constant C depends on λ, μ, λ̃, μ̃ and C0. Observe that C0 depends
on the Lipschitz character of B. Hence

〈ā,Ma〉 ≤ C|B|‖a‖2 .

Therefore, there is a constant C depending on λ, μ, λ̃, μ̃ and the Lipschitz
character of B such that

μ|B| ‖a‖2 ≤ 〈ā,Ma〉 ≤ C|B| ‖a‖2 . (10.33)

Let κ be an eigenvalue of the tensor M , and let the matrix a be its corre-
sponding eigenvector. Then 〈ā,Ma〉 = κ〈ā, a〉 and

〈ā, a〉 =
μ̃+ μ

μ̃− μ

∣∣∣∣a−
Tr(a)

d
Id

∣∣∣∣
2

+
d(λ̃ + λ) + 2(μ̃+ μ)

d(λ̃ − λ) + 2(μ̃− μ)

∣∣∣∣
Tr(a)

d
Id

∣∣∣∣
2

. (10.34)

Suppose that μ̃ > μ. Then by (9.20), d(λ̃− λ) + 2(μ̃− μ) > 0. Let

K1 := min

(
μ̃+ μ

μ̃− μ,
d(λ̃+ λ) + 2(μ̃+ μ)

d(λ̃− λ) + 2(μ̃− μ)

)
,

K2 := max

(
μ̃+ μ

μ̃− μ,
d(λ̃ + λ) + 2(μ̃+ μ)

d(λ̃ − λ) + 2(μ̃− μ)

)
.

Then
K1|B| ‖a‖2 ≤ 〈ā, a〉 ≤ K2|B| ‖a‖2 ,

and therefore, estimates (10.33) imply that κ > 0 and

C1

K2
|B| ≤ κ ≤ C2

K1
|B| .
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When μ̃ < μ, we obtain, by a word for word translation of the previous
proof, that κ < 0 and similar upper and lower bounds for |κ| hold. The proof
is complete. �

Theorem 10.6 shows that the eigenvalues of M carry information on the
size of the corresponding domain. We now prove that some components of M
also carry the same information.

If (aij) = 1
2 (Eij +Eji), i �= j, then ϕ = (xjei +xiej)/2. Hence, by (10.16),

we obtain

mij
ij =

μ̃− μ
μ̃+ μ

[
Qλ̃,μ̃

B (S̃Bf j
i ) +Qλ,μ

Rd\B
(SBgj

i ) + μ|B|
]
.

It then follows that ∣∣mij
ij

∣∣ ≥ μ
∣∣∣∣
μ− μ̃
μ+ μ̃

∣∣∣∣ |B| .

Thus, we have the following corollary.

Corollary 10.7 Suppose i �= j. Then a constant C exists depending only on
λ, μ, λ̃, μ̃, and the Lipschitz character of B such that

μ

∣∣∣∣
μ− μ̃
μ+ μ̃

∣∣∣∣ |B| ≤ |mij
ij | ≤ C|B| . (10.35)

10.3 EMTs Under Linear Transformations

In this section we derive formulae for EMTs under linear transformations.

Lemma 10.8 Let B be a bounded domain in Rd, and let [mij
pq(B)] denote the

EMT associated with B. Then

mij
pq(ǫB) = ǫdmij

pq(B) , i, j, p, q = 1, . . . , d .

Proof. Let (f j
i ,g

j
i ) and (ϕj

i ,ψ
j
i ) be the solution of (10.10) on ∂B and ∂(ǫB),

respectively. We claim that

ψ
j
i (ǫx) = gj

i (x), x ∈ ∂B . (10.36)

If d = 3, then (10.36) simply follows from a homogeneity argument. In fact, in
three dimensions, the Kelvin matrix Γ(x) is homogeneous of degree −1. Thus
for any f ,

SǫBf (ǫx) = ǫSBf ǫ(x), x ∈ ∂B ,
∂(SǫBf)

∂ν
(ǫx) =

∂(SBf ǫ)

∂ν
(x) , x ∈ ∂B ,
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where f ǫ(x) = f(ǫx). Then (10.36) follows from the uniqueness of a solution
to (10.10).

In two dimensions, note first the easy to prove fact:

Γ(ǫx) =
A

2π
ln ǫ Id + Γ(x) .

Since the pair ((ϕj
i )ǫ, (ψ

j
i )ǫ) satisfies

⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

S̃B(ϕj
i )ǫ

∣∣∣∣
−

+
A

2π

ln ǫ

ǫ

∫

∂B

(ϕj
i )ǫ dσ − SB(ψj

i )ǫ

∣∣∣∣
+

= xiej |∂B ,

∂

∂ν̃
S̃B(ϕj

i )ǫ

∣∣∣∣
−
− ∂

∂ν
SB(ψj

i )ǫ

∣∣∣∣
+

=
∂(xiej)

∂ν
|∂B ,

we have
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

S̃B

[
(ϕj

i )ǫ − f j
i

] ∣∣∣∣
−
− SB

[
(ψj

i )ǫ − gj
i

] ∣∣∣∣
+

= constant

∂

∂ν̃
S̃B

[
(ϕj

i )ǫ − f j
i

] ∣∣∣∣
−
− ∂

∂ν
SB

[
(ψj

i )ǫ − gj
i

] ∣∣∣∣
+

= 0

on ∂B .

We then obtain (10.36) from Lemma 9.14. Armed with this identity, we now
write

mij
pq(ǫB) =

∫

∂(ǫB)

xpeq · gj
i (ǫB) dσ

= ǫd
∫

∂B

xpeq · gj
i (B) dσ = ǫdmij

pq(B) ,

to arrive at the desired conclusion. �

Lemma 10.9 Let R = (rij) be a unitary transformation in Rd, and let B̂ be a

bounded Lipschitz domain in Rd and B = R(B̂). Let mij
pq and m̂ij

pq, i, j, p, q =

1, . . . , d, denote the EMTs associated with B and B̂, respectively. Then,

mij
pq =

d∑

u,v=1

d∑

k,l=1

rpurqvrikrjlm̂
kl
uv . (10.37)

Proof. For i, j = 1, . . . , d, let (f j
i ,g

j
i ) and (f̂

j

i , ĝ
j
i ) be the solutions of (10.10)

on ∂B and ∂B̂, respectively. By Lemmas 9.9 (ii) and 9.12,

S̃B̂(R−1(f j
i ◦R))

∣∣∣∣
−
− SB̂(R−1(gj

i ◦R))

∣∣∣∣
+

= R−1
(
(xiej) ◦R

)
|∂B̂ ,

∂

∂ν̃
S̃B̂(R−1(f j

i ◦R))

∣∣∣∣
−
− ∂

∂ν
SB̂(R−1(gj

i ◦R))

∣∣∣∣
+

=
∂

∂ν

(
R−1((xiej) ◦R)

)
|∂B̂ .
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It is easy to see that

R−1
(
(xiej) ◦R

)
= R(x)iR

−1(ej) =

d∑

k,l=1

rikrjl(xkel) , i, j = 1, . . . , d .

It then follows from the uniqueness of a solution to the integral equation (10.4)
that

R−1(gj
i ◦R) =

d∑

k,l=1

rikrjlĝ
l
k , i, j = 1, . . . , d .

By (10.11) and a change of variables, we have

mij
pq =

∫

∂B

xpeq · gj
i dσ

=

∫

∂B̂

R−1((xpeq) ◦R) ·R−1(gj
i ◦R) dσ

=

∫

∂B̂

d∑

u,v=1

rpurqv(xuev) ·
d∑

k,l=1

rikrjlĝ
l
k dσ

=

d∑

u,v=1

d∑

k,l=1

rpurqvrikrjlm̂
kl
uv .

The proof is complete. �

The formula (10.37) can be written in more condensed form. Let M and

M̂ be the EMTs associated with B and B̂, respectively. Since M̂ is a linear
transformation on the space of d × d symmetric matrices, it has d(d + 1)/2
eigen-matrices, say A1, . . . , Ad(d+1)/2, and can be represented as

M̂ = A1 ⊗A1 + · · · + Ad ⊗Ad(d+1)/2 .

The relation (10.37) can be written as

M = RA1R
T ⊗RA1R

T + · · · +RAd(d+1)/2R
T ⊗RAd(d+1)/2R

T . (10.38)

In two dimensions, the unitary transformation R is given by the rotation:

R = Rθ =

(
r11 r12
r21 r22

)
=

(
cos θ − sin θ
sin θ cos θ

)
.

The following corollary follows from (10.37), after elementary but tedious
computations.

Corollary 10.10 Let B = Rθ(B̂) and (mij
pq) and (m̂ij

pq) denote the EMTs for

B and B̂, respectively. Then,
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m11
11 = cos4 θm̂11

11 +
1

2
sin2(2θ)m̂11

22 + sin2(2θ)m̂12
12 + sin4 θm̂22

22 ,

m11
12 = sin θ cos3 θm̂11

11 −
1

4
sin(4θ)m̂11

22 −
1

2
sin(4θ)m̂12

12 − sin3 θ cos θm̂22
22 ,

m11
22 =

1

2
sin2(2θ)m̂11

11 + (1 − 1

2
sin2(2θ))m̂11

22 − sin2(2θ)m̂12
12 +

1

2
sin2(2θ)m̂22

22 ,

m12
12 =

1

2
sin2(2θ)m̂11

11 −
1

2
sin2(2θ)m̂11

22 + cos2(2θ)m̂12
12 +

1

4
sin2(2θ)m̂22

22 ,

m12
22 = sin3 θ cos θm̂11

11 +
1

4
sin(4θ)m̂11

22 +
1

2
sin(4θ)m̂12

12 − sin θ cos3 θm̂22
22 ,

m22
22 = sin4 θm̂11

11 +
1

2
sin2(2θ)m̂11

22 + sin2(2θ)m̂12
12 + cos4 θm̂22

22 .

(10.39)

Corollary 10.10 has an interesting consequence. If B is a disk, then
mij

pq = m̂ij
pq, i, j, p, q = 1, 2, for any θ. Thus, we can observe from the first

identity in (10.39) that

m11
11 = m22

22 = m11
22 + 2m12

12 . (10.40)

It then follows from the second and the fifth identity in (10.39) that

m11
12 = m12

22 = 0 .

Thus we have the following lemma.

Lemma 10.11 If B is a disk, then the EMT (mij
pq) is isotropic and given by

mij
pq = m11

22δijδpq +m12
12(δipδjq + δiqδjp) , i, j, p, q = 1, 2 . (10.41)

We also obtain the following lemma from Corollary 10.10.

Lemma 10.12 Suppose that either m11
12+m12

22 or m11
11−m22

22 is not zero. Then

m11
12 +m12

22

m11
11 −m22

22

=
1

2
tan 2θ . (10.42)

Proof. We can easily see from (10.39) that

m11
11 −m22

22 = cos 2θ(m̂11
11 − m̂22

22) , m11
12 +m12

22 =
1

2
sin 2θ(m̂11

11 − m̂22
22) .

Thus, (10.42) holds, as claimed. �

10.4 EMTs for Ellipses

In this section we compute the EMTs associated with an ellipse. We suppose
that the ellipse takes the form
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B :
x2

1

a2
+
x2

2

b2
= 1 , a, b > 0 . (10.43)

The EMTs for general ellipses can be found using (10.39).

Suppose that B is an ellipse of the form (10.43). Let (λ, μ) and (λ̃, μ̃) be
the Lamé constants for R2 \B and B, respectively. We will be looking for the
solution of (10.13).

Let u = (u, v) be a solution to (10.13), and let ue := u|R2\B and ui := u|B .

By Theorem 9.20, there are functions ϕe and ψe holomorphic in C \B and ϕi

and ψi holomorphic in B such that

2μ(ue + ive)(z) = κϕe(z) − zϕ′
e(z) − ψe(z) , z ∈ C \B , (10.44)

2μ̃(ui + ivi)(z) = κ̃ϕi(z) − zϕ′
i(z) − ψi(z) , z ∈ B , (10.45)

where κ and κ̃ are given by (9.55) and

⎧
⎪⎨

⎪⎩

1

2μ

(
κϕe(z) − zϕ′

e(z) − ψe(z)

)
=

1

2μ̃

(
κ̃ϕi(z) − zϕ′

i(z) − ψi(z)

)
,

ϕe(z) + zϕ′
e(z) + ψe(z) = ϕi(z) + zϕ′

i(z) + ψi(z) + c on ∂B ,

(10.46)
where c is a constant. In order to find such ϕe, ψe, ϕi, ψi, we use elliptic coor-
dinates, as done in [249]. Let

r :=
1

2
(a+ b) , m :=

a− b
a+ b

, (10.47)

and define
z = x1 + ix2 = ω(ζ) := r

(
ζ +

m

ζ

)
.

Then ω maps the exterior of the unit disk onto C \B.

Lemma 10.13 Suppose that m > 0. For a given pair of complex numbers α
and β, there are unique complex numbers A,B,C,E, F such that the functions
ϕe, ψe, ϕi, and ψi defined by

ϕe ◦ ω(ζ) = r

[
αζ +

A

ζ

]
, |ζ| > 1 ,

ψe ◦ ω(ζ) = r

[
βζ +

B

ζ
+

Cζ

ζ2 −m

]
, |ζ| > 1 ,

ϕi(z) = Ez , z ∈ B ,
ψi(z) = Fz , z ∈ B ,

(10.48)

satisfy the conditions (9.56) and (9.57). Here, the constant c in (9.57) can
be taken to be zero. In fact, A,B,C,E, and F are the unique solutions of the
algebraic equations
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⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

κ

μ
α− 1

μ

(A
m

+B
)

=
κ̃E − E
μ̃

− m

μ̃
F ,

α+
(A
m

+B
)

= E + E +mF ,

κ

μ
A− 1

μ

(
mα+ β

)
= m

κ̃E − E
μ̃

− 1

μ̃
F ,

A+
(
mα+ β

)
= m(E + E) + F ,

(m2 + 1)α−
(
m+

1

m

)
A+ C = 0 .

(10.49)

Proof. Since
ω(ζ)

ω′(ζ)
=

ζ2 +m

ζ(1 −mζ2) , |ζ| = 1 ,

we can check by elementary but tedious computations that the transmission
conditions (10.46) are equivalent to the algebraic equations (10.49). It is easy
to check that (10.49) has a unique solution A,B,C,E, and F , provided that
m > 0. The proof is complete. �

For a given pair of complex numbers α and β, let u = (u, v) be the solution
defined by ϕ and ψ given by (10.48). Define

⎧
⎪⎪⎨
⎪⎪⎩

mpq(α, β) :=

∫

∂B

∂(xpeq)

∂ν
· (ue, ve) dσ ,

m̃pq(α, β) :=

∫

∂B

∂(xpeq)

∂ν̃
· (ue, ve) dσ .

(10.50)

In order to compute the first-order EMT mij
pq associated with B, we need

to find the solution of (10.13), which behaves at infinity like xiej . Let α = α1+
iα2, etc., and observe that the exterior solution ue+ive behaves at infinity like

ue(z) + ive(z) =
1

2μ

[
(κα1 − α1 − β1)x+ (−κα2 − α2 + β2)y

]

+
i

2μ

[
(κα2 + α2 + β2)x+ (κα1 − α1 + β1)y

]

+O(|z|−1) . (10.51)

Therefore, to compute m11
pq, for example, we need to take α = μ/(κ− 1) and

β = −μ. In view of (10.12) and (10.51), we see that

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

m11
pq = −mpq(

μ

κ− 1
,−μ) + m̃pq(

μ

κ− 1
,−μ) ,

m22
pq = −mpq(

μ

κ− 1
, μ) + m̃pq(

μ

κ− 1
, μ) ,

m12
pq = −mpq(

iμ

κ+ 1
, iμ) + m̃pq(

iμ

κ+ 1
, iμ) .

(10.52)
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We now compute mpq(α, β). For p, q = 1, 2, let a = apq and b = bpq be
complex numbers such that f(z) = az and g(z) = bz satisfy

2μ((xpeq)1 + i(xpeq)2) = κf(z)− zf ′(z) − g(z) , z ∈ C . (10.53)

In fact, the pair (a, b) is given by

(a, b) =

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(
μ

κ− 1
,−μ) if (p, q) = (1, 1) ,

(
μ

κ− 1
, μ) if (p, q) = (2, 2) ,

(
iμ

κ+ 1
, iμ) if (p, q) = (1, 2) .

(10.54)

Then, by (9.46), we get

((
∂(xpeq)

∂ν

)

1

+ i

(
∂(xpeq)

∂ν

)

2

)
dσ (10.55)

= −i∂
[
f(z) + zf ′(z) + g(z)

]
= −i∂

[
2ℜaz + b̄z̄

]
. (10.56)

Therefore

mpq(α, β) = ℜ
∫

∂B

((
∂(xpeq)

∂ν

)

1

+ i

(
∂(xpeq)

∂ν

)

2

)
(ue − ive) dσ

= ℜ−i
2μ

∫

∂B

[
κϕe(z) − z̄ϕ′

e(z) − ψe(z)

]
∂

[
2ℜaz + b̄z̄

]

= ℜ−i
2μ̃

∫

∂B

[
κ̃ϕi(z) − z̄ϕ′

i(z) − ψi(z)

] [
2ℜadz + b̄dz̄

]
,

where the last equality comes from (10.46). It then follows from (10.48) that

mpq(α, β) = ℜ−i
2μ̃

∫

∂B

[
(κ̃E − E)z̄ − Fz

][
2ℜadz + b̄dz̄

]

= ℜπ
μ̃

[
2ℜa(κ̃E − E) + b̄F

]
. (10.57)

Following the same arguments, we obtain that

m̃pq(α, β) = ℜπ
μ̃

[
2ℜã(κ̃E − E) + b̃F

]
, (10.58)

where (ã, b̃) is defined by (10.54) with μ, κ replaced by μ̃, κ̃.
Denote the solutions of (10.49), which depend on given α and β, by

A = A1 + iA2 = A(α, β), etc. Then we see from (10.52), (10.54), (10.57),
and (10.58) that
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μ̃

|B|

[
−mpq(α, β) + m̃pq(α, β)

]

=

⎧
⎪⎪⎨

⎪⎪⎩

(κ̃− 1)(λ̃− λ+ μ̃− μ)E1 − (μ̃− μ)F1 if p = q = 1 ,

(μ̃− μ)F2 if p �= q ,
(κ̃− 1)(λ̃− λ+ μ̃− μ)E1 + (μ̃− μ)F1 if p = q = 2 .

(10.59)

For given α, β, we solve the system of linear equations (10.49) to find E(α, β)
and F (α, β). Then, using (10.52) and (10.59), we can find mij

pq, i, j, p, q = 1, 2.
In short, we have the following theorem.

Theorem 10.14 Suppose that 0 < λ̃, μ̃ < +∞. Let B be the ellipse of the
form (10.43). Then,

m12
11 = m12

22 = 0 , (10.60)

and m11
11,m

22
22,m

11
22,m

12
12 can be computed by making use of (10.49), (10.52),

and (10.59). The remaining terms are determined by the symmetry properties
(10.26). The EMTs for rotated ellipses can be found using (10.39).

Proof. It suffices to show (10.60). Since the coefficients of (10.49) are real,
E1(α, β) = F1(α, β) = 0 if α and β are purely imaginary, and E2(α, β) =
F2(α, β) = 0 if α and β are real. Thus (10.60) follows from (10.52) and (10.59).
This completes the proof. �

Since the meaning of (10.49) is not clear when m = 0, i.e., when B is a
disk, we now compute the first-order EMT for a disk. If B is a disk of radius
one, we can easily check that (10.13) admits a unique solution u = (u, v) given
by ϕ and ψ that are defined by

ϕe(z) = αz +
A

z
, |z| > 1 ,

ψe(z) = βz +
B

z
+
C

z3
, |z| > 1,

ϕi(z) = Ez , |z| < 1 ,

ψi(z) = Fz , |z| < 1 ,

(10.61)

where the coefficients A,B,C,E, F satisfy
⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

A = C =
μ̃− μ
κμ̃+ μ

β̄ ,

B =
μ(κ̃+ 1)

μ− μ̃ E − ᾱ− κμ̃+ μ

μ− μ̃ α ,

E =
μ̃(κ+ 1)

(κ̃− 1)μ+ 2μ̃
ℜα+ i

μ̃(κ+ 1)

μ(κ̃+ 1)
ℑα ,

F =
μ̃(κ+ 1)

κμ̃+ μ
β .

(10.62)

We then obtain the following theorem from (10.52) and (10.59).
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Theorem 10.15 Let B be a disk. Then
⎧
⎪⎪⎪⎨
⎪⎪⎪⎩

m11
22 = |B|μ

[
(κ̃− 1)(κ+ 1)(λ̃− λ+ μ̃− μ)

(κ̃μ+ 2μ̃− μ)(κ− 1)
− (μ̃− μ)(κ+ 1)

κμ̃+ μ

]
,

m12
12 = |B|μ (κ+ 1)(μ̃− μ)

κμ̃+ μ
,

where κ and κ̃ are given by (9.55). The remaining terms are determined by
(10.41) and the symmetry properties (10.26).

10.5 EMTs for Elliptic Holes and Hard Ellipses

In this section we compute EMTs for elliptic holes and hard inclusions of ellip-
tic shape. By a hole we mean that λ̃ = μ̃ = 0, whereas by a hard inclusion we
mean that μ̃ = +∞. In other words, Young’s modulus tends to +∞, whereas
Poisson’s ratio tends to 0. Young’s modulus, E, and Poisson’s ratio, ν, are
defined to be

E =
μ(2μ+ dλ)

λ+ μ
, ν =

λ

2(λ+ μ)
.

We note that the EMTs associated with elliptic holes with λ̃ = μ̃ = 0 were
computed in [216] and [242].

Let us first deal with hard inclusions. If μ̃ = +∞, we obtain from (10.49)
that ⎧

⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎩

κα−
(A
m

+B
)

= 0 ,

α+
(A
m

+B
)

= E + E +mF ,

κA−
(
mα+ β

)
= 0 ,

A+
(
mα+ β

)
= m(E + E) + F ,

where m is given by (10.47), and hence,

⎧
⎨

⎩
E + E +mF = (κ+ 1)α ,

m(E + E) + F =
κ+ 1

κ
(mα+ β) .

Thus, ⎧
⎪⎪⎨
⎪⎪⎩

E + E =
κ+ 1

1 −m2

[
α− m2

κ
α− m

κ
β

]
,

F =
κ+ 1

1 −m2

[
−mα+

m

κ
α+

1

κ
β

]
.

Observe that the first equation has a solution only when α and β are real.
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As μ̃→ +∞, κ̃→ 3, and hence, we obtain from (10.59) that

1

|B|

[
mpq(α, β) − m̃pq(α, β)

]
=

⎧
⎪⎪⎨

⎪⎪⎩

−2E1 + F1 if p = q = 1 ,

−F2 if p �= q ,

−2E1 − F1 if p = q = 2 .

(10.63)

If α = μ/(κ− 1) and β = −μ, then

⎧
⎪⎪⎨

⎪⎪⎩

E + E =
μ(κ+ 1)

1 −m2

[
1

κ− 1
− m2

κ(κ− 1)
+
m

κ

]
,

F =
μ(κ+ 1)

1 −m2

[
− m

κ− 1
+

m

κ(κ− 1)
− 1

κ

]
.

Thus we arrive at

m11
11 = −mpq(

μ

κ− 1
,−μ) + m̃pq(

μ

κ− 1
,−μ) = |B|μ(κ+ 1)(m− 2κ+ 1)

(m− 1)κ(κ− 1)
.

Similarly, we can compute mij
pq using (10.52) and (10.63). The result of these

computations is summarized in the following theorem.

Theorem 10.16 Let B be the ellipse of the form (10.43), and suppose that
μ̃ = +∞. Then, in addition to (10.60),

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m11
11 = |B|μ(κ+ 1)(m− 2κ+ 1)

(m− 1)κ(κ− 1)
,

m22
22 = |B|μ(κ+ 1)(m+ 2κ− 1)

(m+ 1)κ(κ− 1)
,

m11
22 = |B|μ(κ+ 1)

κ(κ− 1)
,

m12
12 = |B|μ(κ+ 1)

κ+m2
,

(10.64)

where m and κ are given by (10.47) and (9.55), respectively. The remain-
ing terms are determined by the symmetry properties (10.26). The EMTs for
rotated ellipses can be found using (10.39).

Let us now compute the EMTs for holes. To this end, we need to change
the presentation of formula (10.59). By equating the first and third equations
in (10.49), we obtain from (10.57) and (10.58) that

mpq(α, β) − m̃pq(α, β)

=
π

(1 −m2)μ
ℜ
[
2ℜ(a− ã)

(
κ(α−mA) + (m2ᾱ− Ā

m
+mβ̄ − B̄)

)

+ (b̄ − b̃)
(
κ(mα−A) + (mᾱ− Ā+ β̄ −mB̄)

) ]
. (10.65)
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If λ̃ = μ̃ = 0, then E = F = 0 in (10.49). Thus,

⎧
⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

α+
(A
m

+B
)

= 0 ,

A+
(
mα+ β

)
= 0 ,

(m2 + 1)α−
(
m+

1

m

)
A+ C = 0 .

(10.66)

Since ã = b̃ = 0, it follows from (10.65) and (10.66) that

mpq(α, β) =
π(κ+ 1)

(1 −m2)μ
ℜ
[
ᾱ(2ℜa+ b̄m) + (mα + β)(2ℜam+ b̄)

]
.

We now obtain the following theorem from (10.52) and (10.54), after ele-
mentary but tedious computations.

Theorem 10.17 Let B be the ellipse of the form (10.43), and suppose that

λ̃ = μ̃ = 0. Then, in addition to (10.60),

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

m11
11 = −|B| μ(κ+ 1)

(1 −m2)(κ− 1)2
[2(1 +m2)−4m(κ− 1)+(κ− 1)2] ,

m22
22 = −|B| μ(κ+ 1)

(1 −m2)(κ− 1)2
[2(1 +m2)+4m(κ− 1)+(κ− 1)2] ,

m11
22 = |B| μ(κ+ 1)

(1 −m2)(κ− 1)2
[−2(1 +m2) + (κ− 1)2] ,

m12
12 = −|B|μ(κ+ 1)

1 −m2
.

(10.67)

The remaining terms are determined by the symmetry properties (10.26). The
EMTs for rotated ellipses can be found using (10.39).

As an immediate consequence of Theorem 10.16 and Theorem 10.17, we
obtain the following result.

Corollary 10.18 Let B be a disk. If λ̃ = μ̃ = 0, then

⎧
⎪⎨

⎪⎩

m11
22 = |B|μ(κ+ 1)

(κ− 1)2
[−2 + (κ− 1)2] ,

m12
12 = −|B|μ(κ+ 1) .

If μ̃ = +∞, then ⎧
⎪⎪⎨
⎪⎪⎩

m11
22 = |B|μ(κ+ 1)

κ(κ− 1)
,

m12
12 = |B|μ(κ+ 1)

κ
.
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10.6 Further Results and Open Problems

Quite recently the elastic moment tensors for ellipses and ellipsoids were ex-
plicitly computed in [30] using a different method based on the layer poten-
tials.

Capdeboscq and Kang [79] derived Hashin–Shtrikman bounds for the first-
order elastic moment tensor that are analogous to (4.43) and (4.44). See also
Lipton [222]. Capdeboscq and Kang also applied these bounds to estimate the
size of diametrically small unknown elastic inclusions. An interesting and still
open question concerns the optimality of these bounds.

In [17], the notion of viscosity moment tensor has been introduced. The
viscosity moment tensor V associated with an incompressible inclusion B in-
side an incompressible object is given by

V := lim
λ,λ̃→∞

PMP ,

where M is the elastic moment tensor associated with the inclusion and P
is the orthogonal projection from the space of symmetric matrices onto the
space of symmetric matrices of trace zero. It turns out that there are several
conjectured relations between V and the polarization tensor associated with
the same domain B and the conductivity contrast k = μ̃/μ. We refer the
interested reader to [114].





11

Full Asymptotic Expansions of the

Displacement Field

Introduction

We suppose that the elastic medium occupies a bounded domain Ω in Rd,
with a connected Lipschitz boundary ∂Ω. Let the constants (λ, μ) denote the
background Lamé coefficients, which are the elastic parameters in the ab-
sence of any inclusions. Suppose that the elastic inclusion D in Ω is given by
D = ǫB + z, where B is a bounded Lipschitz domain in Rd. We assume that
c0 > 0 exists such that infx∈D dist(x, ∂Ω) > c0 .

Suppose that D has the pair of Lamé constants (λ̃, μ̃) satisfying (9.19) and
(9.20). The purpose of this chapter is to find a complete asymptotic expansion
for the displacement field in terms of the reference Lamé constants, the loca-
tion, and the shape of the inclusion D. This expansion describes the perturba-
tion of the solution caused by the presence of D. Our derivations are rigorous
and based on layer potential techniques. The asymptotic expansion in this
chapter is valid for elastic inclusions with Lipschitz boundaries. Based on this
asymptotic expansion we will derive in Chapter 12 formulae to obtain accurate
reconstructions of the location and the order of magnitude of the elastic in-
clusion. The formulae are explicit and can be easily implemented numerically.

11.1 Full Asymptotic Expansions

We first observe that, if D is of the form D = ǫB + z, then the constant C in
(9.30) depends on ǫ. However, for such a domain, we can obtain the following
lemma by scaling both the integral equation (9.24) and the estimate (9.30).

Lemma 11.1 For any given (F,G) ∈ W 2
1 (∂D) × L2(∂D), let (f ,g) ∈

L2(∂D)×L2(∂D) be the solution of (9.24). Then a constant C exists depending

only on λ, μ, λ̃, μ̃, and the Lipschitz character of B, but not on ǫ, such that

‖g‖L2(∂D) ≤ C
(
ǫ−1‖F‖L2(∂D) + ‖∂F

∂T
‖L2(∂D) + ‖G‖L2(∂D)

)
. (11.1)
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Here ∂/∂T denotes the tangential derivative.

Proof. Assuming without loss of generality that z = 0, we scale x = ǫy,
y ∈ B. Let f ǫ(y) = f(ǫy), y ∈ ∂B, etc. Let (ϕ,ψ) be the solution to the
integral equation

⎧
⎪⎨
⎪⎩

S̃Bϕ|− − SBψ|+ = ǫ−1Fǫ on ∂B ,

∂

∂ν̃
S̃Bϕ

∣∣∣∣
−
− ∂

∂ν
SBψ

∣∣∣∣
+

= Gǫ on ∂B .

Following the lines as in the proof of (10.36), we can show that gǫ = ψ. It
then follows from (9.30) that

‖gǫ‖L2(∂B) = ‖ψǫ‖L2(∂B) ≤ C
(
‖ǫ−1Fǫ‖W 2

1 (∂B) + ‖Gǫ‖L2(∂B)

)
,

where C does not depend on ǫ. By scaling back using x = ǫy, we obtain (11.1).
This completes the proof. �

Let u be the solution of (9.23). In this chapter, we derive an asymptotic
formula for u as ǫ goes to 0 in terms of the background solution U, that is,
the solution of (9.14).

Recall that u is represented as

u(x) = U(x) −NDψ(x) , x ∈ ∂Ω , (11.2)

where ψ is defined by (9.30). See (9.40). Let H be the function defined in
(9.29). For a given integer n, define H(n) by

H(n)(x) : =

n∑

|α|=0

1

α!
∂αH(z)(x− z)α

=
( n∑

|α|=0

1

α!
∂αH1(z)(x− z)α , . . . ,

n∑

|α|=0

1

α!
∂αHd(z)(x− z)α

)

=

d∑

j=1

n∑

|α|=0

1

α!
∂αHj(z)(x− z)αej .

Define ϕn and ψn in L2(∂D) by

⎧
⎪⎨
⎪⎩

S̃Dϕn|− − SDψn|+ = H(n)|∂D ,

∂

∂ν̃
S̃Dϕn

∣∣∣∣
−
− ∂

∂ν
SDψn

∣∣∣∣
+

=
∂H(n)

∂ν

∣∣
∂D
,

and set
ϕ := ϕn + ϕR and ψ := ψn + ψR .
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Since (ϕR,ψR) is the solution of the integral equation (9.24) with F =
H− H(n) and G = ∂(H− H(n))/∂ν, it follows from (11.1) that

‖ψR‖L2(∂D) ≤ C
(
ǫ−1‖H− H(n)‖L2(∂D) + ‖∇(H− H(n))‖L2(∂D)

)
. (11.3)

By (9.32),

ǫ−1‖H− H(n)‖L2(∂D) + ‖∇(H− H(n))‖L2(∂D)

≤ |∂D|1/2

[
ǫ−1‖H− H(n)‖L∞(∂D) + ‖∇(H− H(n))‖L∞(∂D)

]

≤ ‖H‖Cn+1(D)ǫ
n|∂D|1/2

≤ C‖g‖L2(∂Ω)ǫ
n|∂D|1/2 ,

and therefore,
‖ψR‖L2(∂D) ≤ C‖g‖L2(∂Ω)ǫ

n|∂D|1/2 , (11.4)

where C is independent of ǫ.
By (11.2), we obtain that

u(x) = U(x) −NDψn(x) −NDψR(x) , x ∈ ∂Ω . (11.5)

The first two terms in (11.5) are the main terms in our asymptotic expansion,
and the last term is the error term. We claim that the error term is O(ǫn+d).
In fact, since ψ,ψn ∈ L2

Ψ (∂D), in particular,
∫

∂D
ψ dσ =

∫
∂D

ψn dσ = 0, and
we have

∫
∂D

ψR dσ = 0. It then follows from (11.4) that, for x ∈ ∂Ω,

|NDψR(x)| =

∣∣∣∣
∫

∂D

(
N(x− y) − N(x− z)

)
ψR(y) dσ(y)

∣∣∣∣

≤ Cǫ|∂D|1/2‖ψR‖L2(∂D)

≤ C‖g‖L2(∂Ω)ǫ
n+d .

In order to expand the second term in (11.5), we first define some auxiliary
functions. Let D0 := D− z, the translate of D by −z. For multi-index α ∈ Nd

and j = 1, . . . , d, define ϕj
α and ψj

α by
⎧
⎪⎨
⎪⎩

S̃D0ϕ
j
α|− − SD0ψ

j
α|+ = xαej |∂D0 ,

∂

∂ν
S̃D0ϕ

j
α

∣∣∣∣
−
− ∂

∂ν
SD0ψ

j
α

∣∣∣∣
+

=
∂(xαej)

∂ν
|∂D0 .

(11.6)

Then the linearity and the uniqueness of the solution to (11.6) yield

ψn(x) =

d∑

j=1

n∑

|α|=0

1

α!
∂αHj(z)ψ

j
α(x − z) , x ∈ ∂D .

Recall that D0 = ǫB and (f j
α,g

j
α) is the solution of (10.4). Then, following

the same lines as in the proof of (10.36), we can see that
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ψj
α(x) = ǫ|α|−1gj

α(ǫ−1x) ,

and hence

ψn(x) =
d∑

j=1

n∑

|α|=0

1

α!
∂αHj(z)ǫ

|α|−1gj
α(ǫ−1(x− z)) , x ∈ ∂D .

We thus get

NDψn(x) =

d∑

j=1

n∑

|α|=0

1

α!
∂αHj(z)ǫ

|α|+d−2

∫

∂B

N(x, z + ǫy)gj
α(y) dσ(y) .

(11.7)
We now consider the asymptotic expansion of N(x, z + ǫy) as ǫ → 0. We

remind the reader that x ∈ ∂Ω and z + ǫy ∈ ∂D. By (9.39), we have the
following relation:

(−1

2
I + KΩ)

[
N(·, ǫy + z)

]
(x) = Γ(x − z − ǫy) , x ∈ ∂Ω, modulo Ψ .

Since

Γ(x − ǫy) =
+∞∑

|β|=0

1

β!
ǫ|β|∂β(Γ(x))yβ ,

we get, modulo Ψ ,

(−1

2
I + KΩ)

[
N(·, ǫy + z)

]
(x) =

+∞∑

|β|=0

1

β!
ǫ|β|∂β(Γ(x − z))yβ

= (−1

2
I + KΩ)

⎡

⎣
+∞∑

|β|=0

1

β!
ǫ|β|∂β

z N(·, z)yj

⎤

⎦ (x) .

Since N(·, w) ∈ L2
Ψ (∂Ω) for all w ∈ Ω, we have the following asymptotic

expansion of the Neumann function.

Lemma 11.2 For x ∈ ∂Ω, z ∈ Ω, y ∈ ∂B, and ǫ→ 0,

N(x, ǫy + z) =

+∞∑

|β|=0

1

β!
ǫ|β|∂β

z N(x, z)yβ .

It then follows from (11.7) that

NDψn(x)

=

d∑

j=1

n∑

|α|=0

1

α!
∂αHj(z)ǫ

|α|+d−2
+∞∑

|β|=0

1

β!
ǫ|β|∂β

z N(x, z)

∫

∂B

yβgj
α(y) dσ(y) .
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Note that
∑d

j=1

∑
|α|=l

1
α!∂

αHj(z)g
j
α is the solution of (9.30) when the right-

hand side is given by the function

u =

d∑

j=1

∑

|α|=l

1

α!
∂αHj(z)x

αej .

Moreover, this function is a solution of Lλ,μu = 0 in B and, therefore,
∂u/∂ν|∂B ∈ L2

Ψ (∂B). Hence, by Theorem 9.13, we obtain that

d∑

j=1

∑

|α|=l

1

α!
∂αHj(z)g

j
α ∈ L2

Ψ (∂B) .

In particular, we have

d∑

j=1

∑

|α|=l

1

α!
∂αHj(z)

∫

∂B

gj
α(y) dσ(y) = 0 ∀ l .

On the other hand, gj
0 = 0 by Lemma 9.14. We finally obtain by combining

these facts with the above identity that

NDψn(x) =

d∑

j=1

n∑

|α|=1

+∞∑

|β|=1

ǫ|α|+|β|+d−2

α!β!
∂αHj(z)∂

β
z N(x, z)

∫

∂B

yβgj
α(y) dσ(y) .

(11.8)
We then see from the definition of the elastic moment tensors, (11.5), and

(11.8) that

u(x) = U(x) −
d∑

j=1

n∑

|α|=1

n−|α|+1∑

|β|=1

ǫ|α|+|β|+d−2

α!β!
∂αHj(z)∂

β
z N(x, z)M j

αβ

+O(ǫn+d) , x ∈ ∂Ω .
(11.9)

Observe that formula (11.9) still uses the function H, which depends on ǫ.
Therefore the remaining task is to transform this formula into a formula that
is expressed using only the background solution U.

By (9.7), U = −SΩ(g)+DΩ(U|∂Ω) in Ω. Thus substitution of (11.9) into
(9.29) yields that, for any x ∈ Ω,

H(x) = −SΩ(g)(x) + DΩ(u|∂Ω)(x)

= U(x) −
d∑

j=1

n∑

|α|=1

n−|α|+1∑

|β|=1

ǫ|α|+|β|+d−2

α!β!
∂αHj(z)DΩ(∂β

z N(., z))(x)M j
αβ

+O(ǫn+d) . (11.10)
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In (11.10) the remainder O(ǫn+d) is uniform in the Ck-norm on any compact
subset of Ω for any k, and therefore,

∂γH(z) +

d∑

j=1

n∑

|α|=1

n−|α|+1∑

|β|=1

ǫ|α|+|β|+d−2∂αHj(z)P
j
αβγ = ∂γU(z) +O(ǫn+d) ,

(11.11)
for all γ ∈ Nd with |γ| ≤ n, where

P j
αβγ =

1

α!β!
∂γDΩ(∂β

z N(., z))(x)|x=zM
j
αβ .

We now introduce a linear transformation that transforms ∂αH(z) into
∂αU(z). Let

N := d

n∑

k=1

(k + 1)(k + 2)

2
,

and define the linear transformation Pǫ on RN by

Pǫ : (vγ)γ∈Nd,|γ|≤n �→
(
vγ +

d∑

j=1

n∑

|α|=1

n−|α|+1∑

|β|=1

ǫ|α|+|β|+d−2vj
αP

j
αβγ

)

γ∈Nd,|γ|≤n
.

Observe that
Pǫ = I − ǫdP1 − . . .− ǫn+d−1Pn ,

where the definitions of Pj are obvious. Clearly, for small enough ǫ, Pǫ is
invertible. We now define Qi, i = 1, . . . , n− 1, by

P−1
ǫ = I + ǫdQ1 + . . .+ ǫn+d−1Qn +O(ǫn+d) .

It then follows from (11.11) that

((∂γH)(z))|γ|≤n = (I +
n−d∑

i=1

ǫi+2Qi)
(
((∂γU)(z))|γ|≤n

)
+O(ǫn) ,

which yields the main result of this chapter.

Theorem 11.3 Let u be the solution of (9.21) and U be the background so-
lution. The following pointwise asymptotic expansion on ∂Ω holds:

u(x) = U(x)

−
d∑

j=1

n∑

|α|=1

n−|α|+1∑

|β|=1

ǫ|α|+|β|+d−2

α!β!

(
(I +

n−d∑

i=1

ǫi+2Qi)((∂
γU)(z))

)j
α
∂β

z N(x, z)M j
αβ

+O(ǫn+d) , x ∈ ∂Ω .
(11.12)
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The operator Qj describes the interaction between the inclusion and ∂Ω.
It is interesting to compare (11.12) with formula (10.8) in free space. In (10.8)
no Qj is involved. This is because free space does not have any boundary.

If n = d, (11.12) takes a simpler form: For x ∈ ∂Ω,

u(x) = U(x)−
d∑

j=1

d∑

|α|=1

d+1−|α|∑

|β|=1

ǫ|α|+|β|+d−2

α!β!
(∂αUj)(z)∂

β
z N(x, z)M j

αβ+O(ǫ2d) .

(11.13)
Observe that no Qj appears in (11.13). This is because D is well separated
from ∂Ω.

The coefficient of the leading-order term, namely, the ǫd-term of the ex-
pansion, is

d∑

j,p,q=1

(∂pUj)(z)∂zq
Nij(x, z)m

ij
pq, i = 1, . . . , d .

By Theorem 10.6, this term is bounded below and above by constant multiples
of

‖∇U(z)‖

⎡

⎣
d∑

q,j=1

|∂zq
Nij(x, z)|2

⎤

⎦
1/2

,

for i = 1, . . . , d, and these constants are independent of ǫ.

When there are multiple well-separated inclusions

Ds = ǫBs + zs, s = 1, · · · ,m ,

where |zs − zs′ | > 2c0 for some c0 > 0, s �= s′, then by iterating formula
(11.13), we obtain the following theorem.

Theorem 11.4 The following asymptotic expansion holds uniformly for x ∈
∂Ω:

u(x) = U(x)

−
m∑

s=1

d∑

j=1

d∑

|α|=1

d+1−|α|∑

|β|=1

ǫ|α|+|β|+d−2

α!β!
(∂αUj)(zs)∂

β
z N(x, zs)(M

s)j
αβ

+O(ǫ2d) ,

where (M s)j
αβ are the EMTs corresponding to Bs, s = 1, · · · ,m.

11.2 Further Results and Open Problems

Asymptotic formulae similar to those derived in this chapter can be easily
obtained in the extreme cases: λ̃ and μ̃ go to zero or μ̃ goes to infinity. To this
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end, it suffices to replace the elastic moment tensor by its limit. It can be shown
that the remainder is uniform in λ̃ and μ̃, as λ̃, μ̃→ 0 and in μ̃, as μ̃→ +∞.

A very interesting and quite challenging problem is to derive the leading-
order term in the boundary perturbations of the displacement field when the
elastic inclusion D is brought close to the boundary of the background medi-
um Ω.



12

Imaging of Elastic Inclusions

Introduction

Most existing algorithms to solve inverse problems for the Lamé system are
iterative and are therefore based on regularization techniques. See [154, 247].
This chapter develops efficient and robust direct (non-iterative) algorithms for
reconstructing the location and certain features of unknown elastic inclusions.

One medical problem for which knowledge of internal elastic properties
would be useful is tumor detection, particularly in the breast, liver, kidney,
and prostate [62]. The elastic properties are very different for cancerous and
normal tissues.

As in the previous chapter, assume that the elastic inclusion D in Ω is
given by D = ǫB + z, where B is a bounded Lipschitz domain in Rd. In
this chapter, we propose a method to detect the elastic moment tensors and
the center z of D from a finite number of boundary measurements. The re-
constructed EMT will provide information on the size and some geometric
features of the inclusion. Our approach is based on the asymptotic formula
derived in the previous chapter.

12.1 Detection of EMTs

Given a traction g ∈ L2
Ψ (∂Ω), let H[g] be defined by

H[g](x) = −SΩ(g)(x) + DΩ(f )(x) , x ∈ Rd \ ∂Ω, f := u|∂Ω , (12.1)

where u is the solution of (9.23) and SΩ and DΩ are the single and double
layer potentials for the Lamé system on ∂Ω.

Theorem 12.1 For x ∈ Rd \Ω,
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H[g](x) = −
d∑

j=1

d∑

|α|=1

d+1−|α|∑

|β|=1

ǫ|α|+|β|+d−2

α!β!
(∂αUj)(z)∂

βΓ(x − z)M j
αβ

+O(
ǫ2d

|x|d−1
) ,

(12.2)

where U = (U1, . . . , Ud) is the background solution, i.e., the solution of (9.14);
M j

αβ are the elastic moment tensors associated with B; and Γ is the Kelvin
matrix of fundamental solutions corresponding to the Lamé parameters (λ, μ).

Proof. Since for any preassigned y in a fixed bounded set |∇Γ(x − y)| =
O(|x|1−d) as |x| → +∞, substituting (11.13) into (12.1) yields

H[g](x) = −SΩ(g)(x) + DΩ(U|∂Ω)(x)

−
d∑

j=1

d∑

|α|=1

d+1−|α|∑

|β|=1

ǫ|α|+|β|+d−2

α!β!
(∂αUj)(z)DΩ

(
∂β

z N(·, z)
)
(x)M j

αβ

+O(
ǫ2d

|x|d−1
) .

But ∂U/∂ν = g on ∂Ω. Therefore, it follows from (9.8) that

−SΩ(g)(x) + DΩ(U|∂Ω)(x) = 0 for x ∈ Rd \Ω .

From (9.9) and (9.39), we now obtain

DΩ

(
N(·, z)

)
|+(x) = (−1

2
I+KΩ)(N(·, z))(x) = Γ(x−z) , x ∈ ∂Ω, modulo Ψ .

By DΩ

(
N(·, z)

)
(x) = O(|x|1−d) and Γ(x−z)−Γ(z) = O(|x|1−d) as |x| → +∞,

we have the identity

DΩ

(
N(·, z)

)
(x) = Γ(x − z) − Γ(z) , x ∈ Rd \Ω ,

from which we conclude that

DΩ

(
∂β

z N(·, z)
)
(x) = ∂β

z DΩ

(
N(·, z)

)
(x) = ∂β

z Γ(x− z) , |β| ≥ 1 ,

and hence (12.2) is immediate. This completes the proof. �

If g = ∂U/∂ν|∂Ω where U is linear, then ∂αU = 0 if |α| > 1 and therefore,

H[g](x) = −
d∑

j=1

∑

|α|=1

d∑

|β|=1

ǫ|β|+d−1

β!
(∂αUj)(z)∂

βΓ(x− z)M j
αβ +O(

ǫ2d

|x|d−1
) .

Since ∂βΓ(x− z) = O(|x|−d+2−|β|) as |x| → +∞ if |β| ≥ 1, we have
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H[g](x) = −ǫd
d∑

j=1

∑

|α|=1

∑

|β|=1

(∂αUj)(z)∂
βΓ(x − z)M j

αβ +O(
ǫd+1

|x|d )

+ O(
ǫ2d

|x|d−1
) ,

or equivalently, for k = 1, . . . , d,

Hk[g](x) = −ǫd
d∑

i,j,p,q=1

(∂iUj)(z)∂pΓkq(x− z)mij
pq +O(

ǫd+1

|x|d )

+ O(
ǫ2d

|x|d−1
) .

(12.3)

Since ∂pΓkq(x− z) = ∂pΓkq(x) +O(|x|d), we obtain from (12.3) that

Hk[g](x) = −ǫd
d∑

i,j,p,q=1

(∂iUj)(z)∂pΓkq(x)m
ij
pq +O(

ǫd

|x|d )+O(
ǫ2d

|x|d−1
) . (12.4)

For a general g, we have the following formula:

Hk[g](x) = −ǫd
d∑

i,j,p,q=1

(∂iUj)(z)∂pΓkq(x− z)mij
pq +O(

ǫd+1

|x|d−1
) ,

from which the following expansion is obvious:

Hk[g](x) = −ǫd
d∑

i,j,p,q=1

(∂iUj)(z)∂pΓkq(x)m
ij
pq +O(

ǫd

|x|d )+O(
ǫd+1

|x|d−1
) . (12.5)

Finally, (12.4) and (12.5) yield the following far-field relations.

Theorem 12.2 If |x| = O(ǫ−1), then, for k = 1, . . . , d,

|x|d−1Hk[g](x) = −ǫd|x|d−1
d∑

i,j,p,q=1

(∂iUj)(z)∂pΓkq(x)m
ij
pq . (12.6)

Moreover, if U is linear, then for all x such that |x| = O(ǫ−d),

|x|d−1Hk[g](x) = −ǫd|x|d−1
d∑

i,j,p,q=1

(∂iUj)(z)∂pΓkq(x)m
ij
pq . (12.7)

Both identities hold modulo O(ǫ2d).
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Theorem 12.3 (Reconstruction of EMT) For u, v = 1, . . . , d, let

guv :=
∂

∂ν

(
xuev + xveu

2

) ∣∣∣∣
∂Ω

,

and define

huv
kl := lim

t→+∞
td−1Hk[guv](tel), k, l, u, v = 1, . . . , d . (12.8)

Then the entries muv
kl , u, v, k, l = 1, . . . , d, of the EMT can be recovered, mod-

ulo O(ǫd), as follows: For u, v, k, l = 1, . . . , d,

ǫdmuv
kl =

⎧
⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

−2ωdμ(λ+ 2μ)

λ+ (d− 2)μ

⎡

⎣λ+ μ

μ

d∑

j=1

huv
jj + huv

kk

⎤

⎦

if k = l ,

−ωd(λ+ 2μ)huv
kl if k �= l ,

(12.9)

modulo O(ǫ2d), where ωd = 2π if d = 2 and ωd = 4π if d = 3.

Proof. Easy computations show that

∂pΓkq(x) =
A

ωd

δkqxp

|x|d − B

ωd

δkpxq + δpqxk

|x|d +
dB

ωd

xkxqxp

|x|d+2
. (12.10)

If x = tel, t ∈ R, l = 1, . . . , d, then

∂pΓkq(tel) =
1

ωdtd−1

[
Aδkqδpl −B(δkpδql + δklδpq) + dBδklδqlδpl

]

: =
1

ωdtd−1
eklpq . (12.11)

The background solution U corresponding to guv is given by U(x) =
(xuev + xveu)/2 and hence

∂iUj(z) =
1

2
(δiuδjv + δivδju) . (12.12)

Therefore the right-hand side of (12.7) is equal to

− ǫd

2ωd

d∑

i,j,p,q=1

(δiuδjv + δivδju)eklpqm
ij
pq = − ǫ

d

ωd

d∑

p,q=1

eklpqm
uv
pq .

The last equality is valid because of the symmetry of the EMT, in particular,
muv

pq = mvu
pq . It then follows from (12.7) that, if t = O(ǫ−1), then, modulo

O(ǫ2d),
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td−1Hk[guv](tel) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

− ǫ
d

ωd

[
(A+ (d− 2)B)muv

kk −B
∑

i	=k

mvu
ii

]
if k = l ,

− ǫ
d

ωd
(−B +A)muv

kl if k �= l .
(12.13)

By solving (12.13) for mij
pq, we obtain (12.9). This completes the proof. �

Once we determine the EMT, ǫdmij
pq, associated with D, then we can es-

timate the size of D by Corollary 10.7.

Theorem 12.4 (Size estimation) For i �= j,

|D| ≈
∣∣∣∣
μ+ μ̃

μ(μ− μ̃)

∣∣∣∣ |ǫdm
ij
ij |

if μ̃ is known. If μ̃ is unknown, then | (μ+ μ̃)/(μ(μ− μ̃)) | is assumed to be
1/μ.

12.2 Representation of the EMTs by Ellipses

Suppose d = 2. As in the electrostatic case, the reconstructed EMT carries
information about the inclusion other than the size. In order to visualize this
information, we now describe a method that enables for finding out an ellipse
that represents the reconstructed EMT in the two-dimensional case.

For an ellipse D centered at the origin, let mij
pq(D) be the EMT associated

with D. Let D̂ be the ellipse of the form

D̂ :
x2

1

a2
+
x2

2

b2
= 1

such that
D = Rθ(D̂) ,

for some θ. Then by Theorem 10.14, mij
pq are determined by θ, |D|, and m

defined by (10.47).
Let M ij

pq, i, j, p, q = 1, 2, be the EMT determined by the method of the
previous section. Our goal is to find an ellipse D so that

mij
pq(D) = M ij

pq, i, j, p, q = 1, 2 . (12.14)

Observe that the collection of two-dimensional EMTs has six degrees of free-
dom, whereas the collection of ellipses has only three of them. So the equation
(12.14) may not have a solution. Thus instead we seek an ellipse D so that
mij

pq(D) best fits M ij
pq for i, j, p, q = 1, 2.1 We can achieve this goal by the

following steps.

1 It would be interesting and useful to find a class of domains that can represent
the reconstructed EMT in a unique and canonical way.
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Representation by Ellipses with Prior Knowledge of (λ̃, μ̃): Suppose

that the Lamé constants (λ̃, μ̃) of the inclusion D are known.

Step 1: First we set a tolerance τ . If both |M11
12 +M12

22 | and |M11
11 −M22

22 | are
smaller than τ , then represent the EMT by the disk of the size found out
in the previous section. If either |M11

12 +M12
22 | or |M11

11 −M22
22 | is larger than

τ , then first determine the angle of rotation θ by solving (10.42), namely,

M11
12 +M12

22

M11
11 −M22

22

=
1

2
tan 2θ , 0 ≤ θ < π

2
. (12.15)

Step 2: We then compute M̂ ij
pq by reversing the rotation by θ found in (12.15)

using formula (10.37). Since it suffices to replace rij by (−1)i+jrij in
(10.37), we get

M̂ ij
pq =

2∑

u,v=1

2∑

k,l=1

(−1)i+j+u+v+k+l+p+qrpurqvrikrjlM
kl
uv , (12.16)

where (
r11 r12
r21 r22

)
=

(
cos θ − sin θ
sin θ cos θ

)
.

Step 3: The ideal next step would be to use (10.52) and (10.59) for finding
|D| and m that produce the entries m̂ij

pq that minimize

∣∣m̂11
11 − M̂11

11

∣∣+
∣∣m̂22

22 − M̂22
22

∣∣+
∣∣m̂11

22 − M̂11
22

∣∣+
∣∣m̂12

12 − M̂12
12

∣∣ . (12.17)

But it is not so clear how to proceed to minimize (12.17) since m̂ij
pq is a

non-linear function of m, defined by (10.47), and |D|. So we propose a
different method to find |D| and m.
The relation (10.40) suggests that 2(m̂11

22 + 2m̂12
12) − (m̂11

11 + m̂22
22) carries

information on the size of m, the ratio of the measure of the long to the
short axes. On the other hand, (10.35) shows that m12

12 carries information
on |D|. So, we solve

2(m̂11
22 + 2m̂12

12) − (m̂11
11 + m̂22

22) = 2(M̂11
22 + 2M12

12 ) − (M11
11 + M̂22

22 )

m̂12
12 = M̂12

12 ,
(12.18)

using (10.52) and (10.59). Numerical tests show that (12.18) may have
multiple solutions. Among the solutions found by solving (12.18), we
choose the one that minimizes (12.17).

Representation by Ellipses without Prior Knowledge of (λ̃, μ̃): Sup-

pose that the Lamé constants (λ̃, μ̃) of the inclusion D are unknown. Then
Step 1 and Step 2 are the same as before. Instead of Step 3, we use Step 3′.
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Step 3′: If the reconstructed M ij
pq is negative-definite on symmetric matrices,

then μ̃ < μ by Theorem 10.6. So, set λ̃ = μ̃ = 0 and solve (12.18) for
m and |D| using (10.67). If the reconstructed M ij

pq is positive-definite on
symmetric matrices, then set μ̃ = +∞ and solve (12.18) for m and |D|
using (10.64). Among the solutions found by solving (12.18), we choose
the one that minimizes (12.17).

12.3 Detection of the Location

Having found ǫdmuv
kp , we now proceed to find the location z of D. We pro-

pose two methods, one using only linear solutions and the other one using
quadratic solutions.

Detection of the Location—Linear Method. In view of (12.3) and
(12.12), we have

−ǫd
d∑

p,q=1

∂pΓkq(x− z)muv
pq = Hk[guv](x) +O(

ǫd+1

|x|d ) +O(
ǫ2d

|x|d−1
) , (12.19)

for k, u, v = 1, . . . , d. Sincemuv
pq = mvu

qp , p, q, u, v = 1, . . . , d, we can symmetrize
(12.19) to obtain

− ǫ
d

2

d∑

p,q=1

[
∂pΓkq(x− z) + ∂qΓkp(x− z)

]
muv

pq

= Hk[guv](x) +O(
ǫd+1

|x|d ) +O(
ǫ2d

|x|d−1
) .

(12.20)

Let V be the space of d× d symmetric matrices, and define a linear transfor-
mation P on V by

P ((apq)) = (

d∑

p,q=1

apqǫ
dmuv

pq ) .

Then by Theorem 10.6, P is invertible on V . Let (nij
pq) be the matrix for P−1

on V , namely,

P−1((apq)) =
( d∑

p,q=1

apqn
ij
pq

)
, (apq) ∈ V . (12.21)

It then follows from (12.20) that

−1

2

[
∂pΓkq(x − z) + ∂qΓkp(x− z)

]

=
d∑

i,j=1

Hk[gij ](x)n
pq
ij +O(

ǫ

|x|d ) +O(
ǫd

|x|d−1
) , k = 1, . . . , d .

(12.22)
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Observe from (12.10) that

d∑

p=1

∂pΓkp(x− z) =
(−B +A)

ωd

xk − zk
|x− z|d =

1

ωd(2μ+ λ)

xk − zk
|x− z|d ,

for k = 1, . . . , d. Hence we obtain from (12.22) that

xk − zk
|x− z|d = −ωd(2μ+ λ)

d∑

i,j=1

Hk[gij ](x)

d∑

p=1

npp
ij +O(

ǫ

|x|d )

+O(
ǫd

|x|d−1
) .

(12.23)

Multiplying both sides of (12.23) by |x|d−1, we arrive at the following formula.
If |x| = O(ǫ−d+1), then

xk − zk
|x− z| = −ωd(2μ+ λ)|x|d−1

d∑

i,j=1

Hk[gij ](x)

d∑

p=1

npp
ij +O(ǫd) , (12.24)

for k = 1, . . . , d. Formula (12.24) says that we can recover (xk − zk)/|x− z|,
k = 1, . . . , d, from Hk[gij ].

We now use an idea from Theorem 7.2 to recover the center z from
(x− z)/|x− z|. Fix k and freeze xl, l �= k, so that

∑
l 	=k |xl| = O(ǫ−d+1).

Then consider

ωd(2μ+ λ)|x|d−1
d∑

i,j=1

Hk[gij ](x)

d∑

p=1

npp
ij

as a function of xk. In fact, for

x = xkek +
∑

l 	=k

xlel ,

define

Φk(xk) = ωd(2μ+ λ)|x|d−1
d∑

i,j=1

Hk[gji](x)
d∑

p=1

npp
ij . (12.25)

We then find the unique zero of Φk, say z∗k, and therefore, the point (z∗1 , . . . , z
∗
d)

is the center z within a precision of O(ǫd).

Detection of the Location—Quadratic Method. This method uses the
relation (12.6). In view of (12.6) and (12.11), we get

td−1Hk[g](tel) = − 1

ωd

d∑

i,j,p,q=1

(∂iUj)(z)eklpqǫ
dmij

pq modulo O(ǫd+1) .

(12.26)
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By mij
pq = mij

qp, we obtain that

d∑

i,j,p,q=1

(∂iUj)(z)eklpqǫ
dmij

pq =
1

2

d∑

p,q=1

(eklpq + eklqp)

d∑

i,j=1

(∂iUj)(z)ǫ
dmij

pq .

Since eklpq + eklqp = elkpq + elkqp, we can define a linear transformation T on
V by

T ((apq)) :=
1

2

(
d∑

p,q=1

(eklpq + eklqp)apq

)
.

We claim that T is invertible. To prove it, suppose that T ((apq))kl = 0,
k, l = 1, . . . , d. If k = l, then

(A+ (d− 1)B)akk +
∑

p	=k

app = 0 , k = 1, . . . , d .

In view of A+(d−1)B �= −1, this implies akk = 0, k = 1, . . . , d. On the other
hand, if k �= l, then

(−A+B)(akl + alk) = 0 ,

and hence akl = 0 since (apq) is symmetric. Therefore (apq)
d
p,q=1 = 0 and T is

invertible on V .
It then follows from (12.26) that

−
d∑

i,j=1

(∂iUj)(z)ǫ
dmij

pq = ωdT
−1(td−1Hk[g](tel))pq modulo O(ǫd+1) .

(12.27)
We then apply second-order homogeneous solutions for U. In fact, in the
two-dimensional case, take

U(x) = (2x1x2, x
2
1 − x2

2) ,

and g = ∂U/∂ν. Then using (12.27), we can determine (∂iUj)(z), thus z,
from the elastic moment tensor mij

pq and the limit value of Hk[g] as t→ +∞.
In the three-dimensional case, we apply two homogeneous polynomials:

U(x) = (2x1x2, x
2
1 − x2

2, 0), (2x1x3, 0, x
2
1 − x2

3) .

12.4 Numerical Results

In this section we summarize the algorithms described in detail in the previous
sections and show some results of numerical experiments. The first algorithm
is designed to identify a disk that represents the reconstructed EMT by using
(10.7). We call this algorithm the disk identification algorithm. The second one
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is for finding an ellipse that can represent the reconstructed EMT by using the
method described in Sect. 12.2. We call this algorithm the ellipse identification
algorithm. It is worth emphasizing that both of these recovery methods are
non-iterative direct algorithms. We only present them in two dimensions even
though they work as well in the three-dimensional case. Details of the imple-
mentation of the proposed algorithms can be found in [174]. When comparing
these two algorithms, it turns out that the ellipse reconstruction algorithm
performs far better in estimating the size and orientation of the inclusion. But
unlike the disk reconstruction algorithm, the ellipse reconstruction method re-
quires Lamé constants not only for the background but also for the inclusion.

The proposed identification algorithms do not rely on a forward solver,
whereas iterative algorithms require a sequence of forward solutions. Solu-
tions of the elastostatic problem obtained by a second-order finite-difference
forward solver are used only for the generation of numerical simulations. In
Example 1, the effectiveness and stability of the algorithms for a disk in-
clusion are numerically demonstrated. The validity of the asymptotic expan-
sions for the radius and the centers has been checked under various phys-
ical configurations in Example 2. Example 3 shows that the disk recon-
struction algorithm provides fairly good disk approximations even for do-
mains with non-circular inclusions. Example 4 shows that the ellipse recovery
method gives perfect reconstruction results for elliptic inclusions and fairly
good approximations for general domains in the sense that it provides cor-
rect estimations on both the major and the minor axes and the orienta-
tion.

Disk Reconstruction Procedure.

Step R: Compute ǫ2muv
kl using formulae (12.8),

huv
kl := lim

t→+∞
tHk[guv](tel) ,

and muv
kl in (12.9) for u ≤ v, k ≤ l, u ≤ k, and v ≤ l,

ǫ2muv
kl =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

−πμ

⎡
⎣ λ

2μ

2∑

j=1

huv
jj + huv

kk

⎤
⎦ , k = l ,

−π(λ+ μ)huv
kl , k �= l .

Then the computed radius is given by

rc =

√
|m12

12|
π

.

Step C1: Compute the matrix (npq
ij )i,j,p,q=1,2, defined in (12.21),

(
2∑

p,q=1

apqn
ij
pq

)
:= P−1((apq)), where P ((apq)) =

(
2∑

p,q=1

apqǫ
2muv

pq

)
.
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Then find the unique zero z∗k, k = 1, 2, defined in (12.25),

Φk(xk) = 2π(μ+ λ)|x|
2∑

i,j=1

Hk[gji](x)

2∑

p=1

npp
ij ,

by Newton’s method with Hk[gji](x) and (∂/∂xk)Hk[gji](x). In the iter-
ation, the other coordinate x2−k is frozen to a constant larger than O(ǫ−2)
and we just choose x2−k to be 103.

Step C2: Compute the center point z using (12.27):

−
2∑

i,j=1

(∂iUj)(z)ǫ
2mij

pq = 2πT−1(tHk[g](tel))pq ,

where

T (apq) :=
1

2

2∑

p,q=1

(eklpq + eklqp)apq , U(x) = (2x1x2, x
2
1 − x2

2) .

Example 1: In [174], the following reconstruction procedure is implemented
for two-dimensional domains using Matlab and its performance is tested us-
ing a circular inclusion. The disk is centered at (0.4, 0.2) and is of radius

r = 0.2. The Lamé constants of the disk are (λ̃, μ̃) = (9, 6) whereas the back-
ground Lamé constants are (λ, μ) = (6, 4). The functions u1,1, u1,2, u2,2,
and uq denote the inhomogeneous solutions with the same boundary values
of the corresponding homogeneous solutions, U1,1 = (2x, 0), U1,2 = (y, x),
U2,2 = (0, y), and Uq = (2xy, x2−y2), respectively.

The following table summarizes a computational result of the algorithm
using the forward solutions on a 128 × 128 mesh. The radius rc is the com-
puted radius in Step R, (xc

1, y
c
1) is the center obtained by the linear method in

Step C1, and (xc
2, y

c
2) is the one obtained by the quadratic method in Step C2.

(λ, μ) (λ̃, μ̃) (x, y) r rc (xc
1, y

c
1) (xc

2, y
c
2)

(6,4) (9,6) (0.4, 0.2) 0.25 0.3036 (0.4110, 0.1961) (0.3983, 0.1985)

The left-hand diagram in Figure 12.1 shows the original disk as a solid
curve; the dashed-dotted circle is the reconstructed disk by the linear disk re-
construction method, and the dashed circle is by the quadratic reconstruction
method. In order to check the stability of the algorithm, we add random white
noise to the Neumann and Dirichlet boundary data. Since computational re-
sults for radius and centers have some errors even without noise, we compare
the difference between those with and without noise. We plot the absolute
perturbation error of the reconstructed values with respect to the white ran-
dom noise level measured in the root mean square sense. The right-hand plot



280 12 Imaging of Elastic Inclusions

−1 −0.5 0 0.5 1
−1

−0.5

0

0.5

1
Reconstructed Disk

10
−8

10
−6

10
−4

10
−2

10
−10

10
−8

10
−6

10
−4

10
−2

10
0

Random Noise (rms)
A

b
s
o

lu
te

 e
rr

o
rs

x−x
c

1
y−y

c

1
x−x

c

2
y−y

c

2

r−r
c

Fig. 12.1. The dashed-dotted circle represents the solution by the linear method
and the dashed circle by the quadratic method. The right-hand plot shows the
perturbation error due to the random boundary noise.

in Figure 12.1 demonstrates that the algorithm is linearly stable with respect
to the random boundary noise.

Example 2: In this example, we test the disk identification algorithm with
various configurations of disk inclusions and check the validity of the asymp-
totic expansions for the radius in the case where the inclusion has finite size
much larger than 0. The following table and Figure 12.2 summarize the compu-
tational results for three different locations with two different Lamé parameter
configurations. The linear and the quadratic methods compute the center quite
well, but the radii of the top three cases are about 20% larger than the original
disks and those of the bottom cases are about 30% smaller than the originals.

(λ, μ) (λ̃, μ̃) (x, y) r rc (xc
1, y

c
1) (xc

2, y
c
2)

(6,4) (9.0,6.0) (0.5, 0.1) 0.2 0.2474 (0.5198, 0.0967) (0.4988, 0.1014)
(6,4) (9.0,6.0) (0.2, 0.2) 0.3 0.3638 (0.1999, 0.1999) (0.1962, 0.1982)
(6,4) (9.0,6.0) (-0.3, -0.3) 0.5 0.5931 (-0.2974, -0.2972) (-0.2947, -0.2981)

(6,4) (7.0,4.5) (0.5, 0.1) 0.2 0.1371 (0.5203, 0.0967) (0.4995, 0.1009)
(6,4) (7.0,4.5) (0.2, 0.2) 0.3 0.2029 (0.2003, 0.2003) (0.1969, 0.1977)
(6,4) (7.0,4.5) (-0.3, -0.3) 0.5 0.3366 (-0.3006, -0.3005) (-0.2990, -0.2995)

In order to check the validity of the asymptotic expansion, we compute the
radii by the disk reconstruction method for various combinations of radii and
Lamé parameters while we keep fixed the center of the inclusion at (0.4, 0.2).
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Fig. 12.2. Reconstruction results. Dashed-dotted circles by the linear method and
dashed circles by the quadratic method. The three upper cases have stiff inclusions
with (λ̃, µ̃) = (9, 6), (λ, µ) = (6, 4) and the three lower cases with (λ̃, µ̃) = (6, 4),

(λ, µ) = (9, 6). We use the notation λ0, µ0 for λ, µ and λ1, µ1 for λ̃, µ̃.

We use three different computational grids to check the computational ac-
curacy of our forward and inverse solvers. In Figure 12.3, the dotted line is
used for the results on 48 × 48, the dashed line on 64× 64, and the solid line
on the 128× 128 grids; the computational results on the three different grids
seem to be almost identical. The figure also shows that the computed radius
is not identical but proportional to the original value. The ratio between the
computed and the original radius is independent of the radius, which is strong
evidence of a missing second-order asymptotic expansion term for the radius.
It is worth noting that the asymptotic expansion of EMT in (12.9) is correct
up to O(ǫ2d), which gives a valid expression for the radius up to second-order
accuracy in the two-dimensional case.

Example 3 (General Domain Cases): We now test the disk reconstruction
algorithm with non-circular shape inclusions even though the algorithm has
been derived for circular inclusions. The computational results on the 64× 64
grid show fairly good agreement with their circular approximations. It is also
worth mentioning that (λ0, μ0) = (6, 4), (λ1, μ1) = (9, 6) gives about 20%
larger results and (λ0, μ0) = (4, 6), (λ1, μ1) = (6, 9) about 50% larger than
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Fig. 12.3. Computed radius rc on three different computational grids. The dotted
line for 48 × 48, dashed line for 64 × 64, and solid line for 128 × 128 grid coincide
well.
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Fig. 12.4. Reconstruction of general shape inclusion.

originally, in disk cases shown in Figure 12.4; therefore, the computed results
are bigger than the inclusions, especially for the three lower examples.

We now summarize the ellipse identification algorithm.

Ellipse Reconstruction Procedure. Let M ij
pq be the reconstructed EMT.

Given a tolerance τ , if both |M11
12 +M12

22 | and |M11
11 −M22

22 | are smaller than
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τ , then find the disk of the size given in the previous subsection. If either
|M11

12 +M12
22 | or |M11

11 −M22
22 | is larger than τ , then

(E1): Determine the angle of rotation θ by solving (12.15), namely

M11
12 +M12

22

M11
11 −M22

22

=
1

2
tan 2θ , 0 ≤ θ < π

2
.

(E2): Using the angle θ found in (E1), solve (12.16) to find M̂ ij
pq:

M̂ ij
pq =

2∑

u,v=1

2∑

k,l=1

(−1)u+k+p+irpurvqrikrljM
kl
uv ,

where (
r11 r12
r21 r22

)
=

(
cos θ − sin θ
sin θ cos θ

)
.

(E3): Find |D| and m by solving (12.18):

2(m̂11
22 + 2m̂12

12) − (m̂11
11 + m̂22

22) = 2(M̂11
22 + 2M12

12 ) − (M11
11 + M̂22

22 ) ,

m̂12
12 = M̂12

12 .

The relation between |D|,m and m̂ij
pq is given by (10.49), (10.52), and

(10.59) if the Lamé constants (λ̃, μ̃) are known. Otherwise, it is given by
(10.64) [resp. (10.67)] if the reconstructed EMT is negative-definite (resp.
positive-definite).

(E4): Among the solutions in (E3), choose the one that minimizes the quan-
tity given in (12.17):

∣∣m̂11
11 − M̂11

11

∣∣+
∣∣m̂22

22 − M̂22
22

∣∣+
∣∣m̂11

22 − M̂11
22

∣∣+
∣∣m̂12

12 − M̂12
12

∣∣ .

Example 4: In this example, we test the algorithm using the same domains
as in Example 3. Figure 12.5 shows the reconstructed ellipses when their
Lamé constants (λ̃, μ̃) are known. It is not surprising that the ellipse recov-
ery method gives perfect size information for disks and ellipses, as shown in
the first diagram in Figure 12.5, since the information on the Lamé constants
(λ̃, μ̃) is used.

12.5 Further Results and Open Problems

As shown in Section 4.11.1, for each given polarization tensor associated with
an arbitrary bounded Lipschitz domain and a constant isotropic conductivity,
we can find a unique ellipse whose polarization tensor is the given one. In this
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Fig. 12.5. Computed ellipses for various inclusions marked with solid curves. The
centers of dotted ellipses are computed by the linear method and dashed-dotted ones
by the quadratic method.

way, we can visualize the detected polarization tensor. It is important to have
a class of fourth-order curves that can represent EMTs in a unique way. Once
we have such a class, the detected EMT can be visualized by a curve in this
class, not by an ellipse as done in the previous section.

The techniques discussed in this chapter can be extended to elastodynam-
ics. In [27], we presented non-iterative algorithms for reconstructing small
elastic inclusions from dynamic boundary measurements for a finite interval
in time.

We mention another very interesting problem concerning the simultaneous
characterization of the shape and the elastic parameters of a small inclusion
from interior measurements of the displacement field. This imaging approach
is termed Magnetic Resonance Elastography (MRE) and can be a very ef-
fective method for detecting tumors, particularly in breast, liver, kidney, and
prostate [224]. We think that a promising direction for analyzing MRE data
is to utilize the asymptotic formulae derived in the previous chapter together
with the bounds satisfied by the first-order elastic moment tensor.
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Effective Properties of Elastic Composites

Introduction

Let Y =] − 1/2, 1/2[2 denote the unit cell. Suppose that an inclusion D is
embedded in Y and that the background material has elasticity properties
defined by the tensor C0 = ((C0)kl

ij )i,j,k,l=1,2, where

(C0)kl
ij := λδijδkl + μ(δikδjl + δilδjk) ,

while the inclusion D has the tensor C̃ = (C̃)i,j,k,l=1,2, where

(C̃)i,j,k,l=1,2 := λ̃δijδkl + μ̃(δikδjl + δilδjk) .

Thus the periodic (with period 1 in each direction) elasticity tensor
C = (Ckl

ij )i,j,k,l=1,2 for this two phase material is given by

Ckl
ij :=

(
λ+(λ̃−λ)χ(D)

)
δijδkl +

(
μ+(μ̃−μ)χ(D)

)
(δikδjl + δilδjk) , (13.1)

where χ(D) is the characteristic function of D.
Let ǫ be a small parameter. Suppose that D = ǫ1+βB for some β > 0. Here

B is a reference Lipschitz bounded domain containing 0 whose volume |B| is
1. Denote ρ = ǫβ and f = ρ2, the volume fraction of the elastic inclusion.

The periodic elasticity tensor C(x/ǫ) makes a highly oscillating elasticity
tensor and represents the material properties of a dilute composite. We con-
sider the problem of determining the effective elastic properties of the dilute
composite with the elasticity tensor C(x/ǫ) as ǫ→ 0.

Our aim in this chapter is to extend the formula (8.15) to elastic compos-
ites. We present a simple and general scheme to derive accurate asymptotic
expansions of the elastic effective properties of dilute composite materials. The
main result, which was proved in [33], is that the effective elasticity tensor C∗

has the following high-order asymptotic expansion in terms of f :

C∗ = C0 + fM(I − fSM)−1 +O(f3) . (13.2)
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Here M is the elastic moment tensor and S = (Skl
ij ) is a 4-tensor given by

⎧
⎨

⎩

S11
11 = S22

22 = −a, S11
22 = S22

11 = −c ,

S12
12 = S12

21 = S21
21 = S21

12 = −b+ c

2
,

(13.3)

and its other entries are zero, where a and c are defined by (9.64), and b is
given by (9.63).

The formula (13.2) is valid for general shaped Lipschitz inclusions with
arbitrary phase moduli. Moreover, it exhibits an interesting feature of the ef-
fective elasticity tensor of composite materials that consists of the presence of
the distortion factor S. A mere comparison of (13.2) with (8.15) shows that
the presence of the factor S in (13.2) is somewhat unexpected.

13.1 Derivation of the Effective Elastic Properties

We now derive the asymptotic expansion of the effective elasticity tensor C∗

as the volume fraction f = ρ2 goes to zero.
Let wl

k = (wl
kp)p=1,2 be the solution of (9.70). The effective elasticity

tensor C∗ = ((C∗)ij
kl) is defined by (see, for example, [97])

(C∗)ij
kl =

∫

Y

(CE(wl
k))ij dx .

We note that, if u ∈W 1,2(Y ) and Lλ,μu = 0 in Y , then for all v ∈W 1,2(Y ),
∫

∂Y

v · ∂u
∂ν
dσ =

∫

Y

CE(u) : E(v) dx , (13.4)

which can be seen from the divergence theorem. Since

E(xkel)ij = (δkiδlj + δkjδli)/2 ,

we have ∫

Y

(CE(wl
k))ij dx =

∫

Y

CE(wl
k) : E(xiej) dx ,

and hence we obtain from (13.4) that

(C∗)ij
kl =

∫

∂Y

xiej ·
∂wl

k

∂ν
dσ, i, j, k, l = 1, 2 . (13.5)

Let (ϕl
k, ψ

l
k) be as in Lemma 9.22. It follows from (13.5) and (9.71) that

(C∗)kl
ij =

∫

∂Y

xiej ·
∂(xkel)

∂ν
(x) dσ(x) +

∫

∂Y

xiej ·
∂(GDψ

l
k)

∂ν
(x) dσ

= (C0)kl
ij +

∫

∂Y

xiej ·
∂(GDψ

l
k)

∂ν
(x) dσ .
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Observe that Lλ,μGDψ
l
k = 0 in D as well as in Y \D. Thus, using the peri-

odicity of GDψ
l
k, together with the divergence theorem and the jump formula

(9.69), we obtain

∫

∂Y

xiej ·
∂(GDψ

l
k)

∂ν
dσ =

∫

∂D

xiej ·
∂(GDψ

l
k)

∂ν

∣∣∣
+
dσ −

∫

∂D

∂(xiej)

∂ν
· GDψ

l
k dσ

=

∫

∂D

xiej ·
∂(GDψ

l
k)

∂ν

∣∣∣
+
dσ −

∫

∂D

xiej ·
∂(GDψ

l
k)

∂ν

∣∣∣
−
dσ

=

∫

∂D

xiej · ψl
k(x) dσ .

Recalling that D = ρB, we let

ϕ̃l
k(x) = ϕl

k(ρx) and ψ̃l
k(x) = ψl

k(ρx), x ∈ ∂B .

Then we have
C∗ = C0 + fP , (13.6)

where P = (P kl
ij ) is defined by

P kl
ij =

∫

∂B

xiej · ψ̃l
k dσ . (13.7)

Observe that the pair (ϕ̃l
k, ψ̃

l
k) ∈ L2(∂B) × L2(∂B) is the unique solution of

⎧
⎨
⎩

S̃Bϕ̃
l
k|− − (SB + RB)ψ̃l

k|+ = xkel|∂B + C ,

∂

∂ν̃
S̃Bϕ̃

l
k

∣∣∣
−
− ∂

∂ν
(SB + RB)ψ̃l

k

∣∣∣
+

=
∂(xkel)

∂ν

∣∣∣
∂B
,

(13.8)

for some constant C and ψ̃l
k ∈ L2

Ψ (∂B).
Let (f l

k,g
l
k) be the solution of (9.13) with D replaced by B. It then follows

from (13.8) that

⎧
⎨
⎩
S̃B(ϕ̃l

k − f l
k)|− − SB(ψ̃l

k − gl
k)|+ = RBψ̃

l
k + C

∂

∂ν
S̃B(ϕ̃l

k − f l
k)|− − ∂

∂ν
SB(ψ̃l

k − gl
k)|+ =

∂

∂ν
RBψ̃

l
k

on ∂B , (13.9)

where

RBψ(x) :=

∫

∂B

R(ρ(x− y))ψ(y) dσ(y) .

By (9.62),

R(ρ(x− y)) = R(0) − ρ2
(
ax1y1 + bx2y2 cx1y2 + cx2y1

cx1y2 + cx2y1 bx1y1 + ax2y2

)

+ρ2(Q1(x) +Q2(y)) +O(ρ4) ,
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where Q1(x) and Q2(x) are 2 × 2 matrices whose components are homoge-
neous polynomials of degree 2 in x and y, respectively. Let Xij = xiej and
Yij = yiej, i, j = 1, 2, for convenience. Then we can write

(
ax1y1 + bx2y2 cx1y2 + cx2y1

cx1y2 + cx2y1 bx1y1 + ax2y2

)

= X11 ⊗ (aY11 + cY22) +X12 ⊗ (bY12 + cY21) +X21 ⊗ (cY12 + bY21)

+X22 ⊗ (cY11 + aY22) .

Since P kl
ij =

∫
∂B
Yij · ψ̃l

kdσ and
∫

∂B
ψ̃l

kdσ = 0, we get for x ∈ ∂B

RBψ̃
l
k(x) =

∫

∂D

R(ρ(x− y))ψ̃l
k(y) dσ(y)

= −ρ2X11(aP
kl
11 + cP kl

22) − ρ2X12(bP
kl
12 + cP kl

21)

− ρ2X21(cP
kl
12 + bP kl

21) − ρ2X22(cP
kl
11 + aP kl

22) + C +O(ρ4) ,

for some constant C. The term ∂(RBψ
l
k)/∂ν also has the same expression

with Xij replaced by ∂Xij/∂ν.
It is proved in Lemma 9.14 that, if (f ,g) is the solution of

⎧
⎨

⎩
S̃Bf |− − SBg|+ = C

∂

∂ν
S̃Bf |− − ∂

∂ν
SBg|+ = 0

on ∂D ,

then g = 0. Therefore it follows from (13.9) and the linearity of the integral
equation that

ψ̃l
k − gl

k = −ρ2g1
1(aP

kl
11 + cP kl

22) − ρ2g2
1(bP

kl
12 + cP kl

21) − ρ2g1
2(cP

kl
12 + bP kl

21)

− ρ2g2
2(cP

kl
11 + aP kl

22) +O(ρ4) .

By substituting this formula into (13.7), we get

P kl
ij = mkl

ij − f
[
m11

ij (aP kl
11 + cP kl

22) +m12
ij (bP kl

12 + cP kl
21) +m21

ij (cP kl
12 + bP kl

21)

+m22
ij (cP kl

11 + aP kl
22)

]
+O(f2) .

Since m12
ij = m21

ij , we can rewrite this in the following form:

P kl
ij = mkl

ij − f
[
m11

ij (aP kl
11 + cP kl

22) +
b+ c

2
m12

ij (P kl
12 + P kl

21)

+
b+ c

2
m21

ij (P kl
12 + P kl

21) +m22
ij (cP kl

11 + aP kl
22)

]
+O(f2) . (13.10)
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Define the (anisotropic) 4-tensor S = (Skl
ij ) by (13.3) and the other entries

as zero. Thus, (13.10) now takes the form

P = M + fPSM +O(f2) ,

where M is the EMT associated with B.
Finally, from (13.6), the following theorem is straightforward.

Theorem 13.1 Let S be the tensor defined by (13.3). The following asymp-
totic expansion for the effective elasticity tensor C∗ holds:

C∗ = C0 + fM(I − fSM)−1 +O(f3) , (13.11)

where M is the EMT associated with B.

Note that, if μ̃ = μ, then according to Francfort and Tartar [127] the ef-
fective elasticity tensor C∗ is isotropic, which is consistent with the expansion
(13.11) since in this case, as may be shown by a direct computation, the tensor
SM is isotropic.

13.2 Further Results and Open Problems

Following the arguments developed in this chapter, we can derive further
terms in the asymptotic expansion of C∗ by inserting more terms in the Tay-
lor expansion of R and using higher order elastic moment tensors. It would
be interesting to obtain similar formulae for anisotropic elastic composites.

The approach presented in this chapter is also expected to have a great
potential for rigorously deriving accurate approximations for the effective vis-
cosity of a suspension of general shaped obstacles suspended in a viscous fluid.
We refer to Einstein [118] and Batchelor and Green [56] for approximations
corresponding to a suspension of hard spheres in a viscous fluid. Einstein’s
method consisted of calculating the energy dissipated by the flow around the
spherical particles, and associating that with the work done in moving the
particles relative to the fluid. It would be very interesting to evaluate the
effective viscosity of arbitrary shaped particles. Another challenging problem
is to compute the viscous dissipation rate due to particles approaching each
other. The analysis of this problem requires delicate estimates analogous to
those presented in Chapter 6.



A

Appendices

Introduction

We conclude the book with three appendices. The first of these recalls a few
basic facts about compactness, which is needed for our study of the layer
potentials in Chapter 2. The second states for the sake of completeness the
celebrated theorem of Coifman, McIntosh, and Meyer[98]. The third estab-
lishes the continuity method, which is useful for the proof of Theorem 2.21.

A.1 Compact Operators

Let X be a Banach space. A bounded linear operator T is compact, if when-
ever {xj} is a bounded sequence in X , the sequence {Txj} has a convergent
subsequence. The operator T is said to be of finite rank if Range(T ) is finite-
dimensional. Clearly every operator of finite rank is compact.

We now provide some basic results on compact operators.

Lemma A.1 The set of compact operators on X is a closed two-sided ideal
in the algebra of bounded operators on X with the norm topology.

Lemma A.2 If T is a bounded operator on the Banach space X and there is
a sequence {TN}N∈N of operators of finite rank such that ||TN −T || → 0, then
T is compact.

Lemma A.3 The operator T is compact on the Banach space X if and only
if the dual operator T ∗ is compact on the dual space X∗.

We also recall the main structure theorem for compact operators.

Theorem A.4 (Fredholm alternative) Let T be a compact operator on
the Hilbert space X (which we identify with its dual). For each λ ∈ C, let
Vλ = {x ∈ X : Tx = λx} and Vλ = {x ∈ X : T ∗x = λx}.
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Then

(i) The set of λ ∈ C for which Vλ �= {0} is finite or countable, and in the
latter case, its only accumulation point is zero. Moreover, dim(Vλ) < +∞
for all λ �= 0.

(ii) If λ �= 0, dim(Vλ) = dim(Vλ).
(iii) If λ �= 0, the range of λI − T is closed.

Corollary A.5 Suppose λ �= 0. Then

(i) The equation (λI − T )x = y has a solution if and only if y ⊥ Vλ.
(ii) (λI − T ) is surjective if and only if it is injective.

To conclude this appendix, we recall the concept of a Fredholm operator
acting between Banach spaces X and Y . We say that a bounded linear oper-
ator T : X → Y is Fredholm if the subspace Range(T ) is closed in Y and the
subspaces Ker(T ) and Y/Range(T ) are finite-dimensional. In this case, the
index of T is the integer defined by

index (T ) = dim Ker(T ) − dim(Y/Range(T )) .

The next theorem encapsulates the main conclusion of Fredholm’s original
theory.

Theorem A.6 If T = I+K, where K : X → X is compact, then T : X → X
is Fredholm with index zero.

The last theorem shows that the index is stable under compact perturba-
tions.

Theorem A.7 If T : X → Y is Fredholm and K : X → Y is compact, then
their sum T +K : X → Y is Fredholm, and index (T +K) = index (T ).

A.2 Theorem of Coifman, McIntosh, and Meyer

The proof of Theorem 2.17 is based on the following celebrated theorem of
Coifman, McIntosh, and Meyer [98].

Theorem A.8 Let A,ϕ be Lipschitz functions on Rd−1. The singular integral
operator with the integral kernel

A(x′) −A(y′)

(|x′ − y′|2 + (ϕ(x′) − ϕ(y′))2)
d
2

is bounded on L2(Rd−1).

Theorem A.8 was proved by reducing to one dimension using the method
of rotation of Calderón[77], and then by using the following general theorem
obtained in the same paper.
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Theorem A.9 Let K be a compact convex subset in the complex plane, U be
an open set containing K, and F : U → C be a holomorphic function. Let A
and B be Lipschitz functions on R such that

A(x) −A(y)

x− y ∈ K .

Then the principal value operator defined by the kernel

B(x) −B(y)

(x− y)2 F

(
A(x) −A(y)

x− y

)

is bounded on L2(R).

The L2-boundedness of the operators KD and K∗
D in Theorem 2.17 fol-

lows immediately from Theorem A.8. In order to keep the technicalities to a
minimum, we suppose that d ≥ 3, and the domain D is given by a Lipschitz
graph, namely, D = {(x′, xd) : xd = ϕ(x′)}, where ϕ : Rd−1 → R is a Lipschitz
function. If x = (x′, xd), y = (y′, yd), then KD is the principle value operator
with the kernel

1

ωd

ϕ(y′) − ϕ(x′) − 〈y′ − x′,∇ϕ(y′)〉
(|x′ − y′|2 + (ϕ(x′) − ϕ(y′))2)

d
2

,

and K∗
D is the principle value operator with the kernel

1

ωd

(ϕ(x′) − ϕ(y′) − 〈x′ − y′,∇ϕ(x′)〉)
√

1 + |∇ϕ(y′)|2
(|x′ − y′|2 + (ϕ(x′) − ϕ(y′))2)

d
2

√
1 + |∇ϕ(x′)|2

.

From Theorem A.8 [with first A(x′) = x′, then A(x′) = ϕ(x′)] and the bound-
edness of ∇ϕ(x′), we conclude that KD is a bounded operator on L2(∂D).

The integral kernel for the same operator KD for the Lamé system involves
terms defined by

(x′j − y′j)2(x′k − y′k)

|x′ − y′|d+2
.

The L2-boundedness of such operators can be proved in a similar way using
the method of rotation and Theorem A.9.

A.3 Continuity Method

Theorem A.10 For 0 ≤ t ≤ 1, suppose that the family of operators At :
L2(Rd−1) → L2(Rd−1) satisfy

(i) ||Atφ||L2(Rd−1) ≥ C||φ||L2(Rd−1), where C is independent of t,
(ii) t �→ At is continuous in norm,
(iii) A0 : L2(Rd−1) → L2(Rd−1) is invertible.
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Then, A1 : L2(Rd−1) → L2(Rd−1) is invertible.

We provide a brief proof for the sake of the reader. Let

T :=

{
t ∈ [0, 1] : At is invertible on L2(Rd−1)

}
.

Then T is non-empty by (iii). We can infer from (ii) that T is an open subset
of [0, 1]. To prove that T is closed, choose a sequence tj , j = 1, 2, . . ., from T
and assume that tj converges to t0 as j → +∞. For a given g ∈ L2(Rd−1), let
fj be such that Atj

fj = g. Then by (i) there is a subsequence of fj , which is
still denoted by fj, converging weakly to, say, f0. We claim that At0f0 = g.
In fact, if h ∈ L2(Rd−1), then

〈At0f0 − g, h〉 = 〈At0(f0 − fj)g, h〉 + 〈(At0 −Atj
)fj , h〉

= 〈(f0 − fj)g,A
∗
t0h〉 + 〈(At0 −Atj

)fj , h〉 → 0 as j → +∞ .
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71. M. Brühl, Explicit characterization of inclusions in electrical impedance
tomography, SIAM J. Math. Anal., 32 (2001), 1327–1341.



References 299
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models of dilute composite, European J. Appl. Math., 8 (1997), 595–621.

246. J. Mueller, D. Isaacson, and J. Newell, A reconstruction algorithm for electrical
impedance tomography data collected on rectangular electrode arrays, IEEE
Trans. Biomed. Engr., 46 (1999), 1379–1386.

247. T. Mura and T. Koya, Variational Methods in Mechanics, The Clarendon
Press, Oxford University Press, New York, 1992.

248. F. Murat and L. Tartar, Optimality conditions and homogenization, Research
Notes in Mathematics, 127, 1–8, Pitman, London, 1985.

249. N.I. Muskhelishvili, Some Basic Problems of the Mathematical Theory of Elas-

ticity, English translation, Noordhoff International Publishing, Leyden, 1977.
250. A. Nachman, Reconstructions from boundary measurements, Ann. Math., 128

(1988), 531–587.
251. —————–, Global uniqueness for a two-dimensional inverse boundary

value problem, Ann. Math., 142 (1996), 71–96.
252. G. Nakamura and G. Uhlmann, Identification of Lamé parameters by
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